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Abstract

This research is a mathematical investigation of the propagation of surface
wave in a Voigt viscoelastic medium. A mathematical model for wave
propagation in electro-magneto-thermo heterogeneous viscoelastic isotropic
half space under gravity involving time rate of change of strain of n™ order
is purposed. A solution to the partial differential equation of motion is
assumed and is shown to satisfy the two necessary boundary conditions. The
frequency equations for surface waves (Love, Rayleigh and Stoneley waves)
are obtained with the help of Biot’s theory of incremental deformations.
Heterogeneities in the medium are assumed to vary exponentially with
depth. The problem investigated by Bullen [Cambridge University Press, pp.
85-99, 1965] has been reduced as particular case.
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1 Introduction

In the earlier times, sufficient interest has been led on wave propagation in
that material whose mechanical characteristics and density are functions of space
I.e. heterogeneous engineering material. It is perhaps due to lack of information
(experimental or empirical) available in the literature concerning the precise
mechanical behaviour of heterogeneous media, that not much work has been
reported in this area of applied mechanics. Wave propagation in inhomogeneous
medium is a challenge for both theoretical research and engineering practice. With
the rapid development of science and technology, wave motion study of the
heterogeneous medium (atmosphere, ocean, earth-crust, functionally graded
materials and cycle grid structure, etc.) seems much more important.

Although most wave equations assume propagation in an elastic medium, it
is well known that many solids do not exactly obey the laws of the theory of
elasticity. The purpose of this research, therefore, is to assume a non-elastic
medium that represented by a Voigt viscoelastic element, and investigate the
conditions necessary for the propagation of a surface wave. To the earthquake
seismologist and to those concerned with predicting the effects of explosives in
solids, the surface wave is one of the most important types of waves that have
been observed. With accurate earthquake seismograms of surface waves, the
thickness of the superficial layer of the earth (the crust) may be determined. On a
smaller scale, in seismic exploration, knowledge of the thickness of the weathered

surface layer is of primary importance
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The investigation of viscoelastic wave propagation was initiated by Sezawa
[1], who was concerned primarily with purely dilatational plane waves, and
obtained his solution using Fourier integrals. Many years ago Bromwich [2]
determined the influence of gravity on wave propagation in an elastic solid
medium. Love [3] investigated the effect of gravity on Rayleigh wave velocity.
Earlier, Thomson [4] discussed transmission of elastic waves through a stratified
solid medium. Haskell [5], Ewing, Jardtezky and Press [6] studied wave
propagation. De and Sen [7] presented note on elastic waves. Sen and Acharya [8]
investigated the effect of gravity on waves in a thermoelastic layer. Das et al. [9]
studied magneto-visco-elastic surface waves in stressed conducting media.
Recently, Kakar et al. [10-13] presented many papers on surface waves in
viscoelastic media.

In this paper, we have considered that the surface waves are propagating in
isotropic, viscoelastic heterogeneous medium under the effect of temperature,
electric field, magnetic field and gravity. The problem of n™ order viscoelastic
electro-magneto-thermo surface waves (Love, Stoneley and Rayleigh waves)
under gravity involving time rate of strain in heterogeneous medium is studied in
detail.

2 Governing equations

The governing equations of motion for 3D viscoelastic solid medium in

Cartesian co-ordinates with Eq. (1) are [3]
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where z; =7;, Vi, ] are the stress components and p is the density of the medium.

ji
We have assumed both the mediums are perfect electric conductor, therefore the

governing equations of motion for such mediums are
V-E=0,V-B=0,VxE=-B:, VxB= su¢,E.. ()
where, E, B 1, and &, are electric field, magnetic field induction, permeability
and permittivity of the medium.
The value of magnetic field intensity is
H(0,0,H) =Ho +Hi (3)
where, magnetic field His acting along y-axis. H; is the perturbation in the
magnetic field intensity.
The stress-strain relations for viscoelastic medium, according to Voigt are [15]
Tjj= 2Dy, €jj + (Dy, A) Ojj (4a)
Therefore, the stress-strain relations for general isotropic, thermo, magneto,

electro, viscoelastic medium can be written as

Tjj= 2Dy, &jj + (D), A—Dp T ++E; AD, +H, AD,, ) 8jj (4b)
where , A:@+ ﬂ+ @, Dy, Dy, Dg,D,, ,D. are elastic constants.
ox oy 4 ¢ TE

Let initial temperature of both the medium is kept at constant absolute
temperature T,. Fourier’s law of heat conduction is used to calculate T and it is
given by

2 7 2 (s
pVT—CVE+TOGLE(V 8), (5)

where, K be the thermal conductivity and obeys the law as given by K = K eM?,

p= Ko and C,, be the specific heat of the body at constant volume.
Po
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3 Formulation of the problem

Consider a heterogeneous, thermo-electro-magneto-Voigt viscoelastic,

isotropic, semi-finite media M; and M (as shown in Figure 1).

M (uivi W, T)

z=0

(v, w, T)

Figure 1: Geometry of the problem

The mechanical properties of M; are different from those of M, Let the
components of displacements are u, v, w. The Cartesian co-ordinate system (x .y,
z) is located at the interface separating the two layers at z = 0. The z-axis is acting
downward.

Introducing Eqg. (4a) in Eq. (1a), Eq. (1b), Eq. (1c), we get

2 oD
DKO_A+ %+2D ﬂ+2@_“_DBg+ i[a_ujL@}.
OX OX NG OX OX ox Moz|loz ox
oD oD
{@Jr@} s |_|02 D, Jb [@Jr@} —u E02 D, Jb
Jdl IOx| Oz cOX | Jdz Ox| Oz ¢ OX (63)
oD oD ow’ Ao
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oD oD 2
D viyy Y o, VDOV (6b)
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We assume that the heterogeneities for the media M, and M, are given by

—_ \ mz é’K —_ : 0” mz aK —_ mZ
D=2, Ae ﬁt_K'D“_z My © tK’DB ZﬂK K PP
K=0 K=0
n Or)K N aK n K
D. = e™ D = e —— D. =) (). e™ 7
m, K:O(:ue)K Of,tK n KZ:OUK atK E. KZ:O( e)K atK ( )
and
1 . 1 : 7 aK
DX:ZJ“K Z K’p poelz DB ZﬂK e )
K=0 K=
N n OfﬁK
mz ,Dl e ,DI mz 8
Z(u e —ﬁtK =2 —atK =2 (e ®)

where A, M, A\, W, are elastic constants, whereas 3, B'; are thermal

parameters are p,, p';, M, n are constants. A g, (K=012, ... n) are the

k M
parameters associated with K™ order viscoelasticity and B, () and (k)

(K=1,2, ..., n) are the thermal, electric and magnetic parameters associated with

K™ order. T is the absolute temperature over the initial temperature T, In athermo
viscoelastic solid, the thermal parameters B, (K=0, 1, ...... n) are given by

By = Bh, +2u,) at, where, ot be the coefficient of linear expansion of solid.

)é’A G V2L

(G, +G, +H,G, +E;G,
(9a)
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2
G, V2V +mG ? po%, (9b)

oA ow
(G, + G, + HOZGme+E§GEe)E+GHV2W+AGXm+ZGHm ==

0z
oT ou o*w
-Gy — -mG T+mH DG, +mE DG —=p —. 9c
(e B ~ P9 o Lo P (9c)
where,
n Ony
Gy = Ay ——, ,
XKZ::')KatK “Z”KatK
n ﬂK K n aK
G = Tk y = e wa
B KZ:O By o< Z(g )K ,,e é(ﬂ )K o<
2 2 2 2
V2 = §2+é’—2, V2-8—+ 0 (10)
OX 01 ox?  oz?

To investigate the surface wave propagation along the direction of Ox, we
introduce displacement potential ¢ (X, z, t) and v (X, z, t) which are related to the

displacement components as follows:

u= % ,w a¢ (11)
OX az az E}x

The displacement potential ¢ (x, z, t) and vy (X, z, t) in Eqg. (11) satisfy the
following Laplace equation (known as dilation and rotation and are associated
with P and SV waves)

Vig=u, +w, =A, Viy=w,-u, =2Q. (11a)

Substituting Eq. (11) in Egs (9a), (9b) and (9c), we get

GR V2 ¢+ mGS(2¢,Z + l//,x)_ GL-r-|_g'r//,x :¢,tt' (12a)
G, VZv+mGV,=v,, (12b)
GS VZ y+ mGp ¢,x +2m GS l//,z_ Gq V4 4 _g¢,x :l//,tt J (120)

Where,
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By using Eq. (5), temperature T can be calculated.

Further, similar relations in medium Mg can be found out by replacing A, p,, B,

€ Py Y M W'y B' o €' > P’y @nd so on.

4 Solution of the problem
Now our main objective to solve Eq. (12a), Eqg. (12b), Eqg. (12c) and Eq. (5),
for this, we seek the solutions in the following forms.
v TV=[f@, V@, T, @ h@]elxx-c) (14)
Using Eqg. (14) in Eq. (12a), Eq. (12b), Eqg. (12c) and Eq. (5), we get a set of

differential equations for the medium M, as follows:

2

((jj I+2mf"-OIf +h’f +(iamf?+iagd?) j—g,T,=0,
z

2

g+m@+th:0,

dz dz

99 L om 99, K2+ iwml? —iagN?) f =0,

dz® dz
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2 2
ﬂ+AT1+B[‘Z| f —azf]=0,

dz? z?
where,
n ) )
Z UKS (—l(XC) (xz C2
f12= Kn:0 , h12 = n -
K 2 . K
z U%(R (—l(XC) z UKR (—l(XC)
K=0 K=0
2.2
K12 =— o~ C —OLZ , le - 1
. K
Z UKS (—|(XC) 4 OUéT (laC)
K=0 =
n n
ZO Uke (-iac) ZO U%, (—iocc)K
I 2=K= ) gl2 =K= )
n n
> Uks (—|occ)K > Ukr (<ioc)”
K=0 K=0
NZ = — 1 A C,iac 2 B= iaCTOGL
Uy (iac) P P
K=0

and those for the medium M, are given by

jf +2If, 2 df+h1 f+(icl f,2+iagd?)j— gl T, =
Z

2

Q+|@+th=o,

dz dz

d* g+2I dg+K 2j+(@al.l?—iagN,) f =0,

dz? dz

2
d 1-1+A'T1 B'[ﬂ— 2f]zo,
dz dz?

where,

95

(15)

(17)
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n
Z Ués (—|GC) 0(2 C2
f1'2 = Kn:O y h1'2 = n _a21
> Uir (—iac) > Uig (—iac)
K=0 K=0
2.2
K12: - a~C _az, J]{Z_ - 1 ’
> Ufs (-iac) UZ (iac)"
K=0 K=0
L 2
z UKP (—l(XC)
N/2 1 [,72 = K=0
1 ' n o K 1 n '2 Ky
KZOUKS (laC) Z UKS (—l(XC)
- K=0
Zn: Ui (-iac)
gy? = K0 B '“;TO G, (18)
z .

Eq. (15) and Eq. (17) must have exponential solutions in order that f, j, T,, h

will describe surface waves, and they must become varnishing small as z — .

Hence for the medium M,
o (%2, 0= {Al e M 4 B; e to? 4 C, e‘%Z} ei“(X_Ct)
v (X, z,1)= {Ag e M? 4 B,e "% 4 C, e—ksz} plo(x=ct)
Tz 0= {Aa e +Bze " + Cy e‘k3z} glo(x-ct)

V(x, z, t)= Ce taztia(x—cy (19a)
For finite disturbances as z — oo, for medium M; must hold Re (Aj)>0 for

1=1,2,3,4,5. Similarly for the medium M> are given by

(I) (X, Z, t): {A'l e—)x.llz + Bll e—klzz + Cll e—k'sz} ei(x(X—Ct)
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\l.’ (X, Z, t): {A'Z e_xllz + Bl2 e-)uI?_Z + C|2 e—xlgz} eiOL(X—Ct)
T (X, Z, t): {Al3 e—k‘lz + Bl3 e—}nlzz + CIS e—}x,'32} eiOL(X—Ct)

V(x, z, t)= Cre *aztia(x—cy (19b)
For finite disturbances as z — — oo, for medium M, must hold Re(A'j)<0 for

i=1,2,3,4,5. Where, Aj and Nj (1=1, 2, 3) are the real roots of the Eqns.

MO+ AD+ep At +Eg3 0 + Eq0 %+ EpL + £ =0, (20)
where,
E1=2m {1 + 12},
&, = K2+ A+4m2 + h;2 + Bg,?,
€3 = 2mA + 2f;2m (K2 + A) + 2mh;2 + 2mBg;?,
€1 = AK 2 +Am2A £12 + (Kj2 + A) h2 + a2 m2 1,2 f,2 + BK,2 g;2 — a2 Bg;?,

&5 = 2mAK12 f12 + 2mAh12 -2m (X,Z Bglz,

MO NS MHE KHE A A= 0 22
where,

g=21{1+f'2},

&= Ki2+A'+412+h,2 + Bg,?,

§3 = 20A"+ 21fy2 (K 2 + A) + 212 + 21 B'g, 2,

€y =AK 2+ 4PA 2+ (K2 + A)hy2+ a2 121212+ B'K;2 9,2 - a2 B'g,?2,
&'s = 2IA'K,2 f,2 + 21A'h,2 - 2 02 B'g, ?,

£ = AKy2 b2 + A2 P12 1,2 - a2B' Ky ? g2, @3)
ha={m+ (M- 4K} 2,

My = {1+ (14K 2) %} 2
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where the symbol used in egns. (21) and (23) are given by egns. (16) and (18).
The constants Aj. Bj. Cj (=1, 2, 3) are related with A'j, i+ Cj (G=1,2,3)inEq.
(19a) and Eqg. (19b) by means of first equations in Eq. (15) and Eq. (17). Equating

-z
L

the coefficients of e **, e %%, e ™% e™*1? e™*2% e™** to zero, after substituting Eq.

(19a) and Eq. (19b) in the first and 3rd equations of Eq. (15) and Eq. (17)
respectively, we get

Ary=y11 A1, By=v,B;, Cyr=7v3Cy,

and
A3: 61 Al’ B3 = 62 Bl’ C3 = 83 Cl’ (24)
where,
—iaml? .
= =1,2,3),

g a2 —2mi+ Ky ( )

1 . .
Sj: g—2 [7»]2—2m f12 7\.j+h12+|0(,mf12'Yj], J:l, 2, 3.

1

Similar result holds for medium M, and usual symbols replacing by dashes

respectively.

5 Boundary conditions

There are two boundary conditions
(i) The displacement components, temperature and temperature flux at the
boundary surface between the media M, and M, must be continuous at all times
and positions.
i.e. {u, v, w, T, pg—] = [u, v, w, T,p' (Z_H
M, M,

(i) The stress components 13, T35, T3z Must be continuous at the boundary z = 0.
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i.e.[r31, T32, T33]M1= [T31, T332, T33]M2 atz = O, reSpeCtive|y

where,

%0 Py Ay ov
=D, |2 + - , =D ,
a1 ”[ oxoz | ox o2 827
¢ 0%
2+
01° 0OXo01

133=D, Vi g+ 2D, [ j— DgT+D, HS V*¢+Dg, E>V?4. (25)

Applying the boundary conditions, we get
Ar(L-iy ) +Bi(1-iyp &) +Ci(1-iysGa)-A1(1-iy1EY)

-B1(1-iy,0)-C1(1-iy'3C3)=0 (26a)
c=cC (26b)
Aq (1 +1C1) + By (v2 +18p) + Cq (v +iC3) - A’y (v +1iC)

B (y2+iC)) -Cy (Y3 +iC3) =0 (26¢)
8,A + 8, By + 8,C, = 8, A + 85 By + 35C'y (26d)

PA101A] + PAod, By + pAgd3Cy —p' A0 A + p ALY, B'— p'A3d'3CY =0
(26e)
i [0 g+ vy + C02 1) A+ (2 Gy + 72+ 2 75) By + (20 G3 + 73 + G2 13) €
= Wi [QIC + v+ G2y A+ QI + 75 + 627y BY
+2i Ca + '3+ G3273) C] (26f)
i [ 14C= wi [ 24 C1 (269)
Ap [ + (1)« Ho (8)« Eg) (62— 1) + 2 (642 -1Gy) - Bic 84]
+ By [ + (i)« Hy (6%) '« Eg) (62— 1) + 21 (62 —iGy) — B 8]
+Cy [0+ (1)« He (67) '« Eo) (62— 1) + 2 g (G2 = iG3) — Bic B3]
= ALK+ (')« Ho (67« B )G 2=1)+2pk (62%-C)-Bk 8]
B[V + (1) '« Ho (67) '« Bg) (G2 = 1) + 21 (G2 —1) - By 87

+C[(Wk + (')« He (6') ¢ Bp) (G32-1) + 2 (G32-iC'3) — P 8'3]  (26h)
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where,
Aj LM
CJ=;! Cjzgy J=11273

W= (i), =Y necio)<. pe= Y pr(ciae),

K=0 K=0 K=0
()= Y () (Hiae), (@)=Y () (i)

and

n n
M= Yakiod, wis Yuklioe), gz Y Bi(-iod),
K=0 K=0 K=0

(1') = Zn_: (') (i OtC)K (&) = Zn_: (') (- ozc)K

From Eq. (26b) and Eq. (26h), we have C = C' = 0. Thus there is no
propagation of displacement v. Hence SH-waves do not occur in this case. Finally,

eliminating the constants A7, B1, C1, A'1, B'1, C'1 from the remaining equations,

we get
a; &, a3 &, a5 9
aZl a22 a23 a24 a25 a26
a31 a32 a33 a34 a35 a36 — 0 (27)
ay 9 9y 9y 9 Ay
a51 a52 53 a54 a55 a56
a6l a62 a63 a‘64 a65 a66
where,

a1 =1-iy; Cp, app=1-0y,0p, Ay =1-yals  agy = (v C-1),
a5 =(y285-1), a,=(iv383-1),

81 =v1 + Gy, B =Yty ap=y3tils Ay = (Y tily)
a5 = (Y2 tiCh),  ax = (v3+il%),

831 =01, @83=08) A33=03 83 =-04, ag=-0p =03,
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841 = Py Oy, 80 = Php By B3 =PAgd3 Ay =P A0y,

45 =P A3 8% =P 39y,

a5 =k G+ +1169, a5 = uk Qi+ 12+ 7,59,

53 = pk (2 C3+13+7388D),  asa= Wk QL1 +v1+71 69,

855 = W (2 Cr+ 72 +72 5?),

a6 = Wk (20 C'3+ 73+ 73 C3?),

a1 = (M + (1)« Ho +(£)« E) (62— 1) + 2y (612 -iCy) — Bic 8y,

a5, = (M + (1)« Ho +(8)« Ey) (62— 1) + 21k (G2 -iGp) — Bic 8,

g3 = (i + (1)« + (&)« Eg Ho) (Ga? = 1) + 2pic (Ga? ~ iL3) — Bic B,

a6 = (W + (1)« Ho*(8)' Bg) (G2-1) + 2uk (G2HC)-Bk 8,

8gs = (X + (1)« Ho (&)« By) (52 -1) + 2k (52 -100) - Bk 8%

ags = (M + (1)« Ho+ ()« E) (Go2-1) +2y0k (G2 -iC) - P 83 (28)
From Eqg. (27), we obtain velocity of surface waves in common boundary

between two viscoelastic, heterogeneous solid media under the influence of

thermal, electric and magnetic field, where the viscosity is of general nth order

involving time rate of change of strain.

6 Particular cases

Stoneley Waves:

Eq. (27) determine the wave velocity equation for Stoneley waves in the
case of general magneto-thermo viscoelastic, heterogeneous solid media of nth
order involving time rate of strain. Clearly from Eq. (27), it is follows that the
wave velocity equation for Stoneley waves depends upon the heterogeneity of the
material medium, temperature, electric, magnetic and viscous field. This equation,

of course, is in well agreement with the corresponding classical result, when the
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effects of thermal, electric, magnetic and viscous field and heterogeneity are

absent.

Rayleigh Waves:

To investigate the possibility of Rayleigh waves in a electro, magneto,
thermo viscoelastic, heterogeneous elastic media, we replace media M, by
vacuum, in the proceeding problem; we also note the SH-waves do not occur in
this case.

Since the temperature difference across the boundary is always small so thermal
condition given by

Z—T+ hT =0atz=0, respectively (28)
z

Thus Eqg. (26f) and Eq. (26h) reduces to,

Qi +y+ 118 AL+QRIG+Y+7287) B+ (i L3 ty3+73638) C, =0
(29a)

[(h+ ()« Ho+ (2« Ef) (Ga2 = 1) + 2uic (642 -iy) - Bic 41 Ay

[+ (1)« Ho#(8.) « Ey) (62— 1) + 2y (G2 —iGp) — By 82 By

+ [+ (1)« Ho+(8.) '« Ey) (Ga2—1) + 2y (G2 —G3) - P 35] C1 =0 (29b)

From Eg. (28), we have

(hy—h) 83 Ap + (A=) 8, By + (A3 —h) 53 C, =0 (29¢)
Eliminating A;, B; and C, from Eqns. (29a), (29b) and (29c), we get
det (b;)=0,1,j=1,2,3. (30)

where,

b, =Qi& +v1+7182), by, = QiC+ 72+ 7,852, by = (2i G+ v3 + 13 32,
by, = [ + (1)« Ho+(2)'« Ey) (62— 1) + 2 (612 -iGy) — Bi 84),

by, = [ + (1)« Ho+(2.)' Eg) (62— 1) + 2 (622 -iGp) — Bk 82),

by = [(hk *+ (1)« Ho*(2.) '« Eg) (Gg? = 1) + 21k (Gg? ~ iCg) = Bk 3,
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bs; = (A —h) &,
bs2= (A, —h) &y,
b33 = (A3 —h) 5. (31)
Thus, Eq. (30) gives the wave velocity equation for Rayleigh waves in a
heterogeneous, electro, magneto-thermo viscoelastic solid media of nth order
involving time rate of strain.
From Eg. (30), it is follows that dispersion equation of Rayleigh waves
depends upon the heterogeneity, the viscous, magnetic and thermal fields.
When the effects of thermal, electro, magnetic viscous field and heterogeneity are
absent, this equation, of course, is in complete agreement with the corresponding

classical result by Bullen [14].

Love Waves:
To investigate the possibility of love waves in a heterogeneous, viscoelastic

solid media, we replace medium M, is obtained by two horizontal plane surfaces
at a distance H-apart, while M, remains infinite. For medium M, the displacement

component v remains same as in general case given by equation (19). For the

medium M,, we preserve the full solution, since the displacement component

along y-axis i.e. v no longer diminishes with increasing distance from the
boundary surface of two media.
Thus

v'= Ceterrieled) g gttt (32)
In this case, the boundary conditions are
(i) v and t,, are continuous at z = 0
(i) vy,=0atz=-H.
Applying boundary conditions (i) and (ii) and using egns (19) and (26), we get
C=C,+C, (33)



104 Mathematical Study of Electro-Magneto-Thermo-Voigt Viscoelastic ...

—pk MC = (¥ [MaCy — 14C)] (34)
Ce™" —C,e**" =0 (35)
On eliminating the constants C, C, and C, from Eqns. (33), (34) and (35), we get

tanh (LgH) =-— 75 Hk (36)

/14(:“ K)*

Thus Eq. (36) gives the wave velocity equation for Love waves in a
heterogeneous, electro, magneto, thermo viscoelastic solid medium of nth order
involving time rate of strain. Clearly it depends upon the heterogeneity, magnetic

and viscous fields and independent of thermal field.

7 Conclusions

e The time rate of strain parameters influence the wave velocity of surface
waves to an extent depending on the corresponding constants characterizing
the electro-magneto thermo and viscoelasticity of the material. So the results
of this analysis become useful in circumstances where these effects cannot be
neglected. These velocities depend upon the wave number “ o’ confirming
that these waves are affected by heterogeneity of the material medium,

e |t has been observed that temperature has no effect on Love waves. However,
viscosity, gravity, magnetic fields, electric fields and heterogeneity of the
medium effects the propagation of Love waves.

e The dispersion of Rayleigh waves is observed due to the presence of
heterogeneity, temperature, gravity, magnetic field, electric field and viscosity
of the medium.

e The wave velocity equation of Stoneley waves is very similar to the
corresponding problem in the classical theory of elasticity. The dispersion of

waves is due to the presence of heterogeneity, gravity, magnetic field, electric
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field, temperature and viscoelasticity of the solid. Also, wave velocity
equation of this generalized type of surface wave is in complete agreement
with the corresponding classical result in the absence of all fields and
heterogeneity.

The solution of wave velocity equation for Stoneley waves cannot be
determined by easy analytical methods however we can apply numerical
techniques to solve this determinantal equation by choosing suitable values of

physical constants for both media M, and M,

Acknowledgements. The authors are thankful to referees for their valuable
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