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Abstract

The normalized univalent function of the type
oo
fz)=z+ Z(—l)”+kan+kz"+k, kE>1,
n=2

has negative coefficient when n + k is odd,and positive coefficient when (n+k) is even.
In this paper, the author investigated some properties of univalent functions with neg-
ative coefficients of the type f(z) = 2+ 300 o (—1)"**a,, 11.2"** k > 1 and obtain some
conditions for which the function f(z) belong to the subclass S*(a, 8, k), C*(«, 8, k).
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1 Introduction

Let S denote the class of normalized univalent functions of the form:
o0
f(z)=z+ Z anz"
n=2

analytic in the unit disc U = {z : |z| < 1}

let T denote the subclass of S of the form
f(Z):Z—ZanZ", an >0, n=23,.. (1)
n=2

Let J(a, ) := {f(z) €A: ‘—az2(z\f(z))// + F1(2)(2]f(2))? — 1‘ < /\} , z€E

where A > 0 and o € R\ {—%, O}. Kaur et al [3] established conditions under which
functions in the class J(a, \) are starlike of order I', 0 < T' < 1 while Yi-Ling Cang and
Jin-Lin Liu [1] showed certain sufficient conditions for univalency of analytic functions
with missing coefficients.

Silverman [4] studied the properties of T in D where D = {w

w is analytic in U; w(0) = 0, |w(z)| < 1 in U}. Khairnar and More [2] studied G(A4, B),

a subclass of analytic function in U, which are of the form iiféi% -1<A<pB<1
where w(z) € D.

Now, we define a subclass H of T' to consist of functions of the form:
oo
f(z)=z+ Z(—l)”+kan+kz"+k, agt1 >0, k>1 (2)
n=2

And let G(a, 8, k) denote a subclass of analytic functions in U, which are of the form

ﬁgggi;, —1<a<p <1 where w(z) € D.

We shall in this paper investigate a subclass H of T' in G(«, 3, k)
We define S*(«av, 8, k) and C(«, 3, k) respectively as follows:

/

S$*(a,B,k) = {f : f € H and 27 € G(a, )}

CloB.k) = {f: f € H and (f;f) e Gl )

Lemma 1 [1]: A function

o
flz)=2z+ Z(—l)"“anﬂznﬂ,anﬂ >0
n=2



is in M (A, B) iff
< (n(B+1)—(A—B)

<
z( DoU=B), <

Lemma 2 [1]: A function

o
fz) =2+ Z(—l)”“anﬂz”“, ant+1 >0
n=2

is in C'(A, B) iff

> [n(B+1)—(A—B)](n+1)>a <1
T;( A_B n+l >
M(A,B) = {f fe Mandszl € G(A, B)}

and
!

C(A,B) ={f:fe Mand<i{f>/ € G(4.B))
2 Main Results

Theorem 1:

Let a function
oo
) =24 (-1)"an 12", anp > 0
n=2

be in S*(«, 5, k), then,

o —

io: <n+k—1(5+2—(a—5)>an+k§1

n=2

Proof:
Let
oo
f(z)=z+ Z(—l)”+kan+kz”+k, E>1
n=2
Then,



Thus,

2f'(2) 2 a1 Mgz 1+ u(z)

f(z) 24+ X, (—1)" ka2 TR =17 fulz)
ZZO (=) R (ntk—1)an 42"t B
— +Zz 2 n+k[a (n+k)]an+kzn+k71 =1

for r — 1 we obtain

neo(n+k —1)ay <
a— 40 (D) a — B(n+ k)]anr ~

:>Zn+k:—1)an+k< a—pf +Za— B(n+k)|anik
n=2

-3

n=2

(n+k—1)—a+pf(n+k)|ans <a—p

-

n=2

m+k—-1)—a+p(n+k—-1)+1)|apxr <a—-p

-

n=2

(n—i—k—l)(ﬁ-i-l)—i-ﬂ—a}awrkSa—ﬁ

:>ZV””‘”f*;)‘(“‘ﬁ)]am _ Z[ n+ k) ﬁ;l)ﬁ =B8], .
< 1

This concludes the proof of Theorem 1.
Theorem 2:

Let a function

(e.)
z)=z+ Z(—l)”+kan+kz”+k, apip >0

be in C(a, 5, k) then

&)
Z pyr <1

n=2

{ (n 4 k)( +k—1)(ﬁ+1)—(a_5)}
a—p3



Proof:
Suppose f (2) € Ol B, k)
We have

14+ 502 ()" (0 + k)*anep 2" 14 aw(z)
L+ 2000 (1) * (0 + k)an ez ™51 1+ Bu(z)

S0 o (1) R (n 4 k — 1)(n + k)ang 2" T
(Ol - B) + 220:2(_1)n+k(n + k)[oz — ﬁ(n + ]{;)]an+k2n+k71
0o (—1)n+k(n 4+ k— 1)(n + k)an+kzn+k_1

n=2
(= B) + X nio(=1)"*(n + k)[a — B(n + k)]appzn i1 =1

=

=w(z)

since |w(z)| <1

Let |z| — 1, we obtain

(n+k = 1)(n+ k)ans
(@ = B) + Soa(n + K)o — Bln + k)anss

<1

e Ytk D+ Banes < (a = B)+ S0+ K)o — B(n+ klanss

n=2 n=2
(n+k)|(n+k—-1)(B+1)— (a—p)

= 7;2{ - a—ﬁ }an—I—k

(n+ k)| (n+k)(B+1) = (=P

(e,

which is the required result.

M2

<

i

<

Theorem 3

Let a function

oo
f(z)=z+ Z(—l)"+kan+kz”+k,an+k >0
n=2

be in S} (a, 5) then (1 — ) Z]{ES) is also in S*(o, B, k) 0 < a < 1

Proof:
Let f(z) € S*(«, B8, k) then,

i<(n+k_l)ffﬁl)_(a_ﬁ)

>an+k <1

n=2



But,

(1= M {z + 2o ()" 4+ Bansnz ) 11 qu(z)

for |z| =r —1

But,

2+ Lo (1) a2 T 1+ Bu(z)
z+ Z DR (0 + k)anpp, 2" {)\z +A Z D" R (0 + ka2 +k}
zPw(z) + Pw(z i ”+k (n+k)aps 2" ntk
n=2
{Azﬂfw(z) + A\pw(z) i(—l)"*k(n + k:)anJrkz"Jrk}
n=2
3 (1) a2 4 zaw(z) + aw(z) 30 (<1 a2
n=2

oo 2(—1)"”“[(1 —Nn+k)— 1} Upyip 2" TETE =\ _ )

(0= (1= N)B) + LoZa(—1)"H[a = (1= NB( + k) anspzntht
St (1" K[ = N0+ k) = a1 -2 (<1
(0= (L=X)B) + Ei2a(=1)"* o = (1= N+ k) |anprzrtht] 0T

e [ =N+ k)~ 1any — A -,
(0= (L= NB) + 52y |a— (L= NBn+ k)| aner
> [ =X+ k) ~ tfan —A<a— (12 5+2 o = (1= N)B(n+ k)

n=2

>[N0+ 8~ o= 3 o (L= 0B+ B)ans <0 — (1= X)3
n=2 n=2

Z (T=Nm+k)=1) = a+ (1= NB(n+k)|ank < a— (1= N8

Z -((1—)\)(n+k)—1>—a—i—ﬁ{(l—)\)((n—l—k)—1)+1}]an+kSa—(l—)\)ﬁ

((1—A><n+k>—1)<6+1>—a+<1—x>5]an+kSa—a—w

n=2 L



2 [((1 “ N0+ k) 1))~ (@ (L= X)) | an

= a— 1=\
Xt k-DE+1) - (a-p)
< P
This shows that (1 — \) z}cég) belongs to Si(a, 5).
Theorem 4

Let

o0
fz)=z+ Z(—l)”+kan+kz”+k, a1k > 0.
n=2

belong to the class C(a, 3, k) then (1 — )\)(Z}EES))’ also belong to the class C(a, 8, k)
Proof:

(1= N1+ S+ WPanse™ 1 1+ awlz)
L+ 302 (= 1) (n + k) an 2"t 14 Bw(z)

and following the proof of Theorem 3, we obtain the result.
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