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Local existence and Blow-up
of solutions for the higher-order
nonlinear Kirchhoff-type equation

Guoguang Lin! and Ling Chen?

Abstract

In this paper, we deal with the local existence and blow-up of solu-
tions for the higher-order nonlinear Kirchhoff-type equation:

U+ (=) ug o (|| V|2 (= A) M u=g(u), © € Q, t > 0
in a bounded domain, where m > 1 is a positive integer. At first, we
prove the existence and uniqueness of the local solution by on the Ba-
nach contraction mapping principle, under some conditions and E(ug, u1)
is negative, we investigate the blow-up of solutions in finite time, and

the concavity method is widely used.
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1 Introduction

In this paper, we are concerned with the local existence and blow-up of the

solutions for the higher-type nonlinear Kirchhoff-type equation:

ug + (=) ™uy + (|| V™ul)*) (=A)"u = g(u),z € Q,t > 0,m > 1, (1.1)
u(r,t) =0,2% =0,i=1,2,...,m— 1,2 € It >0, (1.2)
u(z,0) = ug(x), ur(z,0) = uy(x),x € Q, (1.3)

Where () is a bounded domain of R" ,with a smooth Dirichlet boundary 02
and initial data, m > 1 is a positive integer, ¢(s) is a positive local Lipschitz
function and v is the unit outward normal on 0f).

When ¢(s) =1, m = 1, g(u) = |ulPu, the equation (1.1) becomes a nonlin-

ear wave equation:

g — Au — Auy = |ufPu, (z,t) € Q x [0, +00), (1.4)
u(z,0) = ug(x), u(z,0) = uy(x),x € Q, (1.5)
u(z,t) =0, (z,t) € 02 x [0, +00). (1.6)

It has been extensively studied and several results concerning existence and
blowing-up have been established [1-3].
In [4], when ¢(s) # 1, g(u) = |u|Pu, the equation (1.1) becomes the follow-

ing Kirchhoff equation with Lipschitz type continuous coefficient and strong

damping;:
uy — M(||Vul|?)Au — wAuy = |ulPu, (1.7)
u(z,0) = ug(x), ur(z,0) = uy(x),x € Q, (1.8)
u(z,t) =0, (z,t) € 002 x [0, T, (1.9)

where Q € RN, N > 1is a bounded domain with a smooth boundary 9. p > 2
and M (s) = mo—+bs” is a positive local Lipschitz function. Here, mg > 0, b > 0,
r > 1, s > 0. It has been studied and several results concerning existence and
blowing-up have been established.

In [5], Perikles G. Papadopoulos-Nikos M. Stavrakakis study the following
degenerate nonlocal quasilinear wave equation of Kirchhoff type with a weak

dissipative term

uy — ¢(2)||Vut)||?Au + duy = |u|*u,z € RNt >0, (1.10)
u(z,0) = ug(z), us(z,0) = uy(x),z € RV, (1.11)
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with initial conditions wug, u; in appropriate function spaces, N > 3, and § > 0.
Throughout the paper they assume that the functions ¢ and ¢ : RN — R
satisfy the following condition:

¢(z) > 0, for all 2 € RN and (¢(z))~" =: g(x) € LN?(RN) N L®(RN).

Their conclusion show that when the initial energy E(ug, u;) is non-negative
and small, there exists a unique global solution in time, when the initial energy
E(ug,uy1) is negative, the solution blows-up in finite time. In their work, a
combination of the modified potential well method and the concavity method
is widely used.

In [6], Fucai Li investigate global existence and blow-up properties of the
solution for the following higher-order Kirchhoff-type equation with nonlinear

dissipation:

un 4 (fo D™ uPdz) (= A) u 4 wg|ug|” = JufPu, 2 € Q6 >0 (1.12)

u(r,t) =0,2% =0,i=1,2,...,m— 1,2 € It >0, (1.13)
u(z,0) = ug(x), u(z,0) = uy(x),x € Q, (1.14)

where Q € RM(N > 1) is a bounded open domain with smooth boundary, v
is the outer norm vector; m > 1 is a positive integer, ¢, p,r > 0 are positive
constants.

they obtain that the solution exists globally if p < r, while if p > maxr, 2q,
then for any initial data with negative initial energy, the solution blows up at
finite time in LP*2 norm. For results of the same nature, we refer the reader
to [7-10] and the references therein.

But, for (1.12)-(1.14) Salim A. Messaoudi and Belkacem Said Houari have
different conclusion in [11] ,they improve Li’s result and show that certain
solutions with positive initial energy also blow up in finite time.

In the present work, we prove the existence and uniqueness of the local
solution by on the Banach contraction mapping principle. In particular, in the
process of proof about the blow-up solution of (1.1)-(1.3), we first improve the
blow-up condition about positive second order continuous differentiable func-
tion (), the blow-up condition was first given by Fajita, about the content of
the blow-up condition we can see[12], then we use the new blow-up condition
to prove the blow-up of solution for (1.1)-(1.3).

The content of the paper is organized as follows. In section 2, we give some

hypotheses and lemmas. In section 3, we prove the existence and uniqueness of
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the local solution by on the Banach contraction mapping principle. In section
4, we investigate the blow-up properties of solution and estimate the blow-up

time 1.

2 Preliminaries

For convenience, we first introduce the following notations: we define
HMQ) ={uec H™Q): 24 =0,i=0,1,...,m — 1}, D = V, D*™ = (=A)"
s e = -l @) ey = I lage @), 1= 2@, [l = [-llze@) for any
real number p > 1.

Now, we give the general hypotheses

A(1) Let g(u) be a nonlinear C'-function such that
l9(u)| < KolulP™, 1 f/(u)] < Kaful?, (2.1)

where ]{50, ]{31 > 0.
A(2) For the nonlinearity , we suppose that

0<p<+00,if0<n<2m;0<p< A1 ifn>2m. (2.2)

n—2m?’

(A3) we suppose that ¢(s) is a positive local Lipschitz function
o(s) =a+bsz,r>1, (2.3)

for briefness, we suppose a = b = 1.

Lemma 2.1(Sobolev-Poincare inequality[12,13]) Let s be a number with
2<s<+4oo,n<2mand 2 < s <
K depending on 2 and s such that

2m
n—2m

, n > 2m. Then there is a constant

lulls < KII(=4)Z ull, Yu € Hg'(%). (2.4)
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3 Local existence of solution

In this section, we will consider the local existence of the solution for the
problem (1.1)-(1.3) by the similar arguments as in [14,15].

Theorem 3.1. Suppose that (A1) —(A3) hold, and for any given (ug, u1) €
H*™(Q)NH(Q) x L*(2), then there exists T' > 0 such that the problem (1.1)-

(1.3) has a unique local solution satisfying

ue C°([0,T); H™(92) N Hy' (),
u, € CO([0,T); L*(2)) N L*(0,T; H'(2)), (3.1)

moreover, at least one of the following statements holds: (1) T = +4o0; (2)

||Ut||2 + ”D2mu||2 — 4o0,ast — 1.

Proof. To apply Banach contraction mapping principle, we introduce the two

parameter space of solutions

Xrr={v e C%0,T); H*™(Q) N HJ()),v; € C°([0, T);
L*(Q) N L2(0,T; HY'(2)) :
er(v(t)) < R*te [0, T],v(0) = ug, v4(0) = ug },

where T'> 0 and R > 0, e;(v(¢)) = ||[D*™0||*> 4 ||v||?, then X7 g is a complete

metric space under the distance

d(v1,v9) = sup eg(vi(t) — va(t)). (3.2)

0<t<T

Next, we define the non-linear mapping S in the following way. Given

v € X7 R, u = Sv is the unique solution of the following equation:

e + (= A)"u + G|Vl (= L) u = g(v), 2 € QL > 0,m > 1, (3.3)

w(w,t) =0,2% =0,i=1,2,...,m— 1,2 € I, t > 0, (3.4)
u(z,0) = ug(x), us(x,0) = uy (), z € Q, (3.5)

We shall show that there exist 7' > 0 and R > 0 such that
(i) S maps Xr g into itself;

(17) S is a contraction mapping with respect to the metric d(.,.).
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first, we shall check (7). We multiply equation (3.4) by 2u,, and integrating
it over (2, to get

des(u(t))
dt

= D1+ [D70l) + (g(0), 20 (3.

+2]| D"

:[l _'_[27

where ey (u(t)) = ||u¢||* + (1 + [[D™v||") || D™ul|?. According to Lemma 2.1, for
v € X7 R, we have
L= D"l 5+ D7)
dt
d
— || p™ 2 7 D™yl
D72 | Do)
= D ulP D"l [ Do a7)
0

< rl|D™ul*|D™ ol D* ol |ve
S TKr—ZRrHDmuHQ
<rK" " 2R"ey(u(t)).

According to A(1) and A(2), then

-[2 — (Q(U)72ut)
§2k0|/ o [P, da|
9]
3.8
< 2k s 025, (38)

< 2k K2 RPH |y, ||
< 2k KPP T2 RP ey (u(t)))?.

N

Combining (3.7)-(3.9), we get
deauld) 4 9| D™y || < K2R ea(u(t)) + 2ko K22 RP (ea(ult))) 2. (3.9)
Integrating (3.10) over [0, 7] and by Gronwall inequality, to get

ea(u(t)) + 2 fOT | D™ uy(s)]|2ds < [(ea(u(0)))2 + 2ko K2H2 RPHIT|2erK > {37 )
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where ex(u(0)) = [lur|]* + (1 + ||D™ug||") || D™upl|?. So, for all t € [0,T], we
have
T

ex(u(t)) +2 / | D™y (5)] s

SeﬂMﬂ)+2[§HDmm@ﬂﬁﬁ (3.11)

< [l ]” + (L4 [1D™ ol | D™ o )2 + 2o K> F2 R TPer AT,

Therefore, in order to that the map S verifies (1), it will be enough that the
parameters 7" and R satisfy:

(| (14 1 D™ D™ uo*)? + 2k K>+ RPHT e H T < B2 (3.12)

Moreover, it follows from (3.12) that u; € L>®(0,T; L*(Q2)) N L*(0,T; HF*(2))
and u € L>(0,t; H*™(2) N H(Q)). Tt implies
u € CO([0, T); H*™(2) N HY (Q)), u, € C°([0, T);
L*(Q)) N L*(0,T; HY'(Q)). (3.13)
Next, (i7) will be proved. Suppose that (3.13) holds. We take vy, vy € X1 g,
let u; = Svq,us = Sve, and set w = u; — uy. Then w satisfies
wy + (=A)"w + (L4 [[D"u[[")(=A)"w =
= (D™ v [l" = D™ 02 ") (= A)™us + g(v1) = g(v2) (3.14)

Maﬂ:ggzai:LZ”wm—L@ﬁeﬁQxMTL (3.15)
/UZ
w(z,0) = 0,w(z,0) =0,z € Q. (3.16)

Multiplying (3.15) by 2w, and integrating it over € and using Green’s formula,

we obtain

d m T m m
Tl + (L4 [D™or I D7 "] + 2] D |” =

m d m T
= [D"wlP 2 (L + [ D™ u|") =
= 2([|D™ v [[" = [ D™ o) (D™ uz, wi) + 2(g(v1) — g(v2), wi)
=L+ 1+ I5. (3.17)
By Lemma 2.1 observe that

I3 = HmeH?%(l + ||D™u||") < 1K™ 2 R7eq (w(t)). (3.18)
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I = =2(|[D™v1||" = [ D™ o) (D™, wi)
<[00 |* + (1= O)[|D™ a2

(3.19)
(ID™ vy [| + (| D™ g )| D™ (01 = ) [ | D* ™ ||| |
< 2K R [e1 (v () — va(t))] 2 [ea (w(t))]2,
where 0 < 0 < 1.
Is = 2(g(v1) — g(va), wr))
< 2ko/{)(|vl|p+ [va|P)|v1 — val[wi|dz
(3.20)

< 2ko([[orll7, + lv2llfp)llor — val 2o lw]

< AkoK* T2 RP|| D*™ (v — vo) ||| we|

< dko K2R (e (v, () — va(1))] 2 [er (w(t))]2.
Inserting I3, [, and [5 into (3.18), we get

des(w(t))
dt

<rK"R'ei(w(t)) + (2r K"R" + 4ko K** "2 RP)[e1 (v (t) — UQ(t))]% le1(w(t))]

< rK"R'ey(w(t)) + (2rK" R” + Ako K2 RP)[es(v1 (1) — va(1))]2 [ea(w(t))]

where ea(w(t)) = [lwel* + (1 + [|ID™ve[|") [ D™ w|]*.
Applying the Gronwall inequality, we obtain

ea(w(t)) < (2rK"R" 4 4k K2 RPYT?e™ BT sup e (vi(t) — va(t)).  (3.22)

0<t<T

So, we have

oi?%el(ul(t) —uy(t)) < CT’RoiltlgTel(vl (t) — va(t)), (3.23)

where Crp = (2rK"R" + ko K*P 2 RP)T2e" X" BT 1f Crp < 1, we can see S

is a contraction mapping. Then we choose suitable R is sufficiently large and

T is sufficiently small, such that (i) and (i7) hold. By applying Banach fixed
point theorem, we get the local existence.

The second statement of the theorem is proved by a standard continuation

argument(see [14]). The proof of the theorem is now completed. ]
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4 Blow-up of solution

In this section we consider the blowing-up property of the solution of the
initial value problem (1.1)-(1.3), we give the following definition and lemma.

Now, we define the energy function E(u(t)) of the solution u of (1.1)-(1.3)
by

E(t) = E(u(t)) = lluell® + 3llD™u)* + 5 1D™ )™ = [, G(u)dw, (4.1)

where G(u fo
Lemma 4.1. Suppose that ¢(t) is a nonnegative C?(0, +00) function, as

t > 0, satisfying inequality
a(y'(t))? —4"(t) — 201)'(t) < Cs, (4.2)

where o > 0, C1,Cy > 0, then as ¥(0) > 0,4'(0) > —a~try, C; + Cy > 0, we

have

Y(t) — oo(t — t1), (4.3)
_ 1 r19(0)+ay)’ (0) _ 1 _
where t; < t, = IR In r:w( a0 "1 = —C1 + (C? + aCy)2, ry =

—Cy — (C? + aCy):.
If 4(0) > 0, ¢/(0) > 0, Cy = Cy = 0, then

Y(t) = oo(t =t <ty = ). (4.4)

Proof. Let ®(t) = e=*¥®_ then

<I>’()—6"“"“) (—ay'(1))
(t) = eV (! (t))? + e - (—ap"(t) = a’em VO (¢ (1) — aem VY (¢)

(I)”(t) + 201@’(15) — a02<1>(t)
= 2 PO (Y (1))? — ae”POY" (t) + 2017V . (—a)' (1)) — aChe ¥ H4.5)
= ae” O a(y/(t))? = ¢"(t) = 2019/ (1) — Cy).

Let f(t) = a(y'(t))* — " (t) — 2019/ (t) — Cy, so we have

D(t) + 20,8/ (t) — aCod(t) = f(t) < 0. (4.6)
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For Cy + Cy > 0 this situation, we can calculate the solution of (4.6)

1

T —T9

t
O(t) = e’ + Pre™ + / F(5)[er =9 — en2(=9] g
0

(4.7)
S /8167‘1t _|_/82€7‘2t’

where 71, 79 are the eigenvalues of ®”(t) 4+ 2C19'(t) — aCy®(t) = 0, and [y, B2
satisfying
{ Bi + B2 = @(0)
Biry + fary = @'(0).

Hence,
B = (r1 —72) [@'(0) = 12®(0)] = = (11 — r2) M ag(0) + o]
By = [+ (11 — 7)1 (@@ (0) + 1)) (©)

. _ _ 1 r1%(0)+av)’(0)
At the same time, we let ®(t2) = 0, then ¢y = TR In O Tav (o)

To sum up, we can know, ®(t) — 0, as t; < ty, t — t1, i.e., ¥(t) — 0.

(4.4) still hold when C; = Cy = 0. [

Theorem 4.1. Suppose that (A;) — (As) hold, then for any initial data
(ug, uy) € H*™(Q) N HI(Q) x H'(Q), the solution of (1.1) blows up provided
that E(0) < 0.

Proof. ;From (4.1), we can get
E'(t) = =2[|D™w|?, (4.8)

i.e., E(t) is a decreasing function satisfying

E(t) < E(0) < 0. (4.9)
Next,we introducing the function F(t) = 3|luf|? for any solution u, then we
have that

F'(t) = |, vuda. (4.10)

Now, we define

H(t) = [[(—=E(t))dt + F(t). (4.11)



Guoguang Lin and Ling Chen 11

Next, our goal is to prove H(t) satisfying (4.2), and using the proof of
Lemma 4.1 to estimate the lifespan 7™

H'(t) = —E@{)+F'(t)
= —E()+ /Quutda: < —E(t)+ %Hqu + %HMHQ (4.12)

H'(t) = —E'(t)+ F"(t)
= —E’(t)+/uuttdx+/ututd:v (4.13)
Q Q
= QHDmutH2—|—HutH2+/uuttd:1:, (4.14)
Q

where
/Q S - /Q wlg(w) — (1 + [|D™u|") (=AY — (=AYl de
= (u, g(u)) = [|D™u|* = || D™u| ™+ — /QU(—A)mutdx (4.15)
< KollulP*? — | D™ul* — || D™ul|"* - /QU(—A)mutd%
where

| / W(=D)"udr] < | D™l D™
Q

1

< ————|ID™ul]? + (2 + K)|[| D™, ||?.  (4.16
< Pl + @+ B wl. (416)

So, adding (4.14),(4.15) into (4.13), we can get

9+4K
H// ) < k p+2 Dm 2 m r+2' )
(£) < Kollull s ar Pl = 1D ull (4.17)
Ast € [0, T], H'(t), H"(t) are bounded values, and H'(t) < Cy(t), H'(t) <

Cs(t), so, we have
a(H'(t))* — H'(t) — 2C1H'(t) < Cs. (4.18)

Then according to Lemma 4.1, we can get the lifespan T™*
T* — 1 TIH(O)+C“H/(O)
2(C’12+a02)% roaH(0)+aH'(0)
i.e., the solution of (1.1)-(1.3) blows up, as t < T™*. ]
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