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On a-uniformly close-to-convex and
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Abstract

In this paper we study a class of a-uniformly starlike functions with
negative coefficients, a class of a-uniformly convex functions with neg-
ative coefficients, a class of a-uniformly close-to-convex functions with
negative coefficients and a class of quasi-convex functions with negative

coefficients.
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1 Introduction

Let H(U) be the set of functions which are regular in the unit disc U,

A={feHU): f(0)=[f(0)—1=0} (1)
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and S = {f € A: f is univalent in U}.
In [3] the subfamily T" of S consisting of functions f of the form

=2
was introduced.

Let T'(n, p) denote the class of functions of the form

o0
f(z)=2F — Zap +p2P a, >0,p,i €N={1,2 .}, (3)
p=j
which are analytic in U. We have T'(1,1) = T.
The purpose of this paper is to define a class of a-uniformly close-to-convex
and quasi-convex functions with negative coefficients. For this, we make use

of the following well known results, which are taken from literature.

2 Preliminary Results

We begin with the assertions concerning the starlike functions with negative
coefficients (e.g. Theorem 2.1), we continue with the operator I.;s (see (4))
and we end by recalling some known results from [5] and [6] that we use forward

in our study. The methods used to prove our results are taken from literature.

Theorem 2.1. [2] If f(z) =2 — i ajz?, a; >0, j=2,3,..., 2 € U then the
next assertions are equivalent: =

() Y0 <1

(i) feT

(111) f e T*, where T* =T (S* and S* is the well-known class of starlike

functions.

Definition 2.1. [2] Let a €[0,1) and n € N, then

Dn+1f<z)

Sn(a):{feA:ReW

>a,z€U}
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1s the set of n-starlike functions of order a.
Also, we denote T,,(a) =T ) Sn().

In [1] is defined the integral operator:
I.s:A—- A c<u<l1l,1<§<o0,0<c<oo,with
1
f(2) =I.5(F(2)) = (c+9) /uc+5_2F(uz)du. (4)

0

Remark 2.1. If F(z) =z + Y ¢;2, the
i=2

> c+ 6
J&) = Lo F) = 24 3 sy
. c+o .
Also we notice that 0 < ————— < 1, where ¢ € (0,00),75 > 2,
ct+j+o—-1

J € [1,00).

Remark 2.2. [t is easy to prove that for F(z) € T and f(z) = I.4s(F(2)) we
have f(z) € T, where 1.5 is the integral operator defined by (4).

In [5] are presented the following classes of analytic functions:

Definition 2.2. [5] Let C¥% denote the class of functions in S satisfying the
following inequality:
/ /
re{ )
f'(z) + f'(=2)

}>o, (z € V). (5)

Definition 2.3. [5] Let UST™ («a, 8) denote the class of functions in T sat-
isfying the following inequality:
PRCICIBNEE
fu(2) fu(2)
where a > 0,0 < 3 < 1, k > 1 is a fized positive integer and fy(z) are defined
by the following equality:

-1+ 45, (€U), (6)

eV f(e%2), (" =1, z€). (7)
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If k = 1, then the class UST®(a, 3) reduces to the class of a-uniformly
starlike functions of order #. If K = 2, = 0 and § = 0, then the class
UST® (q, 3) reduces to the class S% of starlike functions with respect to sym-

metric points.
From [4] we know that if f(z2) € S,

2f'(2)

Re{m}>0,zeU. (8)

Definition 2.4. [5] Let UCV®(a, 3) denote the class of functions in T
satisfying the following inequality:
RNY;

Re{—<ZJ{;((ZZ>)) } > o) —1‘+6, (eU), (9)
where « > 0,0 < 3 < 1, k > 1 is a fived positive integer and fy(z) are defined
by (7).

If k = 1, then the class UCV®)(q, 3) reduces to the class of a-uniformly

convex functions of order 5. If £k = 2, « = 0 and § = 0, then the class
UCV®)(a, B) reduces to the class C%.

(2f'()'

Theorem 2.2. [5] Leta> 0,0 < <1,k >1 be a fizred positive integer
and f(z) € T. Then f(z) € UST® («, B) iff

[e.e]

Z[(1+a)(jk+ 1) = (a+B)] - ajer1t (10)
> (I+a)ey<1-8
=2, jAlk+1

Theorem 2.3. [6] Leta>0,0< <1, k> 1 be a fized positive integer and
f(2) €T. Then f(z) € UCV®¥(a, B) if and only if

Z(jk+1)[(1+oz)(jk+1> —(a+ 3] ajpt (11)
> (+a)fey<1-8

=2, j#lk+1



Irina Dorca 33

Definition 2.5. [6] Let C®)(\, ) denote the class of functions in A satisfying
the following inequality:
2f(2) £ A2 () }
Re >a, (ze€U), 12
TN P 7o e -
where 0 < o < 1,0 < XA < 1, k > 2 is a fized positive integer and fi(2) is
defined by equality (7).

Definition 2.6. [6] Let QO™ (), ) denote the class of functions in A satis-
fying the following inequality:
{ N2 f"(2) + (A + 1) 2f"(2) + f(2)
Re< z- - -
N2 f(2) + 2 f(2)
where 0 < o < 1,0 < XA < 1, k > 2 is a fized positive integer and fi(z) is
defined by equality (7).

} >a, (z€U), (13)

For convenience we write C*)(\,a) N T as C':(Fk)()\, a) and QCM (N, a)NT
as QC’:(Fk)(/\, Q).

Theorem 2.4. [6] Let 0 <a<1,0< <1, k>2bea fized positive integer
and f(z) € T, then f(z) € C':(Fk)()\,oz) iff

D 1+ NE)(GE 41— @) - ajrat (14)
j=1
> DH+AG-D)] oy <1-a
=2, jAlk+1

Theorem 2.5. [6] Let0<a<1,0< A< 1, k>2bea fized positive integer
and f(z) € T, then f(z) € QC’Z(F]C)(/\,Q) if and only if

[e.9]

D Gk + D)+ Xk Gk + 1= a) - [ajl+ (15)

Jj=1

o0

> IH+AG-D] el <1 -0

=2, jAlk+1
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3 Main results

We firstly apply the operator I..s (see (4)) on a a-uniformly starlike func-
tion of order 8 with negative coefficients and we prove that the resulting func-
tion conserves in the same class of a-uniformly starlike functions of order

with negative coefficients.

Theorem 3.1. Let F(z) =2z—Y a;27, a; >0, j > 2, F(z) € UST®(a, B),
j=2
a>0,0<pB <1, k>1bea fived positive integer. Then f(z) = I.4s(F(2)) €

UST®) (v, B), where I..5 is the integral operator defined by (4).

Proof. From Remark 2.2 we obtain f(2) = I.45(F(z)) € T. From Remark

2.1 we have: f(z) =2—>_ cro

— . a;?, where 0 < c < 00, j > 2,
j:2C+]+5—1 J J

1 <9 < 0.
From F(z) € UST™(a, 3), by using Theorem 2.2, we have:
Yl +a)(k+1) = (@ + B)] - ajp+ (16)
j=1
Y (I+a)ey<1-8
=2, j£lk+1

Using again Theorem 2.2 we observe that it is sufficient to prove that:

o0

c+o
1 k+1)— — 17
DI+ ek +1) (a4 8] (1)
= c+9
Y (+a)j ——————<1-8
P c+j+0—1
From hypothesis we have
c+o c+90
— <1 d 0< ——— < 1. 18
Skt S MU aso1c (18)
Thus, we see that, by using (16) and (18), the condition (17) holds. This
means that f(z) € UST® (a, ). O

Using a similar method as in Theorem 3.1, we apply the operator I.,s (see

(4)) on a a-uniformly convex function of order [ with negative coefficients and
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we prove that the resulting function conserves in the same class of a-uniformly

convex functions of order J with negative coefficients.

Theorem 3.2. Let F(2) = 2= a;2%, a; >0, j > 2, F(z) €e UCV®)(a, B),
j=2
a>0,0< B <1, k>1bea fived positive integer. Then f(z) = I.4s(F(2)) €

UCV®) (a, B), where I.y5 is the integral operator defined by (4).

Next, we apply the operator I.,s (see (4)) on a a-uniformly close to convex
function of order 3 with negative coefficients and we prove that the resulting
function conserves in the same class of a-uniformly close to convex functions

of order 3 with negative coefficients.

Theorem 3.3. LetF()—z—Za] La; >0, 5>2 F(z) e C¥(a, ),

a>0,0<p8<1,k>1be aﬁxed positive integer. Then f(z) = I.4s(F(2)) €
C;k)(a, B3), where I..s5 is the integral operator defined by (4).

Proof. From Remark 2.2 we have f(2) = I.4s(F(z)) € T. From Remark

2.1 we have: f(z):z—i cto

—————— a2/, where 0 < ¢ < 00, j > 2,
j:2C+j+5_]- ! ’

1<4§ < 0.
From F(z) € C;k)(a, 3), by using Theorem 2.4, we have:

> (L XNE)(k+1 = @) - ajpat (19)
j=1

> [LHAG - Dlja; < 1—a
§=2, j#lk+1

Using again Theorem 2.4 we notice that it is sufficient to prove that:

> c+0

1 1-— _— 2
; + Njk)(jk + a) - T (20)
> c+0

1 -1 — <1 —q.
S G-l <1a

=2, j£lk+1
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From hypothesis we have

cto <1 and 0< ¢+9

P S 21
c+jk+0 c+ji+o—1 (21)

Thus, we obtain, by using (19) and (21), that the condition (20) holds. This
means that f(z) € C;k) (o, B). O

We end our research by taking into account a similar method as in Theorem
3.3, where we apply the operator I..,s (see (4)) on a quasi-convex function of
order 5 with negative coefficients and we prove that the resulting function
conserves in the same class of quasi-convex functions of order § with negative

coefficients.

Theorem 3.4. Let F'(z) =z— > a;27, a; >0, j > 2, F(z) € QC:EF)(O{,B),
=2

=
a>0,0< B <1, k>1bea fized positive integer. Then f(z) = I.4s(F(2)) €
QC;k)(oz,ﬁ), where 1.5 is the integral operator defined by (4).
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