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Abstract

Over the years different solution methods to financial portfolio optimization problems have been developed and applied. In recent years, however, there has been an increasing use of heuristic methods as alternative to other methods. In this study, a newly developed heuristic method called Cuckoo Optimization Algorithm (COA) is presented to solve financial portfolio optimization problems. The results on a five stock application example show that the proposed cuckoo algorithm solves the portfolio optimization problem more optimally than genetic algorithm and ant colony algorithm.
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1 Introduction
Financial portfolio optimization can be viewed in this work as the process of identifying the combination of assets to invest so as to satisfy two main objectives simultaneously: maximization of return and minimization of risk subject to different constraints. Efforts have been made on developing methods for solving optimization problems including financial portfolio optimization problems. These methods can be classified into two categories: exact optimization methods and heuristic/approximate optimization methods. While exact methods provide exact results, these methods have been successfully applied to problems only when both the objective function and the constraints are linear. However, when taking into account real life conditions (i.e., cardinally and transaction costs constraints, market dynamic), financial portfolio optimization becomes is a problem in which both the objective function and/or the constraints are nonlinear and cannot be solved by the use of exact methods. [1] for example, comment that exact methods (also called analytical methods) are largely based on a reduction of the constraints and their effectiveness is limited to simple scenarios of the problem, an extension of the problem by introducing more complex risk measures and loosening several artificial assumptions requires a new efficient approach, which cannot be developed on the basis of exact methods due to the irregularity of the objective function and the search space. [2] criticized exact methods as they are based on artificial assumptions and fail to encompass more complex, real life problems. [3] comment that exact methods degrade rapidly with problem size, and have meaningful application to general unconstrained quadratic program problems with no more than 100 variables. For larger problems, approximation methods are usually required. In the same way, [4] state that while exact methods focus on finding an optimal solution for every instance of a combinatorial optimization problem, the computational time, however, often increases dramatically with the instance size, and often only small or moderately-sized instances can be practically solved. In this case, the only possibility for larger instances is to trade optimality for computational time, yielding heuristic algorithms. [5], argue that approximate methods can be successfully applied to a wide range of optimization problems with little or no modifications in order to adapt to any specific problem. They add that these approximate methods are usually easier to implement than the exact methods. [6] argue that applying exact methods in finding global solutions to continuous problems necessitate their linearization which is too difficult to practice. Heuristic methods have been tackling the problems within reasonable computational time. [7] stressed that approximation methods are becoming popular tools for modeling uncertainty and reducing the computational expense.
In view of the argument against exact methods, it is therefore justified to see the use of approximate methods to optimization problems as an alternative to exact methods being increasing recently. The use of approximate methods such as genetic and ant colony optimization algorithms in solving financial portfolio optimization problem for example is preferred over exact methods (see for example, [8], [9], [10]; [11],and [12], [13], [14].
This paper uses a newly developed evolutionary approximate method inspired by nature called Cuckoo Optimization Algorithm (COA) to solve the portfolio optimization problem. Because this method is still emerging in the field of finance, the present study constitutes a further development to the existing literature in this field, namely the problem of portfolio optimization, and provides a framework for future researches.
2 The optimization algorithm by cuckoo
The cuckoo optimization algorithm (COA) is a novel meta-heuristic approximate algorithm that was developed in 2011 by [15] and it has been used to solve a range of real life optimization problems. 
Cuckoo optimization algorithm is a nature inspired method based on the breeding and the eggs laying behavior of a bird family called “cuckoos” and simulating this behavior for solving optimization problems. [15] tested the performance of this algorithm via a benchmarking study, and found that this algorithm has high speed of convergence and reaches the global solution easily. He added that the COA is superior than other nature inspired computing algorithms because of its multiple functions operators (including egg laying and immigration operators). Other optimization algorithms have the operators which are defined for one specific objective, but in COA, defined operators do multiple functions simultaneously. The study by [17] on the job scheduling optimization problem of flexible manufacturing system showed that the CS algorithm is better than genetic algorithm and particle optimization swarm methods in terms of efficiency. [18], argue that CS is capable of obtaining the optimized solution in case of complicated problems. Hence, CS may be helpful for non-linear problems and multi-objective optimizations. The cuckoo search has been proven to deliver excellent performance in function optimization, engineering design, neural network training, and other continuous target optimization problems and has solved the knapsack and nurse-scheduling problems. [19).In comparison with other evolutionary algorithms; [20] revealed that cuckoo search algorithm is very easy to implement as it dependents only on a relatively small number of parameters to define and determine the algorithm’s performance.
In the COA algorithm, a given solution is called "habitat". Habitat represents a current position of the cuckoo in the search space. Each cuckoo habitat produced a number of eggs; some of these eggs grow and become mature cuckoos. The laying of eggs is based on the current position of the habitat of the cuckoo and on the reproduction distance proportional to the total number of eggs of the cuckoo itself with two other variables limiting the interval where the values of the variables are drawn (denoted Varhiand Varmax).

At each iteration, each cuckoo lays a set of eggs; some of them survive and migrate to seek the best habitat. The rest will be killed by their hosts (the owner of the nest bird), or destroyed because of their bad qualities.
3 Optimization steps with cuckoo algorithm
The Cuckoo optimization algorithm (COA) is a population based method which begins with an initial population of cuckoos. These cuckoos lay some eggs in the nest of another species “habitat”. A random group of potential solutions is generated that represent the habitat in the COA. In the fitness function will be evaluated the parameters of the candidate components. The steps to search the optimum solution are given as follows:
Step 1:Generating initial cuckoo habitat 
COA like genetic algorithm starts usually with initial population that includes values of problem variables that formed as an array that is called “habitat” and it is analogous to `chromosome' in the genetic algorithm. In an Nvar-dimensional optimization problem a habitat is an array of 1 × Nvar and defined as follow.
Habitat = [x1; x2; x3; : : : ;xNvar] 

Each of the variable values (x1, x2, x3, . . . ,xNvar) is a real number. One habitat in COA is one solution. In financial portfolio optimization, one habit corresponds to one candidate solution consisting of invested assets.
The profit of a habitat is obtained by evaluation of profit function fp at a habitat of {X1, X2, XNvar}. 
Step 2:Egg Laying Radius (ELR)
This step consists of dedicating some eggs to each cuckoo and initializes their Egg Laying Radius (ELR).

In an optimization problem with upper limit of Varhi and lower limit ofVarlow for variables, each cuckoo has an egg laying radius (ELR) which is proportional to the total number of eggs, number of current cuckoo's eggs and also variable limits of Varhi and Varlow. So, ELR is defined as:
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Step 3:Cuckoo’s egg laying 

Each cuckoo starts laying eggs randomly in some other host bird's nests within her ELR. This egg laying process is analogous to generation of new children in genetic algorithm and determination of new particle positions in PSO [21]. In financial portfolio optimization problem, this corresponds to generation of new candidate solutions with random changes in variables depending upon ELR. After all the cuckoos have laid their eggs, some of them that are less similar to host bird's own eggs are detected by host birds and thrown out of their nests. Those with least profit values are eliminated. The profit value of a habitat is given by:
Profit = fp (habitat) = fp {x1, x2, …..xNvar}. This calculation of profit values corresponds to the objective function (i.e., fitness function) of the portfolio optimization problem.

Step 4: Cuckoos immigration 

After the cuckoo groups are formed in different areas, the society with best profit value is selected as the goal point for other cuckoos to immigrate. When mature cuckoos live in all over the environment it’s difficult to recognize which cuckoo belongs to which group. To solve this problem the mean profit value is calculated for each grouping of cuckoos. Then the maximum value is calculated; and the maximum value is calculated to determine the maximum of these mean profits to find out the goal group and consequently that group’s best habitat is the new destination habitat for immigrant cuckoos.
Step 5:Eliminating cuckoos in worst habitats

Only those Nmax number of cuckoos survive that have better profit values, other demise

Step 6: Convergence 

The optimization process of cuckoo algorithm is terminated when more than 95℅ of all cuckoos converge to the same habitat.

Rajabioun (2011) summarized the COA algorithm as follows: 

1. Initialize cuckoo habitats with some random points on the profit Junction

2. Dedicate some eggs to each cuckoo

3. Define ELRJbr each cuckoo

4. Let cuckoos to lay eggs inside their corresponding ELR

5. Kill those eggs that are recognized by host birds

6. Let eggs hatch and chicks grow

7. Evaluate the habitat of each newly grown cuckoo

8. Limit cuckoos' maximum number in environment and kill those who have in worst habitats

9. Cluster cuckoos and find best group and select goal habitat

10. Let new cuckoo population immigrate toward goal habitat

11. If stop condition is satisfied stop, if not go to 2

[image: image3]
Fig.1: Flowchart of Cuckoo Optimization Algorithm
4 The mathematical formulation of the portfolio optimization problem
The objective of portfolio optimization is to find out the portfolio weights invested in each asset as to maximize the portfolio return and to minimize the portfolio risk and at same time fulfilling the constraints. The mathematical formulation of the portfolio optimization problem is based on the following equations:
[image: image5.png]E(w;) =w,



                                                                                                                  Eq.1
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Where

n: is the number of invested assets
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Under the following constraints: 
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For a positive portfolio return (what so ever are the weights values) let: 
[image: image25.png]


≥0
Where
[image: image27.png]


and[image: image29.png]wimn



: maximum and minimum weights of asset i
The portfolio variance (σ²ρ) can be written as:
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)                                               Eq.4
Where

σ² (ri): variance of asset i

Cov (ri, rj): Covariance between asset  i and asset j
5 Financial portfolio optimization using the COA method
The goal of the portfolio optimization problem in this work consists of selecting the portfolio weights invested in each asset so as to maximize the portfolio return and minimize the portfolio risk simultaneously. To meet this condition, the multi-objective function (the fitness function) to minimize is presented as an algebraic summation of the portfolio variance and the portfolio return, where the least value of the objective function defines the best solution (i.e., best portfolio). In addition to this, a penalty function method is used to handle the constraints.
The multi objective function; which is the total function to minimize therefore, can be expressed as follows:
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                                                                                                         Eq.5
The penalty function that is used to handle the constraints also needs to be minimized (i.e., the lower the value of the penalty function, the better the performance).
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0             i= 0, …. m
hj(wi) = 0                 j= 0, ….n
Table 1: The Simulation example of five (05) stock portfolios
	Year
	Stock 1
	Stock 2
	Stock 3
	Stock 4
	Stock 5

	2007
	-.15
	.29
	.38
	.18
	-.10

	2008
	.05
	.18
	.63
	-.12
	.15

	2009
	-.43
	.24
	.46
	.42
	.15

	2010
	.79
	.25
	.36
	.24
	.10

	2011
	.32
	.17
	-.57
	.30
	-.25


The mean return for each asset and the covariance matrix are given in the tables 2 and 3 below:

Table 2: The mean returns for each asset
	
	Stock 1
	Stock 2
	Stock 3
	Stock 4
	Stock 5

	Mean return (ri)
	.116
	.226
	.252
	.204
	.11


Table 3: The covariance matrix

	
	Stock 1
	Stock 2
	Stock 3
	Stock 4
	Stock 5

	Stock 1
	.21728
	-.003376
	-.053492
	-.009264
	.01064

	Stock 2
	-.003376
	.00253
	.008468
	.002376
	-.00456

	Stock 3
	-.053492
	.008468
	.22247
	-.031128
	-.02392

	Stock 4
	-.009264
	.002376
	-.031128
	.04068
	.00276

	Stock 5
	.01064
	-.00456
	-.02392
	.00276
	.01675


Table 4: COA parameters setting
	COA parameters
	Values

	Number of initial population/cuckoos (habitat size)
	5

	Minimum number of eggs for each cuckoo
	2

	Maximum number of eggs for each cuckoo
	4

	Maximum number of cuckoos
	10

	Maximum iterations of the algorithm
	100

	Control parameter of egg laying (radius coefficient)
	4

	Lambda variable in COA (motion coefficient)
	2

	Number of clusters
	1

	Population variance that cuts the optimization
	1e-103


6 Comparison of the simulation results

The COA algorithm is used to optimize a financial portfolio problem with 5 stock example (i.e.;, n= 5) for the same objective function and parameters as in the previous two studies that have already been dealt with by using genetic algorithm [22],) and ant colony algorithm [23]. The constraints are the same. The COA has been applied using MATLAB, and the results in the table below report the optimal performance.
Table 5: The optimal results obtained by the COA.
	The Portfolio Weights
	The Computational Results

	W1 : .05
	The optimum portfolio return : .22527

	W2 : .32501
	The portfolio variance (optimum risk/least risk) : .049348

	W3 : .48396
	The objective function : 4.4885

	W4 : .090977
	The penalty function : 4.4912

	W5 : .05
	The execution time : 7.389


The number of initial population is set 50 for COA and GA algorithms and the number of iterations is set 100 for both algorithms. As can be seen the COA reaches the highest return, of course with a slightly higher risk than that of ACO algorithm, because the higher the return the higher the risk.
Table 6: Comparison of the results found by the three algorithms

	Parameters/The Algorithm
	COA
	AOA
	GA

	The portfolio optimal return 
	.22527
	.2229
	.2213

	The portfolio variance
	.04934
	.0311
	.0801

	The objective function
	4.4885
	4.4863
	4.5984

	The execution time
	7.389 sec.
	4.0142 sec.
	4.0170 sec.


A comparison of finding the optimal portfolio return of these three algorithms shows that the proposed algorithm (COA) solves the portfolio optimization problem more efficiently, but a major disadvantage lies in the time execution that is larger (i.e., 7.389 sec.). These results therefore, support the study by [24] that suggest Cuckoo search algorithm gives larger simulation time for small number of N(N in this study refers to the number of invested assets), and remains almost constant when the number of N increases. Unlike GA and ACO algorithms, however, where the simulation time increases with increase in N. 
It should be recognized, however, that different users using the same algorithm may obtain different results in response to the same problem because, it all dependents on the problem modeling and on how the algorithm’s performance is tested. The algorithm’s performance results may differ from a problem situation to another because there is no single way to test the performance of an algorithm. The art of testing an algorithm’s performance can influence the results. The performance of genetic algorithm for example can be tested in many and different ways.
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Figure 1: The penalty function
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Figure 2: The objective function
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Figure 3: The portfolio average return
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Figure 4: The portfolio variance
7 Conclusion
In this paper, a method by Cuckoo Optimization Algorithm (COA) to solve financial portfolio optimization problem is presented. The algorithm is used to find out the portfolio weights invested in each asset so as to maximize the portfolio return and minimize the portfolio risk and at the same time keeping the problem constraints within their limits. Hence, the objective of the optimization problem using the COA method was set in this work to search for the portfolio return and the portfolio risk that minimize both the fitness function (i.e., the objective function) and the penalty function. The results obtained show that the proposed cuckoo optimization algorithm outperforms the other algorithms such as genetic algorithm and ant colony optimization algorithm in terms of accuracy, efficiency and simplicity.
Although the proposed algorithm is applied on a very simple example, it points to the successful application of the model to financial portfolio optimization problem.
Finally, further studies on financial portfolio optimization problems might need to be undertaken to prove the practical efficiency of the cuckoo optimization algorithm.
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