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Abstract

This article mainly deals with the oblique derivative problem for
nonlinear nondivergent parabolic equations of second order with mea-
surable coefficients in multiply connected domains. We first derive a
priori estimates of solutions for the boundary value problems. Then we
use these estimates and the fixed-point theorem to prove the existence

of solutions.

Mathematics Subject Classification: 35K60; 35K55; 35K20
Keywords: Oblique derivative problems; nonlinear parabolic equations; high

dimensional domains

1 School of Mathematical Sciences, Peking University, Beijing 100871, China.

E-mail: wengc@math.pku.edu.cn
2 Math. Dept., Beijing Technology and Business University, Beijing 100048, China.

E-mail: zhangyanhui@th.btbu.edu.cn
3 Uniformed Services University of the Health Sciences, MD 20814, USA.

E-mail: dechang.chen@usuhs.edu

Article Info: Received : September 19, 2013. Revised : November 10, 2013.
Published online : December 16, 2013.



24 Oblique derivative problems

1 Formulation of the oblique derivative prob-

lem for parabolic equations

Let © be a bounded multiply connected domain in RY with the boundary
00 € C}0 < a<1). Andlet Q = Q x I, where [ = 0 <t < T for
0 < T < oo. The boundary of @) is 9Q = S = 0Q1 U 0Qy = S7 U Sy, where
0Q, = S, = Q x {t = 0} is the bottom and 9Q, = Sy = 9 x [ is the lateral

boundary. We consider the nonlinear parabolic equation of second order
F(z,t,u, Dyu, D?u) —u; =0 in Q.

Under certain conditions, the equation can be written as (see Section 1, Chap-
ter 1, [6])

N N
Z QijUg;q; + Z by, + cu —uy = f in Q, (1.1)
i,j:l =1

where Dyu = (ug,), Diu = (ug,,,), and

1 1
az»j:/ Fo (x,t,u,p,7r)dr, bi:/ Frp(x,t,u, mp, 0)dT,
0 0
1
c:/ F..(z,t,7u,0,0)dr, f=—F(x,t0,0,0),
0
with
0%u _ Ou
8131'6.73]'7 bi= 6902
Suppose that the above equation satisfies the following condition.

Condition C. For arbitrary functions wu;(z,t), us(z,t) € B = C;zoﬂﬂ(@)ﬂ
Wy Q), F(x,t,u, Dyu, D?*u) satisfies the condition

— N2 _ _
r=Dju, p=Dyu, rj=

F(I7t7ul)Da:u1aD;%ul) - F(Iatvu%Da:uQ)Dqu)

N N
= E AijUz;z, + E bzum + cu,
i=1

,j=1

where 0 < 8 < 1, u = uy — uy, W5 (Q) = W(Q) N W3 (Q), and

1 1
Elij:/o Fy, . (z,t,a,p,7)dr, bi:/O Fy, (z,t,4,p,7)dr
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for

U=y + 7(up — uy), p= Dypug+7(us —ug)], 7= D2ug+ 7(u; — uy)].

Here we assume that a;;, bi, C, f are measurable in () and meet the following

inequalities

QOZ |€] < Z aljglé-j < q Z |§j ) 0< qo <1, (12)

i,5=1

N
1
sup Z (z,t) /mf Z 2<q < Noi2 (1.3)

|a;;] < ko, |bi|§k07 i,j=1,...,N, |&]<ky in Q, L,[f,Q] < ki, (1.4)

in which qo, ¢1, ko, k1,p (> N + 2) are non-negative constants. Moreover, for
almost every point (z,t) € Q and D?u, a;;(x,t,u, Dyu, D>u), bi(x,t,u, Dyu),
¢(z,t,u) are continuous in u € R, D,u € RY.

There is an explanation on the condition (1.3). Consider the linear case of

parabolic equation (1.1), namely

N N
Z ij (2, ) Upa, + Zbi(x,t)uxi +c(z,t)u —uy = f(x,t) in Q.
ij=1 i=1

Divide the above equation by A = 7infg vala“, where 7 is an undeter-
mined positive constant. Denote a;; = a;;/A, by = bi/A(i,5 =1,--- ,N), é =
¢/A, f = f/A. Then the above equation is reduced to the form

N N
Lu= Zdij(:v,t)uxixj+2l;i(x,t)uxi+é(az, Hu—uy = f, ie
ij=1 i=1
! N
Lu:Au—uAt:—Z[dij(x,t) iUz, Z é(x t)u—l—f in Q,
ij=1 —1

where Au= "N, 0%u/022, 6 =1, 06,;, =0(i # j, i,j = 1,..., N). We require

that the above coefficients satisfy

sup|[2 Z +Z a”—l —sup Zam—i—N QZa“ ie.
Q

1,7=1,1<j =1 7,7=1 (15)

N
Q =1

ij=1
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which is true for the constant 7 = 2/(2N — 1) to be derived below. In fact,

consider

sup Z — 21nfz a; < ——N, ie.

1,j=1

N 2

su S al 2 1 su i Qs
pQZ,] L ] <—+§—N, or pQZ] 1 Y5 <f(7')

-

2 info[371 i) info[>20, il
for f(7) = 27 + (1/2 — N)7%. Tt is seen that the maximum of f(7) on [0, c0)
occurs at the point 7 = 2/(2N —1), and the maximum equals f(2/(2N —1)) =
1/(N —1/2). The above inequality with 7 = 2/(2N — 1) is just the inequality

.3). For convenience the item up; = uy (' = in the equation will be
1.3). Fi i the it t At) in th ti ill b

written as u; later on.
In this paper we mainly consider the nonlinear parabolic equations of sec-

ond order

N N
Zaijuxmj+z bittz, +cu—uy= f+G(z,t,u, Dyu) in Q, (1.6)

ij=1 i=1

where G(z,t,u, D,u) possesses the form

N
G(x,t,u, Dyu) = > Bjlug, |7 + Bolu|™. (1.7)
=1
In (1.7), we assume
|B;| < ko, i=0,1,...,N,

where ko, 0; (i = 0,1,..., N) are positive constants. The above condition, to-
gether with Condition C, will be called Condition C’.

Problem O. The so-called oblique derivative boundary value problem (Prob-
lem O) is to find a continuously differentiable solution u = u(z,t) € B =

C’é:g/z(Q) N W, (Q) of the equation that satisfies the initial-boundary condi-

tions

u(z,0) = g(z), x € 5, (1.8)

lu:d%—l—au:T(Jc,t), (x,t) € Sy, ie.
v

P (1.9)
lu = Zd]@; +ou=71(x,t), (x,t) € 5.

j=1
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In (1.8) and (1.9), g(z),d(z,t),d;(z,t)(j = 1,..., N),o(x,t), 7(x, t) are assumed

to satisty the following requirements:
02 [g($), Sl] SkQa 001471/2[0-(3:7 t)a SQ] SkOa
Cll oldj(, 1), Sa] < ko, Cll W7 (2, 1), Sa] <o, (1.10)
cos(v,n)>qo>0, d>0, 0>0, d+o>1, (x,t)€S,,
where n is the unit outward normal on Sy, (0 < o < 1), kg, k2, qo(0 < g0 < 1)
are non-negative constants.

There are several special cases of Problem O. Problem O with v =n, 0 =0

on Sy is called Problem N, where n is the normal vector on S;. Problem O
with f = 0in (1.1) and g(z) = 0, 7(x,t) = 0 in (1.8),(1.9) is called Problem
Op.

Theorem 1.1. If equation (1.1) satisfies Condition C, then Problem Oq for

(1.1) only has the trivial solution.

Proof: Let u(x,t) be a solution of Problem Oq for (1.1). Then it is easy to see

that u(x,t) satisfies the equation and the boundary conditions

Zal]uwg] +Zbuz +cu—u =0 in Q, (1.11)
7,7=1
u(z,0) =0 on S, (1.12)
. ou
lu(z,t) =0, ie. d@ +ou=0 on 5. (1.13)

Introducing the transformation v = wexp(—Bt), where B is an appropriately
large number such that B > supg ¢, we see that the boundary value problem
(1.11)—(1.13) is reduced to

Z awvxl%—l—vai [B—c|lv—v,=0 in @, (1.14)
2,7=1
v(xz,0) =0 on Sy, (1.15)
v
lv(z,t) =0, ie. i< +ov =0 on Sa. (1.16)

ov
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Since B —supg ¢ > 0, (x,t) € @, there is no harm assuming that o(x,t) > 0
on Sy N{(z,t) € Sy, d # 0}. Otherwise through a transformation V(z,t) =
v(x,t)/V(x,t), where U(z,t) is a solution of the equation

Av—1v, =0 in @, i.e. va? —v;,=0 in Q
j=1
with the boundary condition ¥(z,t) = 1 on 0Q), the requirement can be real-
ized and the modified equation satisfies the conditions similar to Condition C.
By the extremum principle of solutions for (1.14) (see Theorems 2.5 and 2.7,
Chapter I, [6]), we can derive that v(z,t) = u(x,t) = 0. O

2 A priori estimates of solutions for oblique

derivative problems

In this section, we derive a priori estimates of solutions of Problem O for
equations (1.1) and (1.6). We begin with the C*°(Q) estimates of solutions
u(z,t) of Problem O for (1.1).

Theorem 2.1. Under Condition C, any solution u(x,t) of Problem O for
(1.1) satisfies the estimate

N
COlu, Q1=1lullerogg = lullooog)+ ) llua,

i=1

0070(§)§M17 (21)

in which My = Mi(q,p, ., k,Q) is a non-negative constant only dependent on

q,p, &, k?Q fOT’ q:q(QO7Ql)7 k:k(k0> k17k2)-

Proof: Suppose that (2.1) is not true. Then there exist sequences of functions
{aij}, {0}, {e"} S ™) and {g™ ()}, {d™ (2, 8)}, {o™ (2, 1)}, {7 (£, )}, such
that

1) these functions meet Condition C and the corresponding requirements in
(1.10);

2) {a7}, {7}, {c™}, {f™} weakly converge to af;, b, ¢, f°, and {g™}, {d™},

{o™}, {r™} uniformly converge to ¢, d°, 0%, 7° on S; or S, respectively; and
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3) the initial-boundary value problem

Za” Uy —I—meui%—cmum—u;”:fm in Q, (2.2)
2,7=1
u™(x,0) = ¢g™(x) on S, (2.3)
a m
W™ (z, t)=7"(x,1), ie. dmaL—i—Umum:Tm(x,t) on Sy (2.4)
v
has a solution u™(z,t¢) with unbounded |[[u™|[p10@) = Hm(m = 1,2,..).

Clearly, there is no harm in assuming that H,, > 1, and lim,,_.., H,, = +00.

It is easy to see that U™ = u™/H,, is a solution of the initial-boundary value

problem
N fm

ZaU—— =B B:—Z@%—[I}% (2.5)
2,j=1 =1

U™(x,0) = J <x>, xr € 51, (2.6)

Hy,
(e t) = o e am 2 pmpm 2T (e s (2.7)
x, —Hm, 1.e. EY o —Hm, x, 2. .

Noting that L,[3.N b"U™ + ¢™U™, Q)] is bounded and using the result in

T

Theorem 2.2 below, we can obtain the estimate

C

5ﬁ/2[Um ]— ||U ||CL13%/2§
(2.8)
= HUmHCOO (Q)"‘ZH L@ S < Mo,
HUmHW2’1 S M2 = MZ(Q7p7a7k7Q>7 m = 1727 ceey (29)

where 5 (0<8<a), My = Ms(q, p, a, k, Q) are non-negative constants. Hence
from {U™},{U;"}, we can choose a subsequence {U™*} such that {U™*},
{U7} uniformly converge to U°, Uy, in @ and {U;" },{U;™} weakly con-

verge to U2 U in Q respectively, where U° is a solution of the boundary

I$7

value problem

Z&l] TiZj _'_ZbOUO +COU0 UO 07 <x7t)€Qv (210)

3,7=1 =1

U%2,0)=0, 2 €9, (2.11)
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ou°
1U°(x,t) =0, ie. d8_ +0oU%=0, (z,t) € Ss. (2.12)

v
According to Theorem 1.1, we know U°(z,t) = 0, (x,t) € Q. However, from
|U™|c10@) = 1, there exists a point (z*,t*) € Q, such that |U°(z*,t*)|+
SV |U2 (z*,*)] > 0. This contradiction proves that (2.1) is true. O

Theorem 2.2. Under Condition C, any solution u(x,t) of Problem O for
(1.1) satisfies the estimates

lulleys, @ < Ms = Ma(g,p, .k, Q). (2.13)
M, =

Mi(g, p, o, k, Q), (2.14)

where (0 < § < a), M; (j =3,4) are non-negative constants.

||u||W22’1(Q) <

Proof: First of all, we can find a solution u(z,t) of the equation
Au—1; =0 (2.15)

with the boundary conditions (1.8) and (1.9), which satisfies the estimate (see

[2,6])
||a||02,1(Q) < M5 = M5(q7p7 «, ka Q) (216)

Thus the function
u(z,t) = u(z,t) — u(x,t) (2.17)

is a solution of the equation

N N
Li = Z iy + Z biily, + cii — Uy = f, (2.18)
ij=1 i=1
w(z,0) =0, z €95, (2.19)
li(z,t) =0, (z,t) € Ss, (2.20)

where f = f — Lu. Introduce a local coordinate system z = z(£) on the
neighborhood G of a surface Sy € 012, i.e.

€T; = hi(fl; ~--7§N—1)§N + gi(£17 ...,fN_l), 7= 1, ...,N, (221)

where &y = 0 is just the surface Sy : z; = g;(&1,...,év-1) (i = 1,..., N), and

N
zi=gi (&) i=1
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Then the boundary condition (2.20) is reduced to the form

ou
gu L ss —0 9.22
DEx +ou on &y , ( )
where @ = a[z(§),t], 6 = olz(£), ]
Secondly, from [2,6], we can find a solution v(z, t) of Problem N for equation
(2.15) with the boundary condition

ov
Y =0 2.23
Jen g on &y , ( )
such that v satisfies the estimate
||U||C2,1(§) S MG = MG(qvpaavka Q) < OO, (224)
and the function
V(x,t) = ue’™@? (2.25)

is a solution of the boundary value problem in the form

N N
> Ve, + Y biVe, +EV -V, = [, (2.26)
i,j=1 i=1
oV
—— =0 = (. 2.27
aé;N ) fN ( )

On the basis of Theorem 3.3, Chapter III, [6], we can derive the following
estimates of V(,1):

Vllexs @ = M= M(g.p. a. k,Q), (2.28)
||V||W22’1(Q) S MS = M8(q7paa7k7Q)7 (229)

where 3 (0 < § < a), M;(j = 7,8) are non-negative constants. Combining
(2.16), (2.24), (2.28) and (2.29), the estimates (2.13) and (2.14) are obtained.
[l

The following are the estimates of solutions for (1.6).

Theorem 2.3. Under Condition C’, any solution u(x,t) of Problem O for
(1.6) satisfies the estimates

Cyipyalus Q) = [l g0

10 @ < Mok, (2.30)
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||u||W2271(Q) < Mok, (2.31)

where (0 < B < «a), M; = M;(q,p, 3, ko, Q) (j = 6,7) are non-negative con-
stants, k. = ki + ko + k3 with k1 and ky as the constants stated in (1.4) and
(1.10) respectively and ks = ko[>0 |t |7 + |u|7).

Proof: 1f k, = 0, i.e. k;y = ko = k3 = 0, from Theorem 1.1, it follows that
u(z) =0,z € Q. If k. > 0, it is easy to see that U(z) = u(z)/k. satisfies the

following equation and boundary conditions:

N N
G(x,t,u, Dyu) |
Z aijUzizj—i—Z bZUzZ—}-C U—Ut: f i ($’]€ 4 U) m Q, (232)
ij=1 i=1 *
U(z,0) = % on S, (2.33)
ou T(z,1)
Noting that Ly[(f + G)/k., Q] < 1, C2[g(2)/k., $i] < 1, Cpp [T, Sal [k < 1,
and using the proof of Theorem 2.2, we have

From the above estimates, it immediately follows that (2.30),(2.31) hold. [

3 Solvability of the oblique derivative problem

for parabolic equations

We first consider a special equation of (1.1), namely

Au —uy = gm(z,t,u, Dyu, Df,u),
N N
Im =Au— Z AijmUz;z; _Z bimu_cmu+fm n Qa

ij=1 i=1

(3.1)
where the coeflicients

aij; biu C, f in Qm7
Qijm = bzm = Cm = fm =
: N
51']'7 0, 0, 0 in {R X [}\Qm,

(3.2)
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with Q,, = {(z,t) € Q|dist((x,t),0Q) > 1/m} for a positive integer m. In
particular, the linear case of equation (3.1) can be written as

N
Au_ut ng(l‘, t, u, DIU, Diu), m = Z[ém _aijm(x’ t)]uwﬂj
1,7=1
N j (3.3)

- Zbim(x,t)uxi—cm(x, Hu+ fr(x,t) in Q.

i=1
m
The following theorem provides an expression of solutions of Problem O

for equation (3.1).

Theorem 3.1. Under Condition C, if u(x,t) is a solution of Problem O for

equation (3.1), then u(z,t) can be expressed in the form

w(z, t)=U(z, t)+V(x,t) =U(z, t)+vo(z, t)+v(z, 1),
v(z,t)=Hp = / G(x,t,(,7)p(C, T)docdr,

o [dm(t — 7)) N2 expllz — (P /A(T — )], t>71,}
B 0, t<7, except t—7=|z— (| =0,

~

where p(z,t) = Au—uy = gp. In (3.4), V(z,t) = vo(x,t) +v(z,t) is a solution
of the Dirichlet problem (Problem D) for (3.1) in Qo = Qo x I (2 = {|z| < R})
with the boundary condition ReV(m, t) =0 on 0Qy, where R is a large number
such that Qo D Q. U(x,t) is a solution of Problem O for LU=AU-U,=0
in Q with the initial-boundary condition (3.12) — (3.13) below, which satisfies

the estimates

C;?:%ﬂ[U’ Q] + HUszz,l(Q) < M,

Cézo/@/z[f/,@] + ||V||W22,1(QO) < Mg,
for non-negative constants 5 (0 < 8 < ), M; = M;(q,p, B, k,Qm) (j = 11,12)
with ¢ = q(qo, q1) and k = k(ko, k1, k2).

(3.5)

Proof: 1t is easy to see that the solution u(x,t) of Problem O for equation
(3.1) can be expressed by the form (3.4). Noting that a;jm = 0 (i # j), bim =
0, ¢ =0, fin(2,t) =0 in {RN x ITY\Q,, and V(z, ) is a solution of Problem
D for (3.1) in Qo, we can obtain that V(x,t) in Qg = Q\Qam satisfies the
estimate

62’1“‘7(%7t>’00+17@2m] S M13 = MlB(Qup7a7 k7Qm>
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On the basis of Theorem 2.3, we can see that U(x,t) satisfies the first estimate
in (3.5), and then V(x, ) satisfies the second estimate in (3.5). O

Theorem 3.2. Under Condition C, Problem O for (3.3) has a solution
u(z,t).

Proof: We prove the existence of solutions of Problem O for the nonlinear
equation (3.1) by using the Larey-Schauder theorem. To begin, we introduce
the equation with the parameter h € [0, 1]

Au — u; = hgm(z,t,u, Dyu, D2u) in Q. (3.6)

Denote by Bj; a bounded open set in the Banach space B = C';’%/Q(@) N
W3 (Q)(0 < 3 < «), the elements of which are real functions V (x, t) satisfying
the inequalities

1,0
C

ﬁ,ﬂ/z[Va Q]+ HV||W22’1(Q) < Mg = Mg + 1, (3.7)

in which W,;"'(Q) = W2°(Q) N Wy (Q), My, is a non-negative constant as
stated in (3.5). We choose any function V(z,t) € By and substitute it into
the appropriate positions on the right hand side of (3.6), and then we make

an integral v(z,t) = Hp as follows

Next we find a solution 9g(x,t) of the initial-boundary value problem in Qy:
Af)g - 6015 =0 on Qo, (39)

Oo(z,t) = —0(x,t) on IQo, (3.10)

and denote by V(x,t) = o(z,t) + To(z, 1) the solution of the corresponding
Problem D in Q. Moreover we can find a solution U(z, t) of the corresponding
Problem O in Q

AU - U; =0 on Q, (3.11)
U(x,0) = g(x) — V(2,0) on Q, (3.12)

oU - oV .
" +o(z,t)U = 71(x,t) — 5 +o(z,t)V on Ss. (3.13)
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Now we consider the equation
AV =V, = hgp(x,t, @, Dy, D°U + D*V), 0< h <1, (3.14)

where 4 = U + V.
By Condition C, applying the principle of contracting mapping, we can find
a unique solution V' (z,t) of Problem D for equation (3.14) in @y satisfying the

initial-boundary condition
V(z,t) =0 on 0Q. (3.15)

Set u(x,t) = U(x,t)+V(x,t), where the relation between U and V is the same
as that between U and V. Denote by V = S(V,h), u = S1(V,h) (0 < h < 1)
the mappings from V onto V and u respectively. Furthermore, if V(z,t) is a

solution of Problem D in (), for the equation
AV —V; = hgp(z,t,u, Dyu, D2(U +V)), 0<h<1, (3.16)

where u = S;(V, h), then from Theorem 3.1, the solution V'(z,t) of Problem
D for (3.16) satisfies the estimate (3.7), and consequently V(x,t) € By. Set
By = By x [0,1].
In the following, we verify that the mapping V = S(V, h) satisfies the three

conditions of Leray-Schauder theorem:

1) For every h€[0,1],V=S8(V,h) continuously maps the Banach space
B into itself, and is completely continuous on B),. Besides, for every function
V(z,t) € By, S(V,h) is uniformly continuous with respect to h € [0, 1].

2) For h = 0, from Theorem 2.2 and (3.7), it is clear that V = S(V,0) €
Byy.

3) From Theorem 2.2 and (3.7), we see that V = S(V,h)(0 < h < 1)
does not have a solution V(z,t) on the boundary 9By, = B\ B.

Hence we know that Problem D for equation (3.6) with h =1 has a
solution V(z,t) € By, and then Problem O of equation (3.6) with h =1, i.e.

(3.1) has a solution

u(z,t)=S1(V,h)=U(z,t)+V (z,t)=U(z,t)+vo(z,t)+v(x,t) € B.

Theorem 3.3. Under Condition C, Problem O for (1.1) has a solution.
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Proof: By Theorems 2.3 and 3.2, Problem O for equation (3.1) possesses
a solution w,,(z,t) satisfying the estimates (2.13) and (2.14), where m =
1,2, .... Thus, we can choose a subsequence {u,, (z,t)}, such that {u,,, (z,t)},
{Upmpa,(x,)}(i = 1,..., N) in Q uniformly converge to ug(z,t), Uy, (v,t) (i =
1,..., N) respectively. Obviously, ug(z,t) satisfies the boundary conditions of
Problem O. On the basis of the principle of compactness of solutions for equa-
tion (3.1) (Theorem 4.6, Chapter I, [6]), we see that ug(z,t) is a solution of
Problem O for (1.1). O

Theorem 3.4. Let the complex equation (1.6) satisfy Condition C'.
(1) When 0 < 0¢,01,...,0n < 1, Problem O for (1.6) has a solution

u(z) € B = Cg,(Q) N Wy (Q).
(2) When min(og, oy, ...,0n) > 1, Problem O for (1.6) has a solution
u(x) € B, provided that

M17 - Lp[f,@] +C(;2v[g7 Sl} +Ci:¢11/2[7-7 SQ] (317)
18 sufficiently small.

Proof: (1) Noting that

N
<M9+M10>{Lp[f: QHZ Loo [Bm Q]tai+Loo[BO> @]tao—i_co% [97 a@]_l'cclyi/Q [7—7 SQ]} :ta

i=1
(3.18)
where My, My, are the positive constant as in (2.30),(2.31).
Because 0 < g, 01,...,0ny < 1, the above equation has a unique solution
t= Mlg > O
Now we introduce a bounded, closed and convex subset B* of the Banach
space B = C0(Q)NW,'(Q), whose elements are of the form {u(z)} satisfying

the condition
B* = {u(z,t) | C*"[u, Ql+|u, Qllyy21q) < Mis}. (3.19)

We choose any function @(x,t) € B* and substitute it into the corresponding
positions in the coefficients of (1.6), (1.8), and (1.9) to obtain the following

F(x,t,u, Dyu, D2z, @, Dyil, D20) = G(x,t,u, Dyu, i, Dyily), (3.20)
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u(z,0) = g(z) on Sy,

d(x)@ +o(z,t)u = 7(x,t) on Ss. (8.21)
ov
where
N N
F(aj, t,u, Dyu, D*u, @i, D@, D) = Za’ijuxiifj—i_z by, +cu—f,
]l\,[j 1 =1
G(x,t,u, Dyu, i, Dyily) = ZBZ\UI % + Bolu|”.
i=1

In accordance with the method in the proof of Theorem 3.2, we can prove
that the boundary value problem (3.20), (3.21) has a unique solution u(z).
Denote by u(x) = T[u(x)] the mapping from [u(x)] to [u(x)]. Noting that

N
Ly bitly,, Q) < Moko(k1+kao+ks), Calcit, D)< Mgko(ki+ko+ks),  (3.22)

=1

from Theorem 2.2, we have

O;:%/Q[u7@]+||uuw22’l(Q)§M7{Lp[f7 QI+C2lg, Si|+C21 [, o]+ Lo G, QL}
< Mo{Mi7 + 310, Loo[Bi, Q)C 0, Q)7 + Loo[Bo, QIC[a1, Q)70 } < M.
(3.23)
This shows that T" maps B* onto a compact subset in B*.
Next, we verify that T"in B* is a continuous operator. In fact, we arbitrarily

select a sequence {u,(z)} in B*, such that
CH(t, — tio, Q) + || — @) |ly21(g) — 0 as n — oo (3.24)
By Theorem 2.3, we can see that
Lp[F(xat7unanan7Diun7anaD$ﬂny> —F(l’, t,UO,DxUO,Da%Uo,’ao,Dx’ao,V),@] - Oa

Lp[é(x,t, U, Dy, Ty, Dx&n)—é(x,t, o, Dyug, T, Datig), Q] — 0 as n— oo,
(3.25)
in which V(z) € L,(Q).
Moreover, from wu,, = T[], uy = T'[to], it is clear that wu, —ug is a solution
of Problem O for the following equation and boundary conditions:

2 ~ ~ 2~ 2 ~ ~ 2
F({E7taunaDzunanun7unaD:cun;Da;un) - F(xat7U07D:cu0anu07anDxuO7DxuO)+

G(iL‘, t, unanuna anyD:r:ﬁn) - G(QZ’, t, Ug, Dz“Oa '&07 Dxao) == O in Qa
(3.26)
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u(z,0) =0 on S,

W—l—a(m)(un—uo)zo on Sy. (3:27)

In accordance with the method in proof of Theorem 2.2, we can obtain the

d(x)

estimate

1,0 E—
Cﬁﬂﬂm’ D]—i_Hun - UOHWE{)I(Q)

S MlQ{Lp[é(xa tv Up, Dxuna ﬁ'na D:Cﬂn) _é($a t? Ug, Dxul); 'l]o, Da:aO)a@]

+ Ly [F (2, t i, Dy, D2t T, Dy, V) — F (2, tug, Dyig, D3, g, Dy, V), Q] },

(3.28)

in which My9 = Mig(qo, po, 5, ko, Q). From the above estimate, we obtain

Céfm[un — g, Q] + ||un — uOHW,?dl(Q) — 0 as n — o00. On the basis of the

Schauder fixed-point theorem, there exists a function u(x) € B* such that

u(z) = Tu(x)], and from Theorem 2.3, it is easy to see that u(z) € B*,

and u(x) is a solution of Problem O for the equation (1.6) and the boundary
condition (1.8),(1.9) with 0 < oy, ...,on < 1.

(2) If min(oy,...,on) > 1, (3.18) has the solution ¢ = My, provided that

M7 in (3.17) is small enough. Consider a closed and convex subset B, in the

Banach space B = C0(Q) N W7 (Q), i.e.
B, = {u(x) | CI’O[U7@]+||U||W22J(Q) < Moo}

Applying a method similar to that in (1), we can verify that there exists a
solution u(z) € B, of Problem O for (1.6), when the constant

min(og, 01, ...,0n) > 1.
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