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Abstract

The aim of this paper is to present and study a new type of monads, named PO-
monad, which plays an important role in our approach to p-closed spaces, pre-
Urysohn spaces ..etc. Also, we investigated some new properties and
relationships between this monad with other types of monads by using some

concepts of nonstandard analysis.
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1 Introduction

The concept of point monads, was first introduced by Robinson, A. [8],
and axiomatazed by Nelson, E. [7], they has been proved to be a useful tool for
characterizing and studying some topological concepts. In 1976 Herrmann, R.A.
[5] introduced two new types of monads, namely the 0 and a monads in general
topology, which are capable of similarly characterizing the various topological
concepts associated with quasi-H-closed, nearly compact, Urysohn spaces,.....etc..
In 1982, Mashhour, A.S. & El-Deeb, S.N.[6], defined a new version of nearly
open sets which is significant notion to the field of general topology called
preopen sets . This work is another attempt of the authors in applying nonstandard
analysis in general topology, the previous one was entitled “f6-monads in general
topology” given in [11]. In this paper, we use the notion of preopen sets in

topological spaces to introduce and study a new type of monads named P8-monad.

2 Basic Backgrounds in General Topology

Throughout this work, (X,t) or (simply X) denotes a standard topological space
on which no separation axioms are assumed unless explicitly stated, we recall the
following definitions, notational conventions and characterizations.

The closure (resp., Interior) of a subset A of a space X is denoted by CIA (resp.,
IntA).

A subset A of a space X is said to be

e preopen set [6] if and only if AcIntCIA.

o preclosed closed set if and only if X\A is preopen set.

e regular closed set if and only if X\A is regular closed.

The intersection of all pre-closed (pre-0-closed) sets containing A is called pre-

closure (pre-0-closure) and denoted by pCIA( pClgA).
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The union of all preopen sets contained in A is called pre-interior and denoted by

plntA.

A subset A of a space X is said to be

e pre-0-open [2] if for each x€A, there is a preopen subset G of X such that
xeGc pCIGCA.

e pre-regular p- open set [2] if and only if A= pIntpCIA.

The family of all pre-open sets of a space X is denoted by PO(X).

The family of all pre-closed (pre-regular p- closed)sets of a space X is denoted by
PC(X)(PRPC(X)).

Definition 2.1 [3] A space X is called submaximal if each dense subset of X is

open set.

Definition 2.2 [2] A point xeX is said to be 0-accumulation (resp.,pre-0
accumulation) point of a subset A of a space X if CIGNA#¢ (resp., pCIGNA#d
for every Gert (resp., GePO(X)).

Definition 2.3 [2]
A space X is said to be p-closed space if every pre-open cover of X has a finite

subfamily whose pre-closure covers X.

Definition 2.4 [3]
A space X is said to be pre-urysohn if and only if for each x,ye X, with x#y, there
exists G,HePO(X), such that xeG, yeH, and pCIGpCIH=¢.

Definition 2.5 [2] A space X is said to be pre-T, if and only if for each distinct
points x,ye X, there exists G,HePO(X), such that xeG, yeH, and GhH=¢.
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Definition 2.6 [2] A space X is said to be locally indiscrete if every open subset of

X is closed set.

Theorem 2.7 [2] Let G be a subset of topological space (X,t). Then
1)  pCIG=GUClIntG,
i1)  pClplntpClG=pCIG,
ii1) pCIlAcCIA.

Theorem 2.8 [9] Let 4 and B be any two subsets of the space X. If AnB=¢,
then pIntdn pClB=¢.

3 Basic Backgrounds in Nonstandard Analysis

In this section, we use Nelson's nonstandard analysis construction, based
on a theory called internal set theory IST.
Recall that for a topological space (X,t), the monad p(p), a-monad pe(p), and 6-
monad pe(p) at a point p are defined as follows[5]
up)= N{*G; peGer}, a-monad= N{*(IntCIG); peGert}, and it denoted by

Ha(p)-
0-monad = N{*CIG; peGet}. and it denoted by pe(p).

Definition 3.1 [1] A relation r is called concurrent in a standard set U, if reU, and
if a; , a; ,...,ayedom(r),then there is an element b such that (a; ,b) er, for

i=1,2,....n

Theorem 3.2 (Concurrence relation) [1] Let r be a standard concurrent relation in
a standard set U, then there is an element beU, such that (a,b) er, for each

aedom( r).
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4 PO - Monads

Definition 4.1 Let (X,t) be a standard topological space. Then the PO- monad at

the point aeX is defined as follows P6-monad=n{A4; 4 GP(a)}, where
GP(a)={pCl4; A€ GP(a)}, GP(a)={A4; ae APO(X)}, and it is denoted by

Hpo(a).

Proposition 4.2 Let (X,t) be a standard topological space, and aeX. Then
upe(a)= N{pCl4 ; AeGP(a) }.
Proof. Follows directly from Definition 4.1. 0

Proposition 4.3 Let (X,t) be a standard topological space, then for each a €X, the
relation ppe(a) < pe(a) is true.

Proof. Follows from Theorem 2.7(ii1) and definitions of pgand ppe. 0

Remark 4.4 The equality of the relation given in Proposition 4.3 is not true in

general, such as shown in the following example.

Example 4.5 Let X={a,b,c}, and 1 be indiscrete space . Then the family of all
preopen sets are PO(X)=P(X) , then, uga)=X, and ={{a},{a,b},{a,c}, X},
upo(@)= {aj.

Remark 4.6 Let (X,7) be a standard topological space, then
1)  For the trivial topological space u,¢(x)={x}, for each standard x €X.
i1) For the discrete topological space u,gx)={x}, for each standard x €X.

iii) For the locally indiscrete space, u,gx)={x}, for each standard x €X.



144 On New Type of Monads in Topology

Proposition 4.7 If X is a submaximal , then ue(a) = upe(a), for each a eX.
Proof. Follows from Theorem 2.1 and Proposition 4.3. O

Proposition 4.8 Let (X,t) be a standard topological space, and aeX. If every
preopen set is regular closed set, then u,o(a)= N{G; Ge GP(a) }.

Proof. By Theorem 2.7(i) pCIG=GUClIntG, since G &, then G is regular closed
set. Therefore pCIG=G. Using Proposition 4.2, we obtain

Upe(a) = N{G; Ge GP(a)}. M

Theorem 4.9 Let (X,t) be a standard topological space. Then the following
statements are valid

1) ForeachaeX, ae pyo(a).

i) For each aeX, be ppe(a) implies ppo(b) < ppo(a).

Proof. 1) Is obvious.

i) Let x e upab). Since be uyaa), then for each standard GPO(X) if ae pCIG,
then be pCIG, and if be pCIG, then

xe pCIG (1)
By transfer axiom, for each GPO(X), and hence we get that the equation (1) holds
true. Hence pyo(b) < ppe(a). 0

Proposition 4.10 Let (X,t) be a standard topological space, and aeX. Then
tpo(a)= N{G; GePRPC(X,a)}.
Proof. Follows directly from Theorem 2.7(ii) and Proposition 4.2. 0

Theorem 4.11 Let (X,t) be a standard topological space, and let a €X. Then there

exists a standard pre-open H such that pCIH < ppe(a).
Proof. Let r(pClG, pCIH) be a binary relation defined by r(pCIG, pCIH)
equivalently pCIH < pCIG. Then r(pCIG, pCIH) is concurrent relation. For this,



T.H. Ismail, 1.0. Hamad and S.A. Hussein 145

if G;, Ga,..., G, € PO(X), such that pCIH=n pCIG; for i=1,2,...,n, then r(pCIG,
pCIH) holds true.

Now, by Theorem 3.2 we get that pCIH < pCIG for each G ePO(X). Therefore
pCIH € ppo(a). .

Corollary 4.12.

Let (X,t) be a standard topological space, and let aeX. Then there exists a
standard pre-regular-p- open set H such that H < pye(a).

Proof. Follows directly from Theorem 4.11 and Theorem 2.7(i1). 0

Theorem 4.13 Let A be a standard subset of a standard topological space X. Then
A 1s pre-0-open set if and only if pye(a) A, for each a e4.

Proof. Assume that A is pre-0-open set, and let a €4. Then there exists a standard
pre-open G such that a eGc pCIG cCA,

by transfer axiom pCIG cA for each G,A and ae GPO(X).

Now, N{pCIG ; GeGP(a) /< pCIG cA, by Proposition 4.2 we obtain that ppe(a)
cA.

Conversely, suppose that pye(a) A, then by using Theorem 4.11, for each a4
that there exists a standard pre-open set G such that pCIG < ppe(a).

Thus ac G pCIGCA, for each standard a. Therefore by transfer axiom we have

ae Gc pCIGCA, for each a. Hence A is pre-0-open set. O

Proposition 4.14 Let S be a standard non-empty subset of a standard topological
space (X,t). Then S contains the pre-closure of a non-empty pre-open set if and
only if pye(a) =S, for some a S.

Proof- Assume that S contains the pre-closure of a non-empty pre-open set G.

Then by Proposition 4.2 we get pye(a) < pCIG, for each Ge GP(a) . Therefore

upe(a) =S for some a €S.
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Conversely, assume that pye(a) =S, for some a&S. Then by Theorem 4.11, there

exists a standard pre-open set H such that pCIH < pye(a). By transfer axiom this

hold for each He GP(a). Hence S contain the pre-closure of a non-empty pre-

open set H. [

Theorem 4.15 Let A be a standard subset of a standard topological space X. Then
A is pre-0-closed set if and only if pye(a) N A=¢, for each ae XYA.

Proof. Assume that A is pre-0-closed set.

Then by Theorem 4.13 we have ppe(a) =X/A for each a eX\4, hence

Hpo(a) N A=

Conversely, assume that ppe(a) N A=¢. Then pye(a) =X\A for each a eX\4. Hence
by Theorem 4.13 we get that A is pre-0-closed set. O

Corollary 4.16 Let A be a standard subset of a space X. Then A is pre-0-closed
set if and only if ppe(a) N A#¢ implies aeA.
Proof. It is similar to the proof of Theorem 4.15. 0

Theorem 4.17 Let (X,t) be a standard topological space, and py(p) be the pb-
monad at the point p €X. If npe(p) =B, for some internal subset B of X. Then there
exists a standard pre-open set G such that ppe(p) < pCIGSB.

Proof. Suppose that pCIG-B#¢, for all GePO(X), peG. Then the family
{pCIG-B} has a finite intersection property. Since

pClG-B pClG,-B= (pClGin pClGy)-B, it follows that pye(p)-B#¢ which is a

contradiction. 0

Theorem 4.18 A point x is pre-0-accumulation point of a subset A of a space X, if

and only if p,e(x) contains a point y €4 difference from x.
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Proof. 1f x is a pre-0-accumulation point of a subset A of a space X , then for each
G ePO(X) which contains x, pCIGMA#¢, this means that there is ye pCIGNA ,
with y#x, and each pClG contains a point y#x. By using Theorem 4.11 we get ye
Wpa(X) A, with y#x.

Conversely, assume that p,o(x) contains a point y#x in A. Then for a fixed
G ePO(X), pCIG contains a point y#x. Therefore there is ye pCIGNA, and by
transfer axiom, there is y in standard pCIGHA. Hence pClG M A#4,

Therefore x is a pre-0-accumulation point of a subset A of a space X. O

Theorem 4.19 A point x is 8-accumulation point of a subset A of a space X, if and
only if pe(x) contains a point y €4 difference from x.

Proof. 1t is prove is similar to the proof of Theorem 4.18. O

Theorem 4.20 Every pre-0-accumulation point of a subset A of a standard space
X is B-accumulation point.

Proof. Let xeX be a standard pre-0-accumulation point of a subset A of a
standard topological space (X,t). Then by Theorem 4.18 we get py(x) N A#g,

and then by using Proposition 4.3 we obtain pg(x) N A#¢@. Thus by Theorem 4.19,

x is a B-accumulation point. 0

Theorem 4.21 Let A be a standard subset of a space X. Then

pClo A={ aeX; ppe(a) N A#g }.

Proof. Let ae pCly A. Then a€F, for each pre-0-closed superset of A. If

upe(a) N A=¢, then ppe(a) =X\A, and by Theorem 4.7, there exists a standard
preopen set G such that ppe(a) < pClGc X\A. Therefore pCIG » A=¢ , which
implies that agpCly A.
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Conversely, suppose that ae X and pye(a) N A#g. We have to show that a€F, for
all pre-6-closed superset of A. Now, if a¢F, then by Theorem 4.13 we get ppe(a)

cX/F. Therefore ppe(a) N A=¢, which is a contradiction. O

Theorem 4.22 A standard topological space X is p-closed space if and only if

X= U1 ppo(a); aeX}.

Proof. Assume that X is p-closed space, and let qe X, such that q& ppe(x). Then for
each standard x €X, there exists a pre-open set Gy such that qgpCl Gy,

thus I'={ Gy, xeX, qepCl Gy , Gx € PO(X)} is a pre -open cover of X .

Since X is p-closed space, then there exists a finite subfamily {G;,Go,...,Ga} such
that X=u{ pCl Gj, for i=1,2,...,n}.

This means that, for each standard x €X, implies that x epCl G; for some i. Thus by
transfer axioms for each xeX, we have xepcl G; ,for some i, which is a
contradiction.

Conversely, suppose that X is not p-closed space, and let p be a pre-open cover of
X such that it has no finite subfamily whose pre-closure covers X. Let
{G1,Ga,...,Gn}c PO(X) , define a relation r such that r(pCIG,x) iff xgpCl G. Then
r is concurrent relation. Then by Theorem 3.2 we get that there is yeX, with ye
pCIl G.

Now, if xeX such that xe pCl G, then y¢pCIG, for each standard G € PO(X),

therefore y & p1,0(x), which is a contradiction. 0

Theorem 4.23 A standard topological space X is pre-Urysohn if and only if

Upa(X) M Hpo(y)=¢, for each x,y €X, with x#y.

Proof. Assume that X is pre-Urysohn , and let X,y €X', with x#y. Then there exists
G,H e PO(X), and x €G, y eH, with pCIG » pCIH=¢. Now, by Proposition 4.2 we
have ppe(x) <pClG and ppe(y) <pCIH. Hence ppo(x) M ppe(y)=¢. Conversely,

assume that the condition is valid,
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Then by Proposition 4.3 for each x,yeX, there exists D,EePO(X), such that
x epCIDC ppo(x), and y epCIEC pyo(y). Therefore pCID m pCIE=¢. Hence X is
pre-Urysohn space. 0

Corollary 4.24 A standard topological space X is pre-Urysohn, p-closed space if
and only if {ppe(a); aeX} is a partition of X.
Proof. Follows from Theorem 4.22 and Theorem 4.23. 0

Theorem 4.25 A standard space X is pre-T, if and only if for each x,yeX,
whenever ye py0(x) then x=y.

Proof. Assume that X is pre-T, and there is x,y €X, such that ye p,e(x) and x#y.
Then by Definition 2.5 there exists G,H ePO(X), such that xeG, yeH, and G N
H=¢. By Theorem 2.8 pCIG n pIntH=¢. Since HePO(X), then

pClIG N H=¢, and pe(x) < pCIG, which imply that ye ppe(x), which is a
contradiction.

Conversely, assume that the condition valid. Then there is 4 € such that x eAc
upo(x). If y €4, then the hypothesis implies that x=y. So, if X,y €X, such that x#y,
then y¢ A. Therefore there exists G ePO(X), such that x eG but ygpCI/G. Hence X

is pre-T, space. M

Remark 4.26 The concepts of compactness and p-closedness are independent, as

shown in the following example.

Example 4.27 Let X=R be the set of real numbers, with the topology in which
non-empty open sets are those subsets of X which contain the point 1. Then X is
not compact space.

Since {{x,1}, xeX } is an open cover of X, but has no finite sub cover in this

space, every non-empty pre-open set must contain point 1.
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Hence X is the only pre-closed set containing any non-empty pre-open set.
Therefore pCIGi=X for any G;e PO(X), which implies that pye(a)=X for any aeX,
and U{ ppo(a); aeX}=X. O
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