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Common Fixed Point for Weakly Compatible
Mappings for Type (A) in Metric Space
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Abstract

In this paper, we prove common fixed point theorems for weak compatible
mappings of type (A) in metric space under ¢-contractive conditions. Our results
extend some of the known results due to Prasad, Jungck-Murthy and Cho and Rani,

Kumar and Chugh.
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1 Introduction

In 1922, Banach proved a common fixed-point theorem, which ensures under
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appropriate conditions, the existence and uniqueness of a fixed point. This result
of Banach is known as Banach’s fixed point theorem or Banach contraction
principle. This theorem provides a technique for solving a variety of applied
problems in mathematical sciences and engineering. Many authors have extended
generalized and improved Banach’s fixed point theorem in different ways.

Jungck [2] proved a common fixed point theorem for commuting maps
generalizing the Banach’s fixed point theorem, which states the that “Let (X, d)
be a complete metric space. If T satisfies d(Tx, Ty) < kd(x, y) for each x, yeX
where 0 < k < 1, then T has a unique fixed point in X. This result was further
generalized and extended in various ways by many authors. On the other hand, S.
Sessa [8] coined the notion of weak commutativity and proved common fixed
point theorems for these mappings. Further, Jungck [2] introduced a more
generalized commutativity, the so called compatibility, which is more general than
that of weak commutativity. This concept has been useful for obtaining fixed point
theorems for compatible mappings satisfying contractive type conditions and
assuming continuity of at least one of mappings. It has been known from the paper
of Kannan [5] that there exist maps that have a discontinuity in the domain but
which have fixed points, moreover, the maps involved in every case were
continuous at the fixed point. This paper was a genesis for a multitude of fixed
point papers over the next two decades.

Jungck-Murthy and Cho [4] introduced the concept of compatible
mappings of type (A) in metric space and improved the results of Pathak and
Parsad. We use the idea of weak compatible mappings of type (A) in metric space
as used by Pathak-Kang-Baek [11] in menger and 2-metric spaces respectively
which is equivalent to concept of compatible and compatible mappings of type (A)
under some conditions. The intent of this paper is to generalize the results of
Jungck Murthy and Cho [4], Prasad [12] and Rani, Kumar and Chugh [13].
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2 Preliminary Notes

Definition 2.1. The pair A,S is said to be compatible if lim d(ASx,,SAx,) = 0,

nN—o0
whenever {x,} is a sequence in X such that lim Ax,= lim Sx,=tfor somet
n—oo n—o0
in X.

Definition 2.2. The mappings A and S are said to be compatible of type (A) if
lim d(ASx,, SSx,) = 0 and lim d(SAx,, AAXx,) = 0, whenever {x,} is a

nN—o0 n—o0

sequence in X such that lim Sx,= lim Ax,=tforsometin X.

n—oo n—oo
Definition 2.3. The pair A, S is said to be weak compatible of type (A) if
lim d(ASx,, SSx,) < lim d(SAXxn, SSxu)
n—oo

n—>oo
and

lim d(SAx,, AAX,) < lim d(ASx,, AAX,)

n—oo n—oo

whenever {x,} is a sequence in X that lim Sx,= lim Ax, =t for some teX.

n—>o0 N—o0

Proposition 2.1. [11] Let S and T be weak compatible mappings of type (A) from

a metric space (X, d) into itself. If one of S and T is continuous, then Sand T are

compatible.

Proposition 2.2. [11] Let S and T be continuous mappings from a metric space

(X, d) into itself. Then

i) Sand T are compatible of type (A) if and only if they are weak compatible of
type (A).

i) S and T are compatible if and only if they are weak compatible of type (A).

3 Main Results

In 1998 Chugh and Rani et al. [12] prove the following fixed point theorem
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Let A, B, P and Q be four self-maps of complete metric space (X, d) such that
(3.1) A(X) < Q(X)and B(X) = P(X).
(32)  (d(Ax, By))* < o(d(Px, AX) d(Qy, BY), d(Px, By)d(Qy, Ax),
d(Px, AX) d(Px, By), d(Qy, Ax) d(Qy, BY) [d(Px, Qy)I*,
d(Px, Ax) d(Qy, Ax), d(Qy, by) d(Px, By),
d(Px, Qy) d(Px, Ax), d(Px, Qy) d(Qy, Ax),
d(Px, Qy) d(Qy, By)} for all x, yeX
where the function ¢ : [0, )™ — [0, ) satisfies the conditions:
(@ ¢ is upper semi-continuous and non-decreasing in each coordinate
variable.
(b) The function y : R* — R" is non-decreasing and satisfies
w(t) = max{4(t, 0, 2t, 0, t, 0, 2t, t, O, 1),
o(t, 0,0, 2t, t, 2t, 0, 1, 2t, 1),
$0,t,0,0,t0,0,0,t,0} <tforsomet>0.
Inductively, we can define a sequence {y,} in X such that
(3.3)  VYon1=QXon1 = AXonz andyo, =Bxon1 =Pxpy forn=1,2,3,...
(3.4) pairs (A, P) and (B, Q) are compatible of type A. Then A, B, Sand T
have a unique common fixed point.

Before proving our main result we need the following results.

Lemma 3.1[13] Let A, B, P and Q be four mappings from a metric space (X, d)
into itself satisfying the conditions (3.1), (3.2) and (3.3). Then {y,} is a Cauchy
sequence in X defined by (3.3).

Lemma 3.2. Let A, B, P and Q be four mappings from a metric space (X,d) into
itself satisfying the conditions (3.1), (3.2) and the following

(3.5) P(X) n Q(X) is a complete subspace of X.

Then A and P have a coincidence point in X, and B and Q have also a coincidence

point in X.
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Proof. By Lemma (3.1) the sequence {yn} defined by (3.3) is a Cauchy sequence
is P(X) N Q(X). Since P(X) n Q(X) is a complete subspace of X, so {yn}
converges to a point o (say) in P(X) n Q(X). On the other hand, since the
subsequences {y.n} and {y.,_1} of {y,} are also Cauchy sequences in P(X) n
Q(X). So, they also converge to the limit a.. Hence there exist points oy and o in
X such that Pa; = a and Qo = a., respectively.
By (3.2), we have
[d(AcL, Y2ni2)]* = [d(Aa, BXan)]?
< ¢{d(Pou, Qatr) d(QXzn+1,BX2n+1), d(Pot, BXan+1) d(QXan+1, Aca),
a(Pou, Aca)d(Pair, BXons1), d(QXan+1, Actg) d(QXan+1, BXan+1),
[d(Pout, Qxzns1)]%, d(Por, Acis) d(QXanet, Acta),
d(TXzn+1, BXon+1) d(Pat1, BXone1), d(Pot1, QXane1) d(Pou, Aai),
d(Pau, QXan+1) d(QXan+1, Acr), d(Pou, QXzns1) d(QXzne1, BXansa),
[d(Ac, Yane2)]” < ¢{d(Pou, Ac) d(Yansa, Yane), d(Pou, Yansz) d(Yaner, Actr),
d(Pau, Aou) d(Pau, Yant2), d(Yan+1, AU) d(Yan+1, Yan+2),

[d(Powt, Yane1)%, d(Pots, Ac) d(Yans1, Act),

d(Yan+1, Yan+2) d(Pou, Yans2), d(Pou, Yont1) d(Pou, Acu),

d(Pou, Yan+1) d(Yon+1, Ac), d(Pot, Yon+1) d(Yan+1, Yon+2)}-
Since ¢ is upper semi-continuous and proceeding lim as n—o,
d[(Aoci,W)]*< 0[(0,d(Pous,)d(at,Acty),d(Pais, Aay )d(Pa, a),d(o, Aa) d(a, a)
[d(Pau,a)]%,d(Por,Ac)d (o, Aa), d(a, o) d(Pou, o), d(Pa, o) d(Pa, Aaw),

d(Pay, o) d(a,, Aaz), d(Pay, o) d(a, o) }]

[d(Acz, 0)]? < (0, 0, 0, 0, 0, [d(ct, Aay)]?, 0, 0, 0, 0)
< [d(Aay, a)]® < [d(Aas, a)]?, a contradiction.

Therefore, Aoy = Pa = a,, i.e., oy is a coincidence point of A and P. Similarly, we

can show that o, is also coincidence point of B and T. m

Lemma 3.3[11] Let A and P be weak compatible mappings of type (A) from a
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metric space (X, d) into itself. If Aoy = Pa for some oy € X, then
APOL]_ = AAOLl = PPOLl = PAOL]_

Now we prove the following Theorem.

Theorem 3.1. Let A, B, P and Q be mappings from a metric space (X, d) into
itself satisfying the conditions (3.1), (3.2), (3.4) and the following
(3.6) the pairs (A, P) and (B, Q) are weak compatible of type (A). Then A, B, P
and Q have a unique common fixed point in X.
Proof. By Lemma (3.2), there exist points oy, oy in X such that Aoy = Poy = o
and Ba, = Qo = a, respectively. Since A and P are weak compatible of type (A),
then by Lemma (3.3) we have APa; = AAoy = PPay = PAay, which implies that
Ao = Pa. Similarly, Ba = Qa.. Now, we prove that Aa = a. If Aa # a, then by
(3.2), we have
[d(Act, Bxans1)] = [d(Ac, Yans2)]®
< ¢{d(Por, Aar) d(yzn+1, Yan+2),

d(Pa, Yan+2) d(Yan+1, Aa), d(Pa, Aa) d(Pa, Yan+2),

d(Yane1, Act) d(Yanea, Yons2), [d(Pat, Yoner) T,

d(Pa, Aa) d(Yan+1, Aat), d(Yans1, Yane2) (PoL, Yane2),

d(Pa, yon+1) d(Pa, Aa), d(Pat, Yon+1) d(Yan+1, A,

d(Pa., Yan+1) d(Yan+1, Yont2)}-
Since ¢ is upper semi-continuous and proceeding limit as n—oo, it follows

[d(Aa, o)]* < &{0, d(Aa, a)?, 0, 0, [d(Aa, a)]? 0, 0, 0, [d(Aa, o] 0]
< [d(Aa, a)]?,which is a contradiction; hence a. = o = Pa.. Similarly, we
have Ba. = a = Qa, i.e., a is the common fixed point of A, B, P and Q.
Uniqueness. Let z = o be another common fixed point of A, B, P and Q. We have
[d(a, 2))* = [d(Aa, B2)]?
< ¢[d(Pa, Aa) d(Qz, Bz), d(Pa, Bz) d(Qz, Aa), d(Pa, Aa) d(Pa., Bz),
d(Qz, Aa) d(Qz, Bz), [d(Pa, Qz)]% d(Pa, Aa) d(Qz, A),
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d(Qz, Bz) d(Pa, Bz), d(Pa, Qz) d(Pa, Aa), d(Pa, Qz) d(Qz, Ac),
d(Pa, Qz) d(Qz, Bz)}
< ¢ (0, [d(c., 2)I%, 0, 0, [d(a, 2)]% 0, 0, 0, [d(ct, 2)]* [d(a, 2)]°},

which is a contradiction. Thus z = a. ]

Theorem 3.2. Let A, B, P and Q be mappings from a complete metric space (X, d)
into itself satisfying the conditions
(3.7) AY(X) = Q'(X), B°(X) = P*(X) for some positive integer a, b, s and t.
(38)  [d(A™, BY))* < o{d(P*x, A%) d(Q'Y, B), d(P*x, BY) d(Q'y, A),
d(P*x, A%) d(P*x, B), d(Q'y, A%) d(Q'y, BY),
[d(P%, QY)I%, d(P°x, A%) d(Q'y, A%),
d(Ql, B%) d(P*, BY), d(P*, Qly) d(P*x, AX),
d(P*x, Q'y) d(Q'y, A%), d(P*x, Q) d(Q'y, B’y)}
forall x,y € X.
(3.9) A, B commute with P and Q respectively. Then A, B, P and Q have a
unique common fixed point in X.
Proof. Since A and B commute with P and Q, so A* and B® also commute with P°
and Q' respectively. Thus by Theorem I, there exists a unique z in X such that
z=A%2=B"2=P2=Q%
Now, Az=A(A%)=A%Az)and Az = A(P°z) = P(Az).
Therefore, Az is a common fixed point of A* and P°.
Bz = B(B2) = B°(Bz) and Bz = B(Q'z) = Q'(Bz). Also, Bz is a common fixed
point of B” and Q".
Considering x = Az and y = Bz in (3.8), we have
[d(Az, B2)]?
= [d(A%(Az), B’(B2)]?
< 9[d(P*(Az), A*(Az)) d(Q'(B2), B(B2)),
d(P*(Az), B’(Bz)) d(Q'(Bz), A%(Az)) d(P*(Az), A%(Az)),
d(P*(Az), B*(B2)), d(Q'(B2), A*(A2)) d(Q'(Bz), B"(B2)),
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[d(P*(A2), Q'(B2))I’, d(P*(Az), A*(A2)) d(Q'(B2), A%(A2)),
d(Q'(B2), B°(B2)) d(P*(Az), B"(B2)), d(P*(A2), Q'(B2)) d(Q*(A2), A*(A2)),
d(S°(Az), T'(Bz)) (T'(Bz), A%(Az)), d(S°(Az), T'(Bz)) d(T'(Bz), B"(Bz)),
= ¢[(d(Az, Az) d(Bz, Bz), d(Az, Bz) d(Bz, Az), d(Az, Az) d(Az, Bz)],
d(Bz, Az) d(Bz, Bz), [d(Az, Bz)], d(Az, Az) d(Bz, Az),
d(Bz, Bz) d(Az, Bz), d(Az, Bz) d(Az, Az), d(Az, Bz) d(Bz, Az),
= (0, [d(Az, Bz)]*, 0, 0, [d(Az, B2)]*,0,0,0, [d(Az, Bz)]*,0)
< [d(Az, Bz)]?,which is a contradiction. This implies that Az = Bz and it is the
common fixed point of A% and P°. Also Tz is the common fixed point of B® and Q".
Putting x =Pz and y = Qz in (6), we have Pz = Qz and hence it is the common

fixed point of A% B®, P* and Q". Uniqueness of z in X shows that z = Az = Bz = Pz
= Qz_ O

Theorem 3.3. Let {An}, {Bn}, {Pn} and {Q.} be sequences of mappings from a
complete metric space (X, d) into itself such that {A.}, {B.}, {P.} and {Qn}
converge uniformly to self-mappings A, B, P and Q on X, respectively.

Suppose that for n = 1, 2,..., X, is common fixed point of A,, By, P, and Q.
Further let self-mappings A, B, P and Q on X satisfy (3.1), (3.2) and (3.6). If x isa

common fixed point of A, B, P and Q, sup {d(Xn, X)} < oo, then X, — X as n—»o.

Theorem 3.4. Let {An}, {Bn}, {Pn} and {Q.} be sequences of mappings from a
complete metric space (X, d) into itself such that, forn=1, 2, 3,...,
(3.10) An(X) < Qn(X) and B,(X) < Pn(X)
(3.11) The pairs Ay, P and By, Qn are weak compatible of type (A).
(3.12) There exists a function y satisfying (a) and (b) such that
[d(AX, Bay)I” < w(d(Pax, Ax) d(QnY, Yny), d(Pax, Bay) d(Qny, Anx)
d(Pax, AnX) (P, Bry), d(Qny, Anx) d(Qny, Bry), [d(Prx, Quy)]%,
d(Pnx, Anx) d(Qny, Anx), d(Qny, Bny) d(PnX, Bny),
d(Pnx, Qny) d(PnX, AnX), d(Pnx, Qny) d(Qny, AnX),
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d(PnX, Qny) d(QnY; Bny)}
forall x, y eX.

If {An}, {Bn}, {Pn} and {Qn} converge uniformly to self-mappings A, B, P
and Q on X, respectively, then A, B, P and Q satisfy the conditions (3.1), (3.2) and
(3.5). Further, the sequence {x,} of uniqgue common fixed points x, of A,, By, Py
and Q, converges to a unique common fixed point x of A, B, P and Q, if sup {d(xn,

X)} < o0.

Example 3.1. Let X = [0, 1) with usual metric on real line; define
d(x, y) =|(x — y)|. Define P, Q : (X, d) —» (X, d) as

follows:
X if x €[01/2)
P(x) = .
1 if xe[l/2]]
1-x if x €[01/2)
Q(x) =

1 if xe[l/2,1]
then P and Q are not continuous at t = 1/2. Now we observe that P and Q are not
compatible but they are compatible of type (A).
Suppose that {x,} < [0, 1] and Qx,, PXx,—t.

By definition of P and Q, te[1/2, 1]. Since P and Q agree on [1/2, 1] we need only
to consider t = 1/2. So we can suppose that x, — 1/2 and that x, < 1/2 for all n.
Then Q(Xn) = 1 — X, — 1/2 from right and Px, = x, — 1/2 from left. Thus, since
1 — X, > %, for all n. PQx, = P(1 — x,) = 1 and, since x, < 1/2,
and QPxXn = Qxp =1 - Xn > %, d(PQxn, QPX,) — %. But

d(PQxn, QQXn) = [PQXn — QX[ = [1 -Q(1 = Xn)| =1 -1 -0

d(QPxy, PPxp) = |QPXn — PPXp| = |1-Xn — Xp| = |1 — 2X4| > O
as X, — 1/2. Therefore P and Q are compatible mappings of type (A). But they are
not compatible. Also by Proposition 1.2 every compatible of type (A) is weak
compatible of type (A).
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Example 3.2. Let X = R, the set of real numbers with usual metric d.
Define P, Q : R —> R by

2 N
P(x) = 1/x !f X#0
if Xx=0
3 -
and 0x) = 1/x !f X=0
if x=0

Then P and Q are not continuous at x = 0. Define a sequence {x,} = R b x,=n? n
=1, 2,...., then as n—co, we obtain
Px,=1/n* >0, Qx,=1/n° >0

lim d(PQx,, QPx,) = lim |n**—-n*=0
n—oo

n—o

lim d(PPx,, QQx,) = lim |n®—n®|=w0
n—oo

n—oo
lim d(PQx,, QQx,) = lim |n*?—n¥ =0
n—oo n—o

and lim d(QPx,, PPx,) = lim |n*?—n¥ =0
n—oo

n—oo

Hence P and Q are compatible but P and Q are not compatible of type (A).

Example 3.3. Let X = [1, «) with usual metric on real line; define A, B, P and Q
by Ax = x* Bx = x3, Px = 2x® — 1 and Qx = 2x° —1 for all xe[1, ). Then, clearly
AX = BX =PX = QX = X.
Moreover,

IPx—Ax| = [2x% -1 — x*| = |(x*~1) (2x* + 1)| > 0 iff x—>1, sincex > 1

IPAX — AAX| = [2x¥ — 1 — x*% = |(x*® — 1) (2x*® + 1)| > 0 iff x—>1 and

IAPX — PPx| = |(2x® —1)* — 2(2x® - 1)® + 1]

= [(2x® -1)* — 1] [2(2x® -1)* + 1]}—0 iff x — 1.

Similarly,

IOx —Bx|=[2x* -1 -x3 = |(0*-1) @2 +1)| >0 iffx—>1

IBOx — QQx| = [[(2x® -1)* -1] [2(2x® -1)* + 1] | 50 iff x > 1
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|OBx — BBx| = [2x® -1 —x°| = |(x* -1) ° +1)| > 0 iffx > 1
Therefore, A, P and B, Q are compatible of type (A) and hence by Proposition(3.2)
are weak compatible of type (A).
Let us define the function y as
y(ty, to, t3,...., tip) = h max {ty, t, t3,...., tio}
where 1/16 <h <%, tieR" fori=1, 2,..., 14. Then y satisfies (a) and (b).
Furthermore, we obtain
Px—Qy| = [2x° 1 - 2x° + 1] = [x° -y
=20 +y)) ' -y
=2.2 |Ax — By|
|AX — By[® < 1/16 |Px — Qy[?
< y(d(Px, AxX)d(Qy, By), d(Px, By) d(Qy, Ax), d(Px, Ax) d(Px, By)....
d(Qy, By) d(Ax, By))
so that the condition (3.2) is satisfied and one is the unique common fixed point of
A, B, Pand Q.
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