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Abstract We introduce to notions of (w) — T; , @(w) — T, , @(w) — regular

and @(w) — normal on u —weak structure ( £ — WS). And investigate a
characterizations for such notions and relationships among @(w) — T, , d(w) — T, ,
@(w) — T; and @(w) — T,. And some characterizations of w -regular and w -normal

spaces in u — WS have been given.

Keywords: y —weak structure, p(w) — T; , @(w) — T, , @(w) — T3 and @(w) — T,
Notation and Preliminaries

Recently A. Csdszér [6] defined the notion of weakstructures and showed that

these structures can replace in many situations generalized topologies or minimal
structures. Let us say that w < P is a weak structure (briefly WS ) on X if g€ w.
Clearly each generalized topology and each minimal structure is a WS . Let w be a
weak structure on X and A c X . A. Csészar defined (as in the general case) i,A as
the union of all w -open subsets of A (e.g. @) and ¢ A as the intersection of all w -
closed sets containing A (e.g. X ). Define the family w, ={vNnu:vew}is the
w,-structure induced over u < X by w (by short u — WS). The elements of w, are
called wy-open sets; a set v is a wy,-closed set if 4 — v € wﬁ . We note that Wﬁ is the
family of all w,-closed sets. Let v € u — WS we define the wy-interior (by shorti, )
of u as the finest wy, - open sets contained in v that is, i,w(v) = Usew,{¢: { v} Let
v € p — WS we define the wy-closure (by short ¢, ) of u as the smallest w,,-closed
sets which contained in v that is, c,w(v) =n few,, fu—cvcu—2. . Let Myy,
denote the union of all elements of X. Let ( X, 7) be a topological space and A is a subset
of X . The closure of A and the interior of A are denoted by CI(A) and Int(A),

respectively. In this paper in section 1. We introduce the concepts of @(w) — T; ,
d(w)—T, , @(w) —T; and @(w) — T,. And investigate a characterizations for such
notions and relationships among them are introduces. In section 2. Some

characterizations of w -regular and w -normal spaces in y — WS have been given.



1- 9(w) —T;,i=1,2,3,4

Definition 1.1 Let w be a w eak structure on X, u < X. Then X is called a
@(w) — Ty if for xq,x, € Mgy with x; # X, . Then there exists V, U are @(w) —
open set , x; €U, x,¢U andx, €V,x; ¢V.

Theorem 1.1 Let w be a weak structure on X, u < X . Then
For the converse, let x,y € My, with x; # x,. Then by hypothesis,
(X — M@(W)) U {xl} and (X — M@(W)) U {xz} are Q)(W) — closed. Set

U= M@(W) — {xz} and V = M@(W) — {xl}. Then V, U are Q)(W) — openset ,
X1 €EU,x,¢U andx, € V,x; 2V.Hence X isa @(w) — T;.

Definition 1.2 Let w be a weak structure on X, u < X. Then X is called a relative
@(w) — T, if forevery xq,x; € Mg, with x; # x,, there exists @(w) — open sets
U,Vew suchthatx; EU,x, EVand UNV = Q.

Remark 1.1 it is clear that every @(w) — T, and @(w) — T; , but the converse need not
be true in general .

Lemma 1.1 Let w be a weak structure on X, u — X . Every @(w) — closed set
includes X — My(y).

Proof. For every w — opensetsU inX,ucX ,UcMyy)< ye.

Theorem 1.2 Let w be a weak structure on X, 4 < X . Then the following properties
are equivalent:

(H)Xis o(w) — T,

(2) Let x € Mgy,. For each z € My(w) with x; # x,, there is a @(w) — open set U
containing x such that z¢ C,, (U).

(3) Forx € M@(W), N {CW(U) Uew andx € Ulou X - M(Z)(w))

(4) The set A U Mg,y X Mgy))© is @(w) — closed setin X X X, where the diagonal
A= {(x,x):x € X}.

Proof (1) — (2)) Forx € My, let z € My, with x; # x,. Then there exist

disjoint @(w) — opensetU and V containing x and z, respectively. From lemma
1.1 ze¢ C,(U).

(2) = (@) Forx € My(w), let z € My, with x; # x,. Then by (2) , there is a

@(w) — open set U containing x such that z¢ C,,(U) , so by above lemma



z¢ N{C,(U):U €w andx € U}2 U (X — Mgyy,). Thus we find that n {C,,(U):U €
w and x € U} = {x} U (X — My

(3) = (4) We show that X x X — (AU My, X Mg,)©) is @(w) — open. For the
proof , let (x,y) be any element in X x X — (A U Mg,y X Mg,))¢). Then

X,z € Mgy and x # z. Since

zg N{C,(U):U ew andx € U} = {x} U (X — My, }, there exists some U € w
such that x € U and z¢ C,,(U). SinceUN (X —C,(U)) =@ and X — C,,(U) is
@(w) — open set containig z, U X (X — C,,(U)) isa @(w) — open set containig
(x,z) such that U x (X —C,(U)n (AU Mgy X MQ)(W))C). Hence this implies

X x X — (AU Mgy X Mgg,))©) is @(w) — open in X x X

(3) = @ letx,z € My, and x # z. Then (x,2z) & AU My, X Mgy,,)) . Since
AU Mgy X M) is @(w) — open , by lemma 1.1 there existsa @(w) — open
set U X V containig the point (x, z) such that

UxVn (A U Mgy X Mq)(w))c) = (. Hence we can say that there exist U,V € w such
thatx €U, zeVandUNV = 0.

Definition 1.3 Let w,w’ be a weak structures on X and Y respectively, u < X.
Then a function f: (X,w) — (Y, w") is said to be

(1) @(w,w") — continuous if U' € w' implies that f~1(U") € w

2) 0(w,w') —open if U € w implies that f(U) € w'

Lemma 1.2 Let w,w' be aweak structureson X,y c X. If f: (X,w) - (Y,w') is a
@(w,w") — open, then f(Myy)) Mgy -

Proof Since Mg,y € w, f(Mga)) € Mg,y and so f(Mgauy) Mgy

Theorem 1.3 Let f: (X,w) = (Y,w') be an injective, @(w,w") — open and
@(w,w")-continuous function on a weak structures (X,w) and (Y,w") . If Yis
P(w') —T, ,then X is @(w) — T, .

Proof Let x1,x; € My(y) with x; # x,. Then f(x;) # f(x;) and from lemma 1.2,
we have f(x), f(x2) € Mpy). Since Y is @(w') — T, , there exist U", V' € w' such
that f(x;) € U',f(xy) €V and U' n V' = @ . This implies f~1(U"), f~1(V") €
O(w),x; € f7HU"),x, € f7X (V) and f~X(U) n f~1(V") = @. Hence X is

d(w) —T,.



Theorem 1.4 Let f: (X,w) — (Y,w") be an injective, @(w,w")-open function on a
weak structures (X,w) and (Y,w').If Xis @(w) — T, , and

F(Mogw)) = Mg,r) then Y is §(w) — T,
Proof Letx,,x, € Mg,y with y; # y,. Then from f(MQ(W)) = My,

There exist x1, X, € Mg, such that f(xq) =y;, f(x;) =y, . Since X is @(w) —
T, , there exist U,V € @(w) such that x; € U,x, €V and U NV = @ . Thus

f),f(v)yeow", y, € f(U) and y, € f(V). And injective of f,
fWnV)=fWU)Nf(V)=0 andso Yis @(w) — T,

Definition 1.4 Let w be a weak structure on X, u — X. Then X is said to be relative
@(w) — regular (simply, @(w) — regular) if for x € My(,,) and @(w) — closed
set F with x & F, there exist U,V € @(w) such that x € U, F N Mg,y €V and
UNnV =@. Andif X is @(w) — T, And @(w) — regular, then it is said to be

P(w) —T;,

Theorem 1.5 Let w be a weak structure on X, 4 < X. Then X is said to be @(w) —
regular if and only if for x € My, and a @(w) — open set U containing x, there
@(w) — open set V containing x such that x € V € C,,(V)NMp,y S U isa

Proof Assume that X is said to be @(w) — regular. Then for x € My,,) and a
@(w) — open set U containing x and the @(w) — closed set U€ have disjoint
@(w) — open sets U, W withx € V , U NMgy(,,) € W.Since V € W€ and W€ is
@(w) — closed, it follow C,, (V) € W¢. This implies C,,(V)N(U°NMgy,)) S
C,(V)NW = @, thus C,, (V)N My, € U.

For the converse, let F be any @(w) — closed set and x € F for for x € My,,). Then
since F€ is @(w) — open set containing x, by hyothesis, there is a @(w) — open set V
containing x such that x € V € C,,(V)NMy,) € F€, thus  C,,(V)NMgy NF = @,

so that My, N F S C,, (V). Hence X is @(w) — regular.

Definition 1.5 Let w be a weak structure on X, u — X. Then X is said to be relative
@(w) — normal (simply, @(w) — normal) if for @(w) — closed set F; and F, with
Fi N Fy, = X — My there exist U,V € @(w) such that F; N Mg,y S U, F, N

Mgy EVandUNV = @. And if X is @(w) — T;. And @(w) — regular, then it is
said to be @(w) — Ty.

Theorem 1.6 Let w be a weak structure on X, 4 < X. Then X is said to be @(w) —
normal if and only if for a @(w) — open set F and a @(w) — open set U with
F 0 Mg,y € U, There is a @(w) — open set V containing x such that

FcVvec,(V)NMyy € U.



Proof It is similar to the proof of Theorem 1.5

2 characterizations w -regular spaces and w -normal spaces

In this section characterizations of w -regular and w -normal spaces in i — WS have been

given.

Definition 2.1 Let (X,7) be a topological spaceand wbeayu — WS on X .
Then (X,7) is said to be w -regular if for each closed set /' of X and each x¢ F',

there exist disjoint w -open sets U and V such that xe U and F CcV

Theorem 2.1 Let (X,7) be a topological space and wbeayu —WSon X .

Consider the following statements:
1. X isw -regular.

2. Foreach xe X and each U € 7 with xe U , there exists V € w such
that xeVce, (V)cU.

Then the implication (1) = (2) holds. If i, (A)e w for every w -closed A of

X , then the statements are equivalent.
Proof

1. = (2).Let x¢ (X =U), where U € 7 . Then there exist disjoint G ,
Ve w suchthat (X -U)c G and xe V. Thus V < X —G and hence
xeVce,(V)ce, (X-G)=X-GcU.

2. = (1).Let F beaclosedsetand x¢ F . Then xe X — F € 7 and hence
there exists Ve w suchthat xe V cc (V)< X — F . Therefore,

FcX-c,(V)=i,(X-V)ew.

Definition 2.2 Let w be a u — WS on a topological space (X,7). Then AcC X
is called a generalized W -closed set (or simply gw -closed set) if ¢, (A) € U whenever
AcUe 7 .The complement of a g -closed set is called a generalized W -open (or simply

g, -open) set.

Theorem 2.2 Let (X,7) be a topological space and w be apy — WS on X,

and consider the following statements:
1. X isw -regular.

2. For each closed set F' and x¢ F, there exists U € w and gw -open set
V suchthat xeU, FcV and UNV =4¢.



3. Foreach Ac X and each closed set F' with AN F = ¢, there exist
Uew anda gw-open set V suchthat ANU #¢, FV and U NV =¢@. Then the
implications (1) = (2)= (3) hold. If i ,(A)e w for every gw -open set A of X,

then the statements are equivalent.
Proof
1. = (2). Obvious.

2. = (3).Let Ac X and F be a closed set with AN F =¢. Then for
ae A, ag¢ F , and hence by (2), there exist U € w and a gw -open set V such that
acU,FcV and UNV =¢.Hence ANU #¢, FCV and UNV =¢.

3. = (1). Let x¢ F, where F isclosedin X . Since Fnx=4¢, by (3)
there exist U and a gw -open set set W suchthat xe U, FcW and UNnW =¢.
Then by Theorem 2.11 we have F i, (W) =V e w and hence UNV =¢.

Definition 2.3 Let (X,7) be a topological space and wbeayu —WSon X .
Then (X,7) is said to be w -normal if for any two disjoint closed sets A and B there

exist two disjoint w -open sets U and V suchthat AcU and BCV .

Remark 2.1

For apu — WS w on on a topological space ( X,7), every w -closed set is a

g,, -closed set. In fact, if A isaw -closed set with AcUe 7,then A=c, (A) cU,so

that A is g -closed.

Theorem 2.3 Let ( X,7) be a topological space and w be apu — WS on X . Then
A is gw -open if and only if F <i,(A) wherever F C A and F is closed.

Proof

Let A bea gw -open setand F' < A, where F is closed. Then X —A isa gw -

closed set contained in an open set X —F . Hence ¢, (X —A)c X —F ,i.e.

X—-i,(A)c X—F .So F ci,(A).Conversely, suppose that ' i  (A) for any closed
set F' whenever FC A.Let X—AcU ,where Ue 7.Then X —-U C A and X —U is
closed. By assumption, X —U i (A) andhence ¢, (X —A)=X—-i (A)cU.
Therefore (X —A) is gw - closed and hence A is gW - open .

Theorem 2.4 Let w be a p — WS on a topological space (X,7), and consider

the following statements:

(1) X is w -normal.



(2) For any pair of disjoint closed sets A and B of X, there exist disjoint
gw-opensets U and V of X suchthat AcU and BCV .

(3) For each closed set A and each open set B containing A, there exists a
gw-openset U suchthat AcU cc, (U)cC B.

Then the implications (1) = (2) = (3) hold. If i ,(A)e w and ¢ (A) isw -

closed for every gw -open set A of X, then the statements are equivalent.

Proof

1. = (2).Let A and B be a pair of disjoint closed sets of X . Then by (1)
there exist disjoint w -open sets U and V of X suchthat AcU and BcV . Then
(2) follows from Remark 2.1

2. = (3). Let A be aclosed set and B be an open set containing A. Then
A and X —B are two disjoint closed sets. Hence by (2) there exist disjoint gw -open

sets U and V of X suchthat AcU and X -BcV . Since V is gw -open and
X —B isaclosed set with X —BcV , by Theorem 2.11, X —B ci (V). Hence
c, X-V)=X-i (V)cB.Thus AcUcc,(U)cc,(X-V)CB.

3. = (1). Let A and B be two disjoint closed subsets of X . Then A is a
closed set and X — B is an open set containing A . Thus by (3) there exists a gw -

openset U suchthat AcU cc, (U)< X —B. Thus by Theorem 2.3

and Bc X —c,(U),where i, (U) and X —c,(U) =i, (X -U) Aci,(U)
are disjoint sets. Since U is gw-open, i, (U)e w and i (X —U)e w. Hence X is

w -normal.

Theorem 2.5 Let (X,7) be a topological space and wbe ap — WS on X,

and consider the following statements:

1. For each g -closed set A and each open set B containing A, there

exists an w -open set U such that CI(A)cU cc, (U)<B.

2. For each closed set A and each g -open set B containing A, there

exists an w -open set U suchthat AcU cc, (U)c Int(B).

3. Foreach g-closed set A and each open set B containing A, there

exists a gw -open set U such that CI(A)cU cc,(U)cCB.

4. For each closed set A and each open set B containing A, there exists a
gw-openset U suchthat AcU cc, (U)cC B.



5. For each closed set A and each g -open set B containing A, there

exists a gw -open set U suchthat AcU cc, (U) < Int(B).

Then the implications (1) = (2) = (3) = (4) = (5) hold. If i ,(A)e w for

every gw -open A of X, then the statements are equivalent.

Proof

1. = (2).Let A be aclosed set and B be a g -open set containing A.
Then A c Int(B). Since A is closed and Int(B) is open, by (1) there exists aw -
openset U suchthat AcU cc,(U) < Int(B).

2. = (3)and (3) = (4) are obvious.

3. = (5). Let A beaclosedsetand B be a g -open set containing A.
Since B is g-open and A is closed, since . Thus by (4), there exists a gw -open set
U suchthat AcU cc,(U) < Int(B).

4. = (1).Let A bea g-closed subset of X and B be an open set
containing A. Then CI(A) € B, where B is g -open. Thus by (5) there exists a gw -
open set G such that CI(A)c G c ¢, (G) < Int(B) < B. Since G is gw -open and
CIl(A) c G, by Theorem 2.3, CI(A)ci,(G).Put U =i, (G). Then U € w and
Cl(A)cU ce,(U)=c, (i, (G) e, (G)CB.
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