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1 Introduction

Let Ω be a bounded domain in an n-dimensional complete Riemannian

manifold M . Let ∆ be the Laplacian operator acting on functions on M and

consider the following eigenvalue problem for the biharmonic operator




∆2u = −λu, in Ω,

u = ∂u
∂ν

= 0, on ∂Ω,
(1.1)

where ν denotes the outward unit normal vector field of ∂Ω. It is known that

this eigenvalue problem has a discrete spectrum

0 < λ1 < λ2 ≤ · · · ≤ λk ≤ · · · ,

where each eigenvalue is repeated with its multiplicity. When M = Rn, ∆ =∑n
i=1

∂2

∂x2
i
, Payne-Pólya-Weinberger [9] in 1956 proved

λk+1 − λk ≤ 8n + 2

n2

k∑
i=1

λi. (1.2)

In 1984, Hile and Yeh [6] strengthened (1.2), and proved

n2k
3
2

8n + 2

(
k∑

i=1

λi

) 1
2

≤
k∑

i=1

λ
1
2
i

λk+1 − λi

. (1.3)

In 2006, Cheng-Yang [3] gave the following much stronger inequality

λk+1 ≤ 1

k

k∑
i=1

λi +

(
8(n + 2)

n2

) 1
2 1

k

(
k∑

i=1

λi(λk+1 − λi)

)
. (1.4)

These inequalities are called universal inequalities because they do not involve

domain dependence.

When M is a hyperbolic Hn(−1), Cheng-Yang[4] have proved the following

inequality

k∑
i,j=1

(λk+1 − λi)
2

≤ 24
k∑

i,j=1

(λk+1 − λi)

(
λ

1
2
i −

(n− 1)2

4

)(
λ

1
2
j −

(n− 1)2

6

)
. (1.5)
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In this paper, we consider the following eigenvalue problem of fourth-order

weighted polynomial operator on a bounded domains Ω in the hyperbolic space

Hn(−1) such that




(∆2 − a∆ + b) u = λρu, in Ω,

u = ∂u
∂ν

= 0, on ∂Ω,
(1.6)

where ρ is a positive and continuous function on Ω, and the constants a, b ≥ 0.

Then we obtain.

Theorem 1.1. Let Ω be a bounded domain in n-dimensional hyperbolic

Hn(−1) and let λi be the ith eigenvalue of the eigenvalue problem (1.6). If

∀x ∈ Ω, ρ1 ≤ ρ(x) ≤ ρ2, then we have

k∑
i=1

(λk+1 − λi)
2

≤
{

k∑
i=1

(λk+1 − λi)
2

(
6ρ2Ai − 2(n− 1)2 +

ρ2((n− 1)2 + a)

ρ1

)} 1
2

×
{

k∑
i=1

(λk+1 − λi)
1

ρ1

(
4ρ2Ai − (n− 1)2

)
} 1

2

. (1.7)

where Ai =
−a+

r
a2+4

�
λi− b

ρ2

�
2ρ1

.

From Theorem 1.1, we can get the following weaker but more explicit in-

equality.

Corollary 1.2. Under the assumption of Theorem 1.1, if ρ ≡ 1, we have

k∑
i,j=1

(λk+1 − λi)
2

≤ 24
k∑

i,j=1

(λk+1 − λi)

(
Ai − (n− 1)2

4

)(
Aj − (n− 1)2 − a

6

)
. (1.8)

where Ai =
−a+

r
a2+4

�
λi− b

ρ2

�
2ρ1

, Aj =
−a+

r
a2+4

�
λj− b

ρ2

�
2ρ1

.
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Remark. By (1.9), when a = b = 0, (1.8) becomes (1.5), in fact, problem

(1.1) is the special case of problem (1.6).

2 A key lemma

In this section, we will introduce a lemma which play a key role in the

proofs of the main results of this paper.

Lemma 2.1. Let (M, 〈, 〉) be an n-dimensional compact Riemannian man-

ifold with boundary ∂M (possibly empty). Let λi be the ith eigenvalue of the

eigenvalue problem of fourth-order weighted polynomial operator with weight ρ

such that 



(∆2 − a∆ + b) u = λρu, in M,

u = ∂u
∂ν

= 0, on ∂M,

and ui be the orthonormal eigenfunction corresponding to λi, that is,




(∆2 + a∆ + b) ui = λiρui, in M,

ui = 0, on ∂Ω,
∫

M
ρuiuj = δij, ∀ i, j = 1, 2, · · ·

Then for any h ∈ C4(M), we have

k∑
i=1

(λk+1 − λi)
2

∫

M

u2
i |∇h|2

≤
k∑

i=1

δ(λk+1 − λi)
2

∫

M

huipi

+
k∑

i=1

λk+1 − λi

δ

∫

M

1

ρ

(
〈∇h,∇ui〉+

ui∆h

2

)2

, (2.1)

where

pi = 2〈∇h,∇(∆ui)〉+ ∆h∆ui + 2∆ (〈∇h,∇ui〉)
+∆ (ui∆h)− 2a〈∇h,∇ui〉 − aui∆h.
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Proof. Let ϕi = hui −
∑k

j=1 aijuj for any integer k ≥ 1, where

aij =
k∑

j=1

∫

M

ρhuiuj = aji,

then we have

ϕi|∂M = 0, and

∫

M

ρϕiuj = 0, ∀i, j = 1, · · · , k,

from the Rayleigh-Ritz inequality, we get

λk+1

∫

M

ρϕ2
i ≤

∫

M

ϕi(∆
2 + a∆ + b)ϕi. (2.2)

By directly computation, we have

∆(hui) = h∆ui + 2〈∇h,∇ui〉+ ui∆h, (2.3)

and

∆2(hui) = ∆ (h∆ui + 2〈∇h,∇ui〉+ ui∆h, )

= h∆2ui + 2〈∇h,∇(∆ui)〉
+∆h∆ui + 2∆ (〈∇h,∇ui〉) + ∆ (ui∆h) . (2.4)

By (2.3) and (2.4), we have

(∆2 + a∆ + b)(hui) = λiρhui + pi, (2.5)

where

pi = 2〈∇h,∇(∆ui)〉+ ∆h∆ui + 2∆ (〈∇h,∇ui〉)
+∆ (ui∆h)− 2a〈∇h,∇ui〉 − aui∆h.

Because of
∫

M
ρϕiuj = 0, we can get

∫

M

ϕi(∆
2 + a∆ + b)ϕi =

∫

M

ϕi(∆
2 + a∆ + b)(hui)

= λi

∫

M

ϕiρhui +

∫

M

ϕipi

= λi

∫

M

ρϕ2
i +

∫

M

huipi −
k∑

j=1

aijbij, (2.6)
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where bij =
∫

M
piuj.

By (2.2) and (2.6), we have

(λk+1 − λi)

∫

M

ρϕ2
i ≤

∫

M

huipi −
k∑

j=1

aijbij, (2.7)

Using integration by parts, we have
∫

M

∆uj〈∇h,∇ui〉 −
∫

M

∆ui〈∇h,∇uj〉

= −
∫

M

hdiv(∆uj∇ui) +

∫

M

hdiv(∆ui∇uj)

= −
∫

M

h〈∇(∆uj),∇ui〉+

∫

M

h∆uj∆ui

+

∫

M

h〈∇(∆ui),∇uj〉 −
∫

M

h∆ui∆uj

= −
∫

M

h〈∇(∆uj),∇ui〉+

∫

M

h〈∇(∆ui),∇uj〉

=

∫

M

uidiv(h∇(∆uj))−
∫

M

ujdiv(h∇(∆ui))

=

∫

M

hui∆
2uj +

∫

M

ui〈∇h,∇(∆uj)〉 −
∫

M

huj∆
2ui −

∫

M

uj〈∇h,∇(∆ui)〉

= −
∫

M

hui∆
2uj +

∫

M

huj∆
2ui −

∫

M

∆uj (〈∇ui,∇h〉 − ui∆h) +
∫

M

∆ui (〈∇uj,∇h〉 − uj∆h) , (2.8)

which implies that

2

∫

M

∆uj〈∇h,∇ui〉 − 2

∫

M

∆ui〈∇h,∇uj〉

= −
∫

M

hui∆
2uj +

∫

M

huj∆
2ui +

∫

M

ui∆uj∆h−
∫

M

uj∆ui∆h. (2.9)

We also have
∫

M

uj∆〈∇h,∇ui〉+

∫

M

uj〈∇h,∇(∆ui)〉

=

∫

M

∆uj〈∇h,∇ui〉 −
∫

M

∆ui〈∇h,∇uj〉+

∫

M

uj∆ui∆h, (2.10)

∫

M

uj∆(ui∆h) =

∫

M

ui∆uj∆h, (2.11)
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and

∫

M

uj {−2〈∇h,∇ui〉+ ui∆h}

=

∫

M

2h〈∇uj,∇ui〉 −
∫

M

2huj∆ui +

∫

M

h∆(uiuj)

=

∫

M

hui∆uj −
∫

M

huj∆ui. (2.12)

Combining (2.9)-(2.12), we get

bij =

∫

M

piuj

=

∫

M

uj {2〈∇h,∇(∆ui)〉+ ∆h∆ui + 2∆ (〈∇h,∇ui〉)}

+

∫

M

uj {∆ (ui∆h)− 2a〈∇h,∇ui〉 − aui∆h}

= −
∫

M

hui∆
2uj −

∫

M

huj∆
2ui +

∫

M

ahui∆uj −
∫

M

ahuj∆ui

=

∫

M

hui(∆
2 + a∆ + b)(uj)−

∫

M

huj(∆
2 + a∆ + b)(ui)

= (λj − λi)aij. (2.13)

It follows from (2.7) and (2.13) that

(λk+1 − λi)

∫

M

ρϕ2
i ≤

∫

M

huipi −
k∑

j=1

(λj − λi)a
2
ij. (2.14)

Setting tij =
∫

M
uj

(〈∇h,∇ui〉+ ui∆h
2

)
, then tij = −tji and

∫

M

−2ϕi

(
〈∇h,∇ui〉+

ui∆h

2

)

=

∫

M

(−2hui〈∇h,∇ui〉 − hu2
i ∆h

)
+ 2

k∑
j=1

aijtij

=

∫

M

u2
i |∇h|2 + 2

k∑
j=1

aijtij. (2.15)
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By (2.14), (2.15) and Schwartz inequality, we get

(λk+1 − λi)
2

(∫

M

u2
i |∇h|2 + 2

k∑
j=1

aijtij

)

= (λk+1 − λi)
2

∫

M

−2
√

ρϕi

(
1√
ρ

(
〈∇h,∇ui〉+

ui∆h

2

)
−

k∑
j=1

tij
√

ρuj

)

≤ δ(λk+1 − λi)
3

∫

M

ρϕ2
i

+
λk+1 − λi

δ

∫

M

(
1√
ρ

(
〈∇h,∇ui〉+

ui∆h

2

)
−

k∑
j=1

tij
√

ρuj

)2

≤ δ(λk+1 − λi)
2

(∫

M

huipi −
k∑

j=1

(λj − λi)a
2
ij

)

+
λk+1 − λi

δ

(∫

M

1

ρ

(
〈∇h,∇ui〉+

ui∆h

2

)2

−
k∑

j=1

t2ij

)
, (2.16)

where δ is any positive constant. Summing over i from 1 to k in (2.16) and

noticing aij = aji, tij = −tji, we have

k∑
i=1

(λk+1 − λi)
2

∫

M

u2
i |∇h|2 − 2

k∑
i,j=1

(λk+1 − λi)(λi − λj)aijtij

≤
k∑

i=1

δ(λk+1 − λi)
2

∫

M

huipi +
k∑

i=1

λk+1 − λi

δ

∫

M

1

ρ

(
〈∇h,∇ui〉+

ui∆h

2

)2

−
k∑

i,j=1

δ(λk+1 − λi)(λj − λi)
2a2

ij −
k∑

i,j=1

λk+1 − λi

δ
t2ij, (2.17)

which gives

k∑
i=1

(λk+1 − λi)
2

∫

M

u2
i |∇h|2

≤
k∑

i=1

δ(λk+1 − λi)
2

∫

M

huipi +
k∑

i=1

λk+1 − λi

δ

∫

M

1

ρ

(
〈∇h,∇ui〉+

ui∆h

2

)2

Hence (2.1) is true, this completes the proof of Lemma 2.1.
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3 Proofs of the main results

In this section, we will give the proofs of Theorem 1.1 and Corollary 1.2.

Proof of Theorem 1.1. Using the upper half-space model, Hn(−1) is

given by

Rn
+ = {(x1, x2, · · · , xn)|xn > 0}

with the standard metric

ds2 =
dx2

1 + · · ·+ dx2
n

x2
n

.

In this case , by a simple computation, we have the Laplacian in Hn(−1):

∆ = x2
n

n∑
j=1

∂2

∂x2
j

+ (2− n)x2
n

∂

∂xn

Set f = ln xn, we can get |∇f | = 1, ∆f = 1− n.

Taking h = f in (2.1), and noticing |∇f | = 1, we can get

k∑
i=1

(λk+1 − λi)
2

∫

Ω

u2
i ≤

k∑
i=1

δ(λk+1 − λi)
2

∫

Ω

fuipi

+
k∑

i=1

λk+1 − λi

δ

∫

Ω

1

ρ

(
〈∇f,∇ui〉+

ui∆f

2

)2

.(3.1)

Because of ρ1 ≤ ρ(x) ≤ ρ2 and
∫
Ω

ρu2
i = 1, we have

∫

M

u2
i ≥

1

ρ2

(3.2)

Taking (3.2) into (3.1), we have

1

ρ2

k∑
i=1

(λk+1 − λi)
2 ≤

k∑
i=1

δ(λk+1 − λi)
2

∫

Ω

fuipi

+
k∑

i=1

λk+1 − λi

δ

∫

Ω

1

ρ

(
〈∇f,∇ui〉+

ui∆f

2

)2

.(3.3)
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Since (∆2 − a∆ + b)(ui) = λiρui, then we have

∫

Ω

ui∆
2ui − a

∫

Ω

ui∆ui + b

∫

Ω

u2
i =

∫

Ω

ui(∆
2 − a∆ + b)(ui)

= λi

∫

Ω

ρu2
i = λi, (3.4)

and by Schwartz inequality, we have

∫

Ω

ui∆ui ≤
(∫

Ω

(∆ui)
2

∫

Ω

u2
i

) 1
2

≤
(∫

Ω

1

ρ1

(∆ui)
2

) 1
2

=

(∫

Ω

1

ρ1

ui∆
2ui

) 1
2

(3.5)

by (3.5) and (3.6), we can get

λi ≥ ρ1

(∫

Ω

ui∆ui

)2

− a

∫

Ω

ui∆ui +
b

ρ2

,

this is a quadratic inequality of
∫

Ω
ui∆ui, solving it, we obtain

a−
√

a2 + 4
(
λi − b

ρ2

)

2ρ1

≤
∫

Ω

ui∆ui ≤
a +

√
a2 + 4

(
λi − b

ρ2

)

2ρ1

,

setting

Ai =

−a +

√
a2 + 4

(
λi − b

ρ2

)

2ρ1

,

which imply that

−
∫

Ω

ui∆ui ≤ Ai. (3.6)

Since
∫
Ω

ui∆ui = − ∫
Ω
|∇ui|2, we have

∫

Ω

|∇ui|2 ≤ Ai. (3.7)



Feng Du and Yanli Li 25

From |∇f | = 1, ∆f = n− 1, (3.6)-(3.7) and by the definition of pi, we can get

∫

Ω

fuipi

=

∫

Ω

fui{2〈∇f,∇(∆ui)〉+ ∆f∆ui + 2∆ (〈∇f,∇ui〉)
+∆ (ui∆f)− 2a〈∇f,∇ui〉 − aui∆f}

=

∫

Ω

−2{ui∆ui〈∇f,∇f〉+ f∆ui〈∇ui,∇f〉+ fui∆f∆ui}

+

∫

Ω

fui∆f∆ui +

∫

Ω

{∆fui + f∆ui + 2〈∇f,∇ui〉}

×{2〈∇f,∇ui〉+ ui∆f}+

∫

Ω

−2afui〈∇f,∇ui〉

+

∫

Ω

2afui〈∇f,∇ui〉+

∫

Ω

au2
i 〈∇f,∇f〉

= −
∫

Ω

2ui∆ui〈∇f,∇f〉+

∫

Ω

4〈∇f,∇ui〉2 +

∫

Ω

4ui∆f〈∇f,∇ui〉

+

∫

Ω

(ui∆f)2 +

∫

Ω

au2
i 〈∇f,∇f〉

≤ −
∫

Ω

2ui∆ui +

∫

Ω

4|∇f |2|∇ui|2 +

∫

Ω

4ui(n− 1)〈∇f,∇ui〉

+

∫

Ω

((n− 1)ui)
2 +

∫

Ω

au2
i

≤ 6Ai − 2(n− 1)2

ρ2

+
(n− 1)2 + a

ρ1

. (3.8)

and

∫

Ω

1

ρ

(
〈∇f,∇ui〉+

1

2
ui∆f

)2

=

∫

Ω

1

ρ

(
〈∇f,∇ui〉+

n− 1

2
ui

)2

≤ 1

ρ1

(∫

Ω

〈∇f,∇ui〉2 − (n− 1)2

4

∫

Ω

u2
i

)

≤ 1

ρ1

(∫

Ω

|∇f |2|∇ui|2 − (n− 1)2

4

∫

Ω

u2
i

)

≤ 1

ρ1

(
Ai − (n− 1)2

4ρ2

)
, (3.9)
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Taking (3.8) and (3.9) into (3.3), we obtain

1

ρ2

k∑
i=1

(λk+1 − λi)
2 ≤

k∑
i=1

δ(λk+1 − λi)
2

(
6Ai − 2(n− 1)2

ρ2

+
(n− 1)2 + a

ρ1

)

+
k∑

i=1

λk+1 − λi

δ

1

ρ1

(
Ai − (n− 1)2

4ρ2

)
. (3.10)

In (3.10), taking

δ =

(
1
ρ1

(
Ai − (n−1)2

4ρ2

)) 1
2

(
6Ai − 2(n−1)2

ρ2
+ (n−1)2+a

ρ1

) 1
2

, (3.11)

we can get

k∑
i=1

(λk+1 − λi)
2

≤
{

k∑
i=1

(λk+1 − λi)
2

(
6ρ2Ai − 2(n− 1)2 +

ρ2((n− 1)2 + a)

ρ1

)} 1
2

×
{

k∑
i=1

(λk+1 − λi)
1

ρ1

(
4ρ2Ai − (n− 1)2

)
} 1

2

. (3.12)

This completes the proof of Theorem 1.1.

We introduce the following lemma to complete the proof of Corollary 1.2.

Lemma 3.1. (Reverse Chebyshev inequality [5]). Suppose {ai}k
i=1 and

{bi}k
i=1 are two real sequences with {ai} increasing and {bi} decreasing, then

we have

k∑
i=1

aibi ≤ 1

k

(
k∑

i=1

ai

)(
k∑

i=1

bi

)
(3.13)
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Proof of Corollary 1.2. Taking ρ1 = ρ2 = 1 in (3.12), we obtain

{
k∑

i=1

(λk+1 − λi)
2

}2

≤
k∑

i=1

(λk+1 − λi)
2
(
6Ai − (n− 1)2 + a

)

×
k∑

i=1

(λk+1 − λi)
(
4Ai − (n− 1)2

)
. (3.14)

Since {λk+1− λi}k
i=1 is decreasing and {6Ai− (n− 1)2 + a}k

i=1 is increasing, it

follows from (3.13) that

k∑
i=1

(λk+1 − λi)
2
(
6Ai − (n− 1)2 + a

)

≤ 1

k

(
k∑

i=1

(λk+1 − λi)
2

)(
k∑

j=1

(
6Aj − (n− 1)2 + a

)
)

. (3.15)

By (3.14) and (3.15), we can get

k∑
i,j=1

(λk+1 − λi)
2 ≤

k∑
i,j=1

(λk+1 − λi)
(
4Ai − (n− 1)2

) (
6Aj − (n− 1)2 + a

)
.

This completes the proof of Corollary 1.1.
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