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Abstract In this paper a new least-squares nonconforming mixed finite element scheme for the second
order elliptic problems is analyzed. The optimal order error estimates are obtained without requiring
to LBB consistency condition under H' broken norm for primary solution and the flux solution. The
superclose properties are presented by use of some typical characters of the elements and the mean
value approach. In addition, the global superconvergence result is derived based on the interpolated
postprocessing technique.
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1 Introduction

Standard mixed finite element methods(MFEMs for short) for the Galerkin formulation have been
developed in the last decades(see [3], [4], [18]). The main advantage of the above methods is that they
can explicitly involve the derived flux as an independent variable, hence accurate nodal fluxes are
obtained directly from the discretized mixed system, rather than by postprocessing in the traditional
finite element schemes. But, to guaranttee stability the finite element spaces are required to satisfy the
so-called LBB consistency condition, which makes some of the best known finite elements excluded.
Recently, more attention has been paid to the least-squares MFEMSs since they are not subject
to the above LBB consistency condition. For example, [1],[4],[15] and [16] considered the convergence
analysis of conforming finite element methods. [10] studied the nonconforming Crouzeix-Raviart type
linear triangular element!"!) and the rotated Q;-element!”), and only obtained the convergence results.

On the other hand, the superconvergence of the MFEMs is one of the most active research subject
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for a long time. Various superconvergence results(see [9],[11]) have been established for the mixed finite
element approximation on regular rectangular elements for second order elliptic problems. [5] and [6]
studied the superclose properties with least-squares MFEMs by the kth order R-T elements!!8! and
BDFM elements(? (k> 1).

The main aim of this paper is to present a new least-squares nonconforming MFEM scheme
for second order elliptic problems by a nonconforming element proposed in [13] combining with the
lowest order R-T element. The optimal order error estimates are obtained without requiring to LBB
consistency condition under H' broken norm for primary solution and the flux solution. At the same
time, by means of some special tricks, such as the orthogonal property, mean value approach and the
unconventional boundary estimation, the superclose and superconvergence results are yielded, which
results in optimal order error estimate under L? norm.

This paper is organized in the following way. In section 2, we recall the least-squares MFEMSs
for second order elliptic problems. A new least-squares nonconforming MFEMSs scheme is constructed,
and the existence and uniqueness of solution for this scheme and convergence results are proved in
Section 3. In last section, we state the superclose and superconvergence results of the present work.

Throughout this paper, C is a generic constant independent of discretization parameters which

may take different values at different occurrences.

2 The Least-Squares Mixed Finite Element Scheme

Let  C R? be a bounded domain with Lipschitz boundary I' = 2. Given a subdomain e C
with Lipschitz boundary de, we introduce L?(e), and (L?(e))?, with inner product (-,-)p . and norm
| “lo.e, and introduce L2-based Sobolev spaces H™ (e) and (H™ (e))?, with norm |||/, and semi-norm
| |m.e(m > 1is an integer). In addition,we introduce Hg(e) = {v € H'(e);v|s. = 0} with norm |- |1 e,
and H(div,e) = {q € (L?*(e))?;divg € L?(e)} equipped with the norm

llqll e (div.e) = llallo,e + [ldivalfo,e-

In the case e = Q, we simplify the notation as follows: |- e = | |m, || - lme = || - |m(m >
D, 6o = 0l - o = 1+ o

Let I =T'p Uy with Tp NT'y = 0, and let n be the unit outward normal vector to I'. We
additional introduce

H&D(Q) ={ve H(Q);v =0, on Tp},
Hy n(div; Q) = {g € H(div;Q);g-n =0, on 'y}
We consider the following second order elliptic problem:
—div(AVu) 4+ cu = f in Q,
u=0 on I'p, (2.1)

(—AVu) - n=0 on 'y,
where f € L*(Q), A = (a;j(z)) € R**? is sufficiently smooth, symmetric positive definite and the



coefficients (a;;(x)) are bounded, i.e., there exist positive constants a; and as such that

a7 < €TAE < antTe, (2.2)
for all vectors £ € R? and x € Q. Similarly, ¢ = ¢(z) is nonnegative and bounded with
0<c(x)<C, Vze. (2.3)
Now we let p = —AVu, and rewrite (2.1) as
p+AVu =0 in Q,
divp+cu— f=0 inQ, (2.4)
u=~0 on I'p,
p-n=0 on I'y.

The least-squares minimization problem is to find u € U = Hj 5 (Q) and p € X = Ho n(div; Q)
such that
J(u,p)= _inf J(v,q)
where
J(v,q) = (divqg + cv — f,divg + cv — f) + (g + AVv,q + AVv). (2.5)
The corresponding variational problem is to find u € U = H&D(Q) and p € X = Hy n(div; Q)
such that
a(u,p;v,q) = (f,divg+cv) YoeU, ge X, (2.6)
where
a(u, p;v, q) = (divp + cu, divg + cv) + (p + AVu,q + AVv). (2.7)
The following lemma regarding the coerciveness of the bilinear form a(-;-) was proved in [15].

Lemma 2.1. There exists a constant C' > 0 such that for all v € U,q € X,

a(v,q;v,9) = C([[v[If + llallzraivie))- (2.8)
Thus, Lax-Milgram lemma guarantees that problem (2.6) has a unique solution (u,p) € U x X.

3 Construction of the Finite Element and Convergence Result

For convenience, let Q C R? be a polygon on (z1, z2) plane with boundaries parallel to the axes,
T}, be an axis-parallel rectangular subdivision of . For a given K € T}, let K = [z1x — hyype, T1K +
o] X [Tok — Ranres Tax + hayy ], the four vertices of K are di = (x1x — hayper Tk — Ranye )y do =
(1K F ey ey Tak — Pang )y d3 = (15 + oy pes Tk + Nayp ) and dy = (21 — hay o, Tag + Rayy ), and the
four edges are l; = didir; (mod 4). Let K = [—1,1] x [—1, 1] be the reference element on (£,7) plane,
the four vertices of K are d; = (—1,—1), dy = (1,-1), ds = (1,1) and dy = (=1,1), and the four
edges are I; = d;d;1 (mod 4), and and let n; be the unit outward normal vector to l;,(i = 1,2, 3,4).

For all o € H'(K), we define the finite element (K, P,3) on K as follows(!?!

S = {o',9%9%, 0%, 0%}, P =span{1,&,n,0(€), o(n)}, (3.1)
o 1
where 0" = A—/ 0ds, i=1,2,3,4, ° = f/ vdédn, o(t) = 2.
|l:| Ji, |K| J&




It can be easily checked that interpolation defined above is well-posed and the interpolation
function /9 can be expressed by

Io =10+ %(62 — oM+ %(ﬁ?’ —oM)n+ %(@2 + 0% — 20%)p(€) + %(@3 + 0! = 20%)p(n). (3.2)

Then we define the associated finite element space U}, as

Uy = {v; bz = |k o Fx € PYK € T;“/ [v]ds =0, F C aK}, (3.3)
F
where [v] stands for the jump of v across the edge F' if F' is an internal edge and it is equal to v itself

if FcI'p.

For a vector function q, we use Piola transformation: q = (det(Bg)) !Bgqo Fgl, and let X,
be the Raviart-Thomas space of the lowest order('®], i.e.,

X1, = {q) € X;q|x = (det(Bxk)) "' Brqo Fy',
q€Qio(K)xQoi(K), YK €Ty, q-n is continuous across F, F C K}, (3.4)

Where Qp.n(K) = P, (K) x P,(K). Here and later, P,,(E) denotes the polynomial space in E with
the degree no more than m. Obviously, U, ¢ U, X C X. So this is a nonconforming mixed finite
element scheme.
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It is easy to see that || - || = ( E %K>§ is a norm over Uy,
KeT, ’

For v € HY(Q), let I}, be the associated interpolation operator on Uy, satisfying Iz = Io Ff;l,
I, | k= Ik, then we have
/(U—Ihv)dSZO, 1=1,2,3,4,

b (3.5)
(v — Iyv)dx =0,

here and later do = dx1dxs. *
The Raviart-Thomas interpolation on K is defined as
I : (H'Y(K))* = Q10(K) x Qoa(K),
(@-1q) nids=0, i=1,234. (3.6)
Then the associated finite elemenit interpolation is
I, : (H'(Q))? = X,
I,q|x = I1§ o Fi' B (detBg) ™",
satisfying
/(q —II,q) -nids=0, i=1,23,4. (3.7)
Now we state prove the follfowing important properties.

Lemma 3.1. Suppose u € H2(Q), p € (H?(Q))?, then, for anisotropic meshes, there hold

(Vi(u— Ipu), Viyvy) =0 Yo, € Uy, (3.8)

lu — Ihullo < Ch?ula, |lu— Ihulln < Chluls, (3.9)
(div(p — Ipp),divg,) =0 Vq;, € Xy, (3.10)
[div(p — IIap)llo < Chllpll2, (3.11)

where V}, denotes the gradient operator element-by-element.



Proof. (3.8) and (3.9) have been proved in [13], (3.10) can be shown easily by use of the
definition of ITp, and Green’s formula, and (3.11) can be proved by noting that divIInp = Podivp,
where Py is the local L? projection, and L?-norm estimate has nothing to do with the geometric
condition of meshes. The proof is completed. O

Consider the corresponding finite element approximation to (2.6): to find u, € Uy, q, € X
such that

an(Un, pp;vn, qp) = (f,divgy, +cvn) Vo, € Up, qp, € X, (3.12)
where
an(Un, Pp; Vn, qy,) = (divp, + cup, divg,, + cop) + (p), + AVirun, g, + AViup), (3.13)
The following orthogonality is available.
Lemma 3.2. Let w € U,p € X and u, € Up,p, € X be the solutions of (2.6) and (3.12),

respectively, then

an(u —Up, P — Pp; VK, Q) =0 VYo, € Uy, q;, € X (3.14)
Proof. From (2.6), (2.7), (3.12) and (3.13), for all v, € Uy, q;, € X4,
an(u,p;vn,qy) = (divp + cu, divgy, + cvp) + (p + AVu, g, + AV,vp)

= (f,divgy, + cvp)
- ah(”haPh?”hth)'
Which completes the proof. (Il
Lemma 3.3. For all v, € Uj, and q;, € X, we have

Z/ q;, -nivpds =0, (3.15)
OK

KETy,
(vn, divg,) = —(Vavn, qp), (3.16)
where ny is the unit outward normal vector to the boundary 0K of K.
Proof. From the constructions of spaces Uy, and X, we know that q,|ax is a constant and
Jorlvnlds = 0. So, (3.15) holds. As to (3.16), it follows from the Green’s directly.
The proof is completed. O
Remark 3.1 One can check that the above lemma is also valid for CNQ7°" element[?].
Furthermore, [7] has proved the following discrete Poincaré inequality for Up: for all v, € Uy,
there holds
[onllo < Cllvalln. (3.17)
Theorem 3.1. The bilinear form ay(-;-) is coercive, i.e., there exists a constant C' > 0, such

that for all v, € Up, q;, € Xh,
an(on @i ons @) = € (IlonllE + a3y - (3.18)



Proof. From (3.13), we have

an(Vh, qp;vh,q,) = (divgy, + con,divgy, + con) + (g, + AV vk, q;, + AVi0n)

= (divgy, divgy) + 2(divgy, cvp) + ¢ (vn, vp)
+(an, ay) + 2(qy,, AVyv,) + (AVpo,, AV o)
+2ﬁ(qh7 thh) - Zﬁ(qh’ thh)a

where 8 > 0 is a constant.

Employing (3.16) yields

ah(vha dp;Vh, qh)

= (divgy,divg,) — 2(8 — ¢)(vs, divay,) + (8 — ¢)*(vp, vp)
+(an,an) +2(aqp, (A= BE)Vivp) + ((A — BE)Vivp, (A — BE)Vivp)
—B(B = 2¢)(vn,vp) + 2B(AV LR, Vivw) — B2(Vaon, Vion)
= (divg, — (B — c)up, divg;, — (B — c)vn)
+(qy + (A= BE)Vyon, qp, + (A — BE)V,vp)
—B(B = 2¢)(vn, vn) + 2B8(AV R, Vo) — B2(Vion, Vion)
> —B(B — 2¢)(vn,vn) + 28(AV4on, Vion) = B2(Vaow, Vion), (3.19)

where E is the identity matrix.

Using (2.2), we get

Since ¢ > 0, we have from (3.17)

Combining (3.19)-(3.21),

2ﬂ(Avh’Uh, Vh’Uh) Z 2ﬂa1(thh, thh). (320)
—6(5 — 20)(1)h71)h) Z —62C2(thh, Vh’l)h). (321)
an(vn, @y vny qp,) > B(2ax — B(C? +1))(Vion, Vion). (3.22)

Setting 8 = a1 /(14 C?), we deduce that

Hence

B(2a; — B(C* +1)) > 0.

an(Vn, @i vn, @) = C(Vpon, Vioy) = Clluglf7- (3.23)

Using (3.23) and the triangle inequality, we can obtain the desired result. [

Theorem 3.1 guarantees that problem (3.12) has a unique solution (up,py,) € Up X Xp.
Theorem 3.2. Let (u,p) € U x X and (up, p;,) € Up x X}, be the solutions of (2.6) and (3.12),
respectively, u € H?(Q), p € (H?(2))?, then for anisotropic meshes we have

lu —un||n + P — Pl Hgiv,0) < Ch(||ull2 + ||pll2). (3.24)



Proof. From (3.14) and (3.18), we get
lun, — Tnullf + |lpy, — thH%I(div,Q)
< Cap(up, — Inu, p, — Opp;up — Iyu, py, — Hpp)
= Cap(u — Inu,p — Hpp;up — Iyu, py, — Hpp)
= C((div(p — Ipp), div(p), — Hpp)) + (c(u — Iyu), div(p, — Inp))
+(div(p — IIpp), c(up, — Ihu)) + (c(u — Ipu), c(up — Thu))
+(p — ap,py, — ap) + (p — Lnp, AVi(up — Ipu))
+(AVh(u = Ipu), p, — Hap) + (AVa(u — Inu), AVi(up — Ipu)))
< C(llu = Inulln + [P — Inp| r(aiv.0)) (lun — Inulln + [Py — Mnpllaaiv,e)-  (3.25)
Hence,
lun = Inulln + [|Pn — Mnpllmaiv.e) < Cllu = Inulln + [P — Hapl| paiv.0))-
By using (3.9), (3.11) and the triangle inequality, we have
lu —un|ln + 1P — Pull #(giv,0)
< CO(|lu = Ipullp + [|lp — TapllE(div.0)
< Ch([lullz + [|pll2)-
Which is the desired result. (]
Remark 8.2. The patch test (3.15) is indispensable to prove the above Theorem 3.2. As far as we
know, for many famous elements used in MFEMs, such as R-T elements"® and BDFM elements!?,
only the lowest order R-T element satisfies (3.15). This means that it is not easy to construct a

suitable scheme to solve this kind problem for nonconforming finite elements.

4 Superclose and Superconvergence Results

In order to give our the main results, we need the following two lemmas.

Lemma 4.1.1"¥l Suppose p € (H?(Q))?, then there holds

S [ b nds < CHlpla (1)
KeTy, oK
Lemma 4.2. Assume p;, € (H?(Q))?, then for all v, € Uy, q;,, € X, we have
|(p — Hpp, Vior)| < Ch?|Ipll2]|vnln, (4.2)
|(p — TIap, q),)| < C1?|Ipl|2]|gnllo.x - (4.3)
|(div(p — Tnp), va)| < CL?||pll2||valln, (4.4)

Proof. Firstly, we will prove (4.2) through the Bramble-Hilbert lemma'4).
Consider the functional
B(p1, o) = / (P1 — TIp1 ) One.
It is easy to know "
|B(p1, 0n)| < Cliprlly, g |0nelo, i Von € Un.



A direct computation shows that

B(p,n) =0, Vi1 € Pi(K), vy € Up.
According to Bramble-Hilbert lemma, we have
|B(p1,9n)| < Clp1ly g |0nelo -

A scaling argument gives

|B(p1,vn)| < Ch?|p1 2,k |vha, 0,5, Yo € Un. (4.5)
Similarly, we have

|B(p2,vn)| < Ch?[pa2la2, i [Vhaslo,5, Yon € Up. (4.6)
Combining (4.5), (4.6) and summing all elements K, we get (4.2).
Similarly, we can derive (4.3).

Next, we prove (4.4). Applying Green’s formula, we have

(div(p — pp),v) = —(p — Hpp, Vyup) + Z / (p — Hpp)vy, - nds. (4.7)
KeT, 79K
Using (4.1), we get
> / (p — Tp)or, - nds < Ch?|p — Typlalon | = Ch2[plalon |- (4.8)
KeT, VoK

Thus (4.4) follows from the combination of (4.2), (4.7) and (4.8). The proof is completed. O
Now, we are ready to state the following superclose result.
Theorem 4.1. Under the assumptions of Theorem 3.2, and further assume A,c € W1>(Q),
then there holds the following superclose property
lun = Inulln + lpy = rpll aaiv,0) < Ch*(|ullz + [1p]2), (4.9)
Proof. Let & =up — Ihu,0 = p;, — IIp. it is easy to see from (3.14) and (3.18)
€17 + 1011 aiv.0) < Can(€,0;€,0) = Can(u — Inu, p — Hpp; &, 6)
= C((div(p — Iup), dive) + (c(u — Ipu), dive)
+(d1V(p - th)7 Cé) + (C(’LL - Ihu’)a Cg)
+(p — Inp, ) + (p — Hrp, AViE)
+(AVh(u — Ihu), 9) + (AVh(u - Ihu)7 Avhf)

8
=> I (4.10)
i=1
Now, we start to estimate terms in (4.10) one by one.

Noticing (3.10), we have I; = 0.
Using (2.3) and (3.9), I, and I can be estimated respectively as

I < CW?|lull2[|divOllo, Is < CR?|[ull2][€]l- (4.11)
For ¢ € Wh(Q), we define @|x = ﬁ S pdax, then o — @| < Chll¢|l1,00,0-



By (3.11),(3.17) and (4.4), I3 can be estimated as

I3 = / cdiv(p — Ipp)édx
Q
= /(c —¢)(div(p — Opp)édx + Z / div(p — pp)édx
Q KeTy,
< CR?||pl2[|€]|n- (4.12)
Similarly, by (4.2) and (4.3), we get
Iy < Ch?|pll2[8llo, Is < Ch?|[pll2[I€]|n- (4.13)

As to I7 and I, by use of (3.8), we have

I; = Z /AVU—Ihuﬂdx

KeTy,
= Z/ (A— AV u—IhUHda:—i—ZA/Vu—Ihquw
KET, KET,
< CP?||ull2l16l #(aivie) (4.14)
Is = Z / AV (u — Tyu)Védx
KeTy,
= Z / — AV (u — Tyu)Véde + Z AQ/ V(u — Inu)VEdx
KeTy, KeTy,
< cr?llulsligln, (4.15)

respectively.

Combining (4.10)-(4.15), we obtain the desired result. O

Remark 4.1. We point out that [11] only obtained the convergence of order O(h) for the non-
conforming linear triangular C-R element and the rotated Qp-element. However, we can prove that
the above theorem is also valid for the latter element on square meshes and for CNQ7°" element on
anisotropic rectangular meshes, respectively. Whether Theorem 4.1 holds for the above C-R element
still remains open. On the other hand, we can derive the L2-norm estimation with O(h?) order directly
through Theorem 4.1, the triangle inequality and interpolation theory.

Consequently, we will use proper postprocessing interpolation operators to get global supercon-
vergence for the primary solution u and the flux solution p. For this purpose, we assume that T}, is
obtained from Tsp,(where Ty, is an anisotropic rectangular partition of ) by dividing each element

K of Ty, into four conguent rectangles K1, Ko, K3 and K4(see Fig 5.1).

lg ls

K, K,

l7 l4

K, K>

lg l3

I Iy
Fig. 5.1 The macro element K



Then, we can define the interpolation operators Io, and Jop, as followst3:14]

IQhu‘K S PQ(K), VK € Ty, JQhUIK S Qll(K) X Qll(K)a VK € Top,
Jioon o Tonu —u)ds = 0, i = 1,3,5,7, Ji,(Janpy — pr)ds = 0, i =3,4,7,8, (4.16)
Jicior,,T2ntt — uw)dz =0, i = 1,2, i, (Janp2 — p2)ds =0, i = 1,2,5,6,

where Jghp = (Jghpl, Jghpg) and Qll(K) = Pl(K) X Pl(K)

At the same time, the postprocessing operators I, and Joj, also satisfy:

IopIpu = Iapu, JorIlyp = Jonp,
Mot — ully < C2|Julls 1722 — pllo < Ch2 ]2, (4.17)
[ L2nvnlln < Cllowlln, Yon € U, IT2nanllo < Cllgyllo, Ya; € Xn,

So we can get the following superconvergence result.
Theorem 4.2. Let (u,p) and (up,py,) be the solutions of (2.6) and (3.12), respectively. Fur-
thermore, assume u € H3(Q) N H}(Q),p € (H?(2))?, then there holds

lu = Lpun|ln + P = Tonppllo < CR([[ulls + [|pll2)- (4.18)
Proof. Noticing (4.16), we have
lu = Lnunln + [P — J2npallo
< lu = Lpdpulln + [ L2n(un — Inw)|ln + ([P = J2nIInpllo + [[J2n Py — kp)|lo
< llu = Lopulln + Cllun — Inulln + [|p = J2npllo + Cllpy, — Hipllo
< Ch2([Julls + [[l2), (4.19)
which is the desired result. g
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