
Theoretical Mathematics & Applications, vol.2, no.1, 2012, 161-177  
ISSN: 1792- 9687 (print), 1792-9709 (online) 
International Scientific Press, 2012 

 

Approximation of Common Fixed Points of a Finite  

Family of Asymptotically  Demicontractive Maps 

Using a Composite Implicit Iteration Process 

Donatus I. Igbokwe1 and Uko S. Jim2  

 

 

Abstract 

We prove that the modified form of the composite implicit iteration process  

introduced by Su and Li [1] can be used to approximate the common fixed 

points of a finite family of asymptotically  demicontractive maps in  real 

Hilbert spaces. Our results compliment the results of Su and Li [1], Osilike 

and Isiogugu [2], Igbokwe and Udofia [3], Igbokwe and Udo-Utun [4, 5], 

Igbokwe and Ini [6] and extend several others from asymptotically 

demicontractive maps to the more general class of asymptotically 

 demicontractive maps (see for example [7-10]). 
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1  Introduction  

Let K  be a nonempty subset of a real Hilbert space H . A mapping 

KKT :  is called asymptotically  demicontractive with sequence 

   ,,1 nk 1lim 
n

nk (see for example [3]), if      xTxKxTF :  

and there exists an increasing continuous function     ,0,0:  with 

  00   such that  

 xTxxTxpxkpxT nn
n

n  
222

,            (1) 

x   K , p    TF  and .1n   

A mapping KKT :  is called asymptotically demicontractive with 

sequence    ,,1 na 1lim 
n

na  (see for example [10]), if   TF  and 

Kx , p    TF  ,    1,0ka  

                      
  2222

xTIkpxapxT n
n

n  ,           (2) 

T  is k strictly  asymptotically pseudocontractive with a sequence 

   ,,1 na 1lim 
n

na  if x   K, Nn ,    1,0ka  

            
    2222

yTIxTIkpxayTxT nn
n

nn  ,         (3) 

where I  is the identity operator. The class of k strictly asymptotically 

pseudocontractive and asymptotically demicontractive maps were first introduced 

in Hilbert spaces by Qihou [10]. Observe that a k strictly asymptotically 

pseudocontractive map with a nonempty fixed point set  TF  is asymptotically 
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demicontractive.  An example of a k strictly asymptotically pseudocontractive 

map is given in [11]. 

 Furthermore, T  is uniformly L Lipschitzian  if there exists a constant  

yxLyTxTL nn  0 . 

Let K  be a subset of an arbitrary real Banach space E , a mapping   ETDT :  

is said to be asymptotically  demicontractive with sequence 

   ,,1 na 1lim 
n

na  ( See for example [2] ), if   TF  and there exists a 

strictly increasing continuous function     ,0,0:  with   00   such 

that  

             
      22

2
1 1, pxaxTxpxjxTx n

nn            (4) 

Kx ,  TFp   and .Nn j  is the single – valued duality mapping from E  

to E  given by  

   222
;,: fxxfxEfxj   , 

which holds in strictly convex dual spaces. E  denotes the dual space of E  and 

,   denotes  the generalized duality paring. The class of asymptotically 

 demicontractive maps was first introduced in arbitrary real Banach spaces by 

Osilike and Isiogugu [2].  It is shown in [2] that the class of asymptotically 

demicontractive map is a proper subclass of the class of asymptotically 

 demicontractive map while in [3], it is shown that every asymptotically 

demicontractive map is asymptotically  demicontractive with 

    ,0,0:   given by  

      22
2
12 11 pxatkt n  . 

These classes of operators have been studied by several authors (See for example 

[2,3, 7-10, 12] ). In [2] Osilike and Isiogugu proved the convergence of the 

modified averaging iteration process of Mann [13] to the fixed points of 
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asymptotically  demicontractive maps. Specifically they proved the following: 

Theorem 1.1 ([2], p.65)  Let E  be a real Banach space and K  a nonempty closed 

convex subset of E . Let KKT :  be a completely continuous uniformly 

L Lipschitzian asymptotically  demicontractive mapping with a sequence 

     ,1na     12
na . Let  na  be a real sequence satisfying 

(i)  10  n   (ii)   n   (iii)   2
n . 

Then the sequence  1nnx  generated from arbitrary Kx 1   by the modified 

averaging Mann iteration process 

                         1,11  nxTxx n
n

nnnn             (5) 

converges strongly to a common fixed point of T . 

Similarly, in [3], using the modified averaging implicit iteration scheme  nx  of 

Sun [14], generated from an Kx 1 , by 

  1,11   nxTxx n
k

innnn   

where    NIiiNkn ,...3,2,1,1  , Igbokwe and Udofia [3] proved 

that under certain conditions on the iteration sequence  n , the above iteration 

process  nx  converges strongly to the common fixed point of the family  N

iiT 1  

of N  uniformly iL Lipschitzian asymptotically  demicontractive self maps 

of nonempty closed convex subset of a Hilbert space H . 

Recently, Su and Li [1] introduced the following iteration scheme and called it 

Composite Implicit Iteration Process. From Kx 1 , the sequence  1nnx  is 

generated by 

  nnnnnn yTxx    11   

  nnnnnn xTxy    11 ,   n 1               (6) 

where      1,0, nn  , .mod Nnn TT    

Motivated by the results of Su and Li [1], very recently, Igbokwe and Ini [6] 
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modified the iteration process (6) and applied the modified iteration process to 

approximate the common fixed points of a finite family of k-strictly 

asymptotically pseudocontractive maps. In compact form, the modified composite 

implicit iteration process of Igbokwe and Ini is expressed as follows: 

  n
k

innnn yTxx    11   

  n
k

innnn xTxy    11 ,   n 1               (7) 

where    NIiiNkn ,...3,2,1,1  .      1,0, nn  . 

Observe that, if KKT :  is uniformly L Lipschitzian asymptotically 

 Demicontractive map with sequence     ,1na such that 1lim 
n

na  then 

for every fixed Ku   and  1,1 L
Lt  , the operator KKS nst :,,  defined for all 

Kx   by  

    ]1[1,, xTssuTttuxS nn
nst   

satisfies 

   .,,11 2
,,,, KyxyxLstySxS nstnst   

Thus, the composite implicit iteration process (7) is defined in K  for the family  

 N

iiT 1  of N  uniformly L Lipschitzian asymptotically  Demicontractive 

mappings of nonempty closed convex subset K of a Hilbert space provided that 

     1,,  nn  for all 1n , where 
L

L




1
   and  

Ni
iLL




1

max . 

It is our purpose in this paper to prove that the iteration process (7) converges to 

common fixed points of finite family of  N  uniformly L Lipschitzian 

asymptotically  Demicontractive mappings in Hilbert space. We show that the  

recent results of Osililke [2], Osililke, Aniagbosor and Akucku [9] concerning the 

iterative approximation of fixed points of asymptotically  demicontractive and 

asymptotically demicontractive maps which are themselves generalizations of a 

theorem of Qihou [10], a result of Osililke [7] and a result of Osililke and 
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Aniagbosor [8] will be special cases of our results.  Moreover, in Hilbert spaces, 

our present results extend the recent results of Igbokwe and Ini [6] from k-strictly 

asymptotically pseudocontraction to the much more general asymptotically 

 demicontractive maps. 

 

 

2  Preliminary Notes 

In the sequel, we need the following: 

Lemma 2.1 ([8], p.80) Let    

 11 , nnnn ba and  1nn be sequences of 

nonnegative real numbers satisfying the inequality 

  .1,11  nbaa nnnn   

If 


1n
n  and ,

1




n
nb  Then 

n
nalim exists. If in addition 

1}{ nna  has a 

subsequence which converges strongly to zero, then .0lim 
n

na  

Definition 2.1 Let K  be a closed subset of a real Banach space E  and 

KKT :  be a mapping. T is said to be semicompact (see for example [1]) if for 

any bounded sequence  nx  in K  such that 0 nnn xTx  as n , there 

exists a subsequence    nn xx
k

  such that Kxx
kn   . 

 

 

3  Main Results  

Let K  be a subset of a real Hilbert space H . We call the mapping KKT :  

asymptotically  demicontractive with sequence    ,,0 ina  1lim 
 n

n
a  if 

  TF  and there exists a strictly increasing continuous function 

    ,0,0:  with   00  such that 



Donatus I. Igbokwe and Uko S. Jim  
 

167 

    xTxxTxpxapTxT nn
n

nn  
2222

12
11     (8) 

for all x   K , p    TF  and .1n   

Since in a Hilbert space, j  is the identity map, for all Kx  , p   TF  and 

.1n  Using (4), we have: 

2
pTxT nn           2

][ pTIxTIpx nn   

          22
,2 pTIxTIpxpTIxTIpx nnnn 

      
    22

,2 xTxpxxTxpx nn   

      2222
12

1 xTxpxaxTxpx n
n

n    

      xTxxTxpxa nn
n  

222 12
11 , proving (8). 

Observe that if we set   nn ka  12
11 2  in (8), then nk [1, ) and 1lim 

n
nk . 

So that equivalently, we have, 

 xTxxTxpxkpTxT nn
n

nn  
222

          (9) 

Lemma 3.1 Let E  be a normed space and K  a nonempty convex subset of E .  

Let  N

iiT 1   be N   uniformly iL Lipschitzian self mappings of K  such that 

 iLL max , iL  the Lipschitzian constant of .,...,2,1, NiTi   Let 

   nn  ,  be sequences in such that 

 (i)     


1

1
n

n   (ii)     


1

21
n

n    (iii)     


1

1
n

n .  

For arbitrary Kx 1 , generate the  nx  by 

  n
k

innnn yTxx    11   

  n
k

innnn xTxy    11 ,   n 1     

Then, 
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nni xxT            nn
k

i xxTLLL  23 1222  

   11
12 
  nn

k
i xxTL      1

2 12114  nnn xxLLL  

Proof. Let n
k

inin xTx  . Then, applying (7) and the fact that max( )iL L  we 

obtain : 

nin xTx     nn
k

in
k

in xxTLxTx  


1
1  

    in + nn
k

inn xxTLxxL  


1
1

2  

        inn L  211  +   1
2

1 12   nnnin xxLL   

         .121 32
nnnnnin xyLxxTL  

 

That is 

  211 Ln nin xTx        inL 21 +   1
2

1 12   nnnin xxLL   

                   nnn xyL  312  .             (10) 

Observe that 

                                    nn xy               1122  nnin xxLL  .    (11) 

Substituting (11) into (10), we obtain 

nni xxT               nn
k

i
n

xxTLLL
L




23
2

122
11

1


 

   11
1


  nn

k
i xxTL      1

2 12112  nnn xxLLL .  

Since from condition (ii)   01lim 
n

n , then there exists an 01 N  such that 

1Nn  ,  

 
2

1
11 2  Ln . 

Therefore, 

nni xxT            nn
k

i xxTLLL  23 1222  

                           11
12 
  nn

k
i xxTL      1

2 12114  nnn xxLLL ,  
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completing the proof.                                                                                              

Theorem 3.1 Let H  be a real Hilbert space and Let K  be a nonempty closed 

convex subset of H . Let  N

iiT 1  be N  uniformly L Lipschitzian asymptotically 

 demicontractive self maps of K  with sequence  ina [1, ) such that 

  


1

1
n

ina  for all i  I ,  and   
N

i
iTFF

1

 
 

where    xxTKxTF ii  : . Let one member of the family  N

iiT 1   be 

semicompact. Let { n } 
1n , { n } 

1n   [ ,1] be two real sequences satisfying the 

conditions;  

(i)     


1

1
n

n    

(ii)     


1

21
n

n    

 (iii)    
1

1 ,n
n






  
 
   111 2  Lnn  ,  0 1,n       

 where 
L

L




1
  and  iLL max , iL  uniform Lipschitz constants of 

.,...,2,1, NiTi   Let 1x   K  be arbitrary, the modified implicit iteration 

sequence { nx } 
1n   generated by 

                                    n
k

innnn yTxx    11   

                                     n
k

innnn xTxy    11 ,   n 1           (12) 

exists in K  and converges strongly to a common fixed point p  of the family 

 N

iiT 1  . 

 Proof. We use the well known result of Reinermann [15] (See also Osilike and 

Igbokwe [16]). 

                    
      2222

111 yxttytxtyttx              (13) 
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which holds for all ,x y  ,H  t [0,1]. 

Using (12) and (13), we obtain 

2
pxn            2

1 1 pyTpx n
k

innn    

       2

1

22

1 11 n
k

innnn
k

innn yTxpyTpx     

       2

1

222

1 11 n
k

innnnnnn yTxpyLpx     

       2

1

222

1 11 n
k

innnnnnn yTxpyLpx     

          pxTpxLpx n
k

innnnnn    11 1
22

1  

  2

11 n
k

innn yTx    

             2

1
22

1 1 pxLpx nnnnn     

      2

1

2
11 n

k
innnn

k
in xTxpxT    

    2

11 n
k

innn yTx    

     222

1
22

1 111 pxTLpxLpx n
k

innnnnnn   
 

                              2

1

2

1
2 111 n

k
innn

k
innnnn yTxxTxL    .   (14) 

 

n
k

in yTx 1            2

1
22 111 pxLLL nnnn    

         2242 111 pxLLL nnnn   .                (15) 

Substitute (15) into (14) to obtain 

 2
pxn

          2

1
222 ]11111[ pxLLLL nnnnnnnn    

      
   22 11 pxTL n

k
inn      2

1
2 11 n

k
innnn xTxL    

                2242 1111 pxLLL nnnnn   .          (16)  
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From (8), we have 

           

2
pxT n

k
i             n

k
innin xTxpxaL  222 12

111 .      (17) 

Substitute (17) into (16) to obtain 

 2
pxn      

               2

1
222 ]11111[ pxLLLL nnnnnnnn    

             
    n

k
innn xTxL   112    2

1
2 11 n

k
innnn xTxL    

                    242 1111 nnnn LLL    

               
        2222 12

1111 pxaLL ninn   . 

That is  

            12
1111111 22242  innnn aLLLLL   

             222242 12
111111 pxaLLLLL nnninnnn        

          2

1
222 ]111[1 pxLLLL nnnnnnn    

      
    n

k
innn xTxL   22 11    2

1
22 11 n

k
innnn xTxL     (18) 

Observed that          112
11111 22242  innn aLLLLL  .  Using the 

fact that   ,11  n  then,  

              nninnnnn aLLLLL   12
1111111 22242   

             nninnnn aLLLLL   12
111111 22242  . 

So we obtain, 

       22 1111 pxnnninnninn       

  
       2

1
222 ]111[1 pxLLLL nnnnnnn    

   
    n

k
innn xTxL   22 11    2

1
22 11 n

k
innnn xTxL   , 
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where         12
11111 22242  innnin aLLLLL    0 . 

So that 

       
   

    
2

1

2

222

2

)1(111

11

1111

1 px

LLLL

px n
nnninn

innninn

nnnnn

n 
































 




 

          
  

      n
k

in
nnninn

nn xTx
L





 




)1(111

11 22

                         

         
  

    
2

1

22

)1(111

11
n

k
in

nnninn

nnn xTx
L





 


.                                 (19) 

 

Since    ,01lim 
 n

n
  then there exists a natural number ,2N such that   2Nn    

    
2

1
)1(111  nnninn  . 

Therefore, it follows from (19) that 

2
pxn              1111[21[ 222  nnnnn LLLL   

                      
    2

1
2 ]11 pxninnninn                                        

                           n
k

innn xTxL   22 11
 

                       
   2

1
22 11 n

k
innnn xTxL   . 

                          in1[
2

1] pxn      n
k

innn xTxL   22 11  

   2

1
22 11 nnnnnn xTxL   ,       (20) 

where 

       
   

22 2

2

2[ 1 1 1 1

1 1 ]. (21)

in n n n n n

n in n n in

L L L L     
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Since from condition (iii) 


1n
in , it follows from (21) and Lemma 2.1 that 

pxn
n

 1lim  exists. Hence pxn
n




lim  exists. So there exists 0M  such that 

Mpxn  ,  1n , we obtain from (20) that  

       22

1
22 111 pxpxxTxL nninn

k
innn    

         innn Mpxpx 222

1   

      









1

22

1

22 11
Nj

ijNj
k
jj

Nj
j MpxxTxL   

                           



n

k
in

n
n xTx

1

1    


1

22

n
inN Mpx  . 

Since   


1

1
n

n , it follows that inflim
n

   0 n
k

in xTx . 

Since   is an increasing and continuous function, then inflim
n

0 n
k

in xTx . 

Furthermore, since  nx  is bounded and   01lim 
n

n , it follows from  

Lemma 2.1 that inflim
n

0 n
k

in xTx  for all Ii  . 

Since one member of the family  N

iiT 1 is semicompact, there exists a subsequence 

 
1jn j

x  of  1nnx  which converges strongly to u  and furthermore, 

 uTu i n
Lim 0 nin xTx  for all i   I . Thus  u   F . Since  

1jn j
x  

converges to u  and 
n

Lim uTu i  exists, It follows from Lemma 2.1, that  1nnx  

converges strongly to u and hence the proof.                                                           

Since every asymptotically demicontractive maps T  is asymptotically 

 demicontractive map (see for example [2]), we have the following: 
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Corollary 3.1 Let K  be a nonempty closed convex subset of a real Hilbert space 

H . Let  N

iiT 1  be N  uniformly L Lipschitzian asymptotically demicontractive 

self maps of K  with sequence  ina [1, )  such that   


1

1
n

ina  for all 

i  I . Let  
N

i
iTFF

1

   where    xxTKxTF ii  , . Let one member of 

the family  N

iiT 1   be semicompact. Let { n } 
1n , { n } 

1n   [ ,1] be two real 

sequences satisfying the conditions: 

(i)     


1

1
n

n   (ii)     


1

21
n

n    (iii)     


1

1
n

n .  

(iv)    111 2  Lnn  ,  ,10   n  

 where 
L

L




1
 and   i

Ni
LL




1
max , iL  the Lipschitzian constants of  N

iiT 1 . Let 

 nx  be the implicit iteration sequence generated by (12). Then { nx } 
1n  exists in 

K   and converges strongly to a common fixed point p  of the family   N

iiT 1  . 

 

Remark  

If we set 1n , the iteration scheme takes the non-implicit form: 

            
  11 1   n

k
nnnn xTxx  .          (22)  

In the case of N=1, (22) becomes the modified Mann iteration process [13] given 

by   

           
  11 1   n

k
nnnn xTxx  .          (23)  

The conclusion of Theorem 3.1 and Corollary 3.1 are still valid. Hence, we state 

the following theorem without proof: 

 

Theorem 3.2 Let K  be a nonempty closed convex subset of real Hilbert space H . 

Let T  be  an L Lipschitzian asymptotically  demicontractive self map of K  
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with sequence  ina [1, ) such that  

  


1

1
n

ina
 
 and       xTxKxTF , . 

Let { n } 
1n   1,0  be a real sequence satisfying the conditions: 

(i)     


1

1
n

n    

(ii)    2

1

1 ,n
n






       10   n . 

For arbitrary Kx 1 , let  nx  be the averaging  Mann iteration process 

generated by (23). If  T  is semicompact, Then { nx } 
1n  exists in K   and converges 

strongly to a common fixed point p  of the family  T  . 
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