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Abstract 

This paper discusses some properties on isomorphism, weak isomorphism and co-

weak isomorphism between highly irregular fuzzy graphs and its complement. 

Isomorphic properties of 𝜇 − complement, self (𝜇 −) complement and self weak 

(𝜇−)  complement of highly irregular fuzzy graph are established. Also, 

isomorphic properties of busy nodes and free nodes in highly irregular fuzzy graph 

are discussed. 
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1  Introduction  

In 1965, Lofti A. Zadeh [14] introduced the notion of a fuzzy subset of a 

set as a method for representing the phenomena of uncertainty in real life 

situation. Based on the definitions of fuzzy sets and fuzzy relations, ten years later 

Azriel Rosenfeld [10] defined fuzzy graph and developed the theory of fuzzy 

graph in 1975. Yousef Alavi etl., [11] introduced highly irregular fuzzy graph and 

examined several problems relating to the existence and enumeration of highly 

irregular graphs. Youesf Alavi etl., [12] extended the concept of highly irregular 

graphs by introducing k-path irregular graph. Nagoor Gani and Latha [5] defined 

highly irregular fuzzy graph and discussed some properties on it. The concept of 

weak isomorphism, co-weak isomorphism and isomorphism between fuzzy graphs 

was introduced by K.R.Bhutani [2]. Isomorphic properties of highly irregular 

fuzzy graphs were discussed by Nagoor Gani and Latha [6]. In this paper, some 

properties on isomorphism of highly irregular fuzzy graph and its complement are 

established. Also, some isomorphic properties of highly irregular fuzzy graph in 

connection with 𝜇 − complement of a fuzzy graph introduced by Nagoor Gani and 

Chandrasekaran [4] are studied. Following definitions are from [1 – 14]. 

 

 

2  Preliminaries 

Definition 2.1 A fuzzy subset of a nonempty set S is a mapping σ: S→[0,1]. A 

fuzzy relation on S is a fuzzy subset of SxS. If μ and ν are fuzzy relations, then 

μoν(u,w) = Sup{ μ(u,v)Λ ν(v, w):v∈S} and  

μk(u,v)= Sup{μ(u ,u1)Λν(u1 ,u2)Λμ(u2 ,u3) Λ…Λμ(uk-1 ,v) : u1 , u2 ,…. uk-1 ∈S}, 

where ‘Λ’  stands for minimum.  

 

Definition 2.2 The underlying crisp graph of a fuzzy graph G = (σ,µ) is denoted 

by G*= (σ*,µ*), where σ* = { u ∈ V / σ(u) > 0 } and  
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µ* = { (u,v) ∈ VxV / µ(u,v) > 0 }. 

 

Definition 2.3 Let G = (σ,µ) be a fuzzy graph. The degree of a vertex u is 

𝑑(𝑢) = ∑ 𝜇(𝑢, 𝑣)𝑢≠𝑣 . 

 

Definition 2.4 The order of a fuzzy graph G is 𝑂(𝐺) = ∑ 𝜎(𝑢)𝑢∈𝑉 . The size of a 

fuzzy graph G is  𝑆(𝐺) = ∑ 𝜇(𝑢, 𝑣)𝑢∈𝑉 . 

 

Definition 2.5 A graph G is called regular if every vertex is adjacent only to 

vertices having the same degree. 

 

Definition 2.6 A graph G is called irregular, if there is a vertex which is adjacent 

to atleast one vertex with distinct degree. 

 

Definition 2.7 A connected graph G is said to be highly irregular if every vertex 

of G is adjacent only to vertices with distinct degrees. 

 

Definition 2.8 Let G = (σ,µ) be a connected fuzzy graph. G is said to be a highly 

irregular fuzzy graph if every vertex of G is adjacent to vertices with distinct 

degrees. 

 

Definition 2.9 The complement of a fuzzy graph 𝐺: (𝜎, 𝜇)  is a fuzzy graph 

𝐺: (𝜎, 𝜇), where 𝜎 = 𝜎  and  𝜇(𝑢, 𝑣) = 𝜎(𝑢) ∧ 𝜎(𝑣) − 𝜇(𝑢, 𝑣) ∀ 𝑢, 𝑣 ∈ 𝑉. 

 

 

3  Isomorphic properties of highly irregular fuzzy graph and 

    its complement 

Definition 3.1 [6] A homomorphism of highly irregular fuzzy graphs 𝐺 and 𝐺′, 
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ℎ: 𝐺 → 𝐺′ is a map  ℎ ∶  𝑉 →  𝑉′such that ℎ(𝑢)  =  𝑢′ , , which satisfies  

(𝑖) 𝜎(𝑢)  ≤ 𝜎′ ((ℎ(𝑢)) ∀ 𝑢 𝜖 𝑉 𝑎𝑛𝑑 (𝑖𝑖) µ(𝑢, 𝑣)  ≤  µ′(ℎ(𝑢),ℎ(𝑣)) ∀ 𝑢, 𝑣 𝜖 𝑉. 

 

Definition 3.2 [6] A weak isomorphism of highly irregular fuzzy graphs 𝐺and 𝐺′, 

ℎ:𝐺 →  𝐺′  is a map ℎ:𝑉 →  𝑉′ such that ℎ(𝑢) = 𝑢′,∀ 𝑢 𝜖 𝑉, which is a bijective 

homomorphism that satisfies  𝜎(𝑢)  =  𝜎′((ℎ(𝑢)) ∀ 𝑢 𝜖 𝑉. 

 

Definition 3.3 [6] A co- weak isomorphism of highly irregular fuzzy graphs 𝐺 and 

𝐺′, ℎ ∶  𝐺 →  𝐺′ is a map ℎ ∶  𝑉 →  𝑉′  such that ℎ(𝑢) = 𝑢′,∀ 𝑢 ∈ 𝑉, which is a 

bijective homomorphism that satisfies  µ (𝑢 , 𝑣) = 𝜇′�ℎ(𝑢),ℎ(𝑣)� ∀ 𝑢, 𝑣 𝜖 𝑉. 

 

Definition 3.4 [6] An isomorphism of highly irregular fuzzy graphs  ℎ ∶  𝐺 →  𝐺′ 

is a map  ℎ ∶  𝑉 →  𝑉′  which is bijective that satisfies  

(𝑖) 𝜎(𝑢)  =  𝜎′ ((ℎ(𝑢)) ∀ 𝑢 𝜖 𝑉,   and  

(𝑖𝑖) µ(𝑢, 𝑣)  =  µ′(ℎ(𝑢),ℎ(𝑣)) ∀ 𝑢, 𝑣 𝜖 𝑉.   

It is denoted by  𝐺 ≅  𝐺′. 

 

Theorem 3.5 The complement of highly irregular fuzzy graph need not be highly 

irregular. 

Proof: To every vertex, the adjacent vertices with distinct degrees or the non–

adjacent vertices with distinct or same degrees may happen to be adjacent vertices 

with same degrees. This contradicts the definition of highly irregular fuzzy graph.  

The following example illustrates that the complement of highly irregular fuzzy 

graph need not be highly irregular. 
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Example 3.6 

 
Figure 1 

 

From the Figure 1, we see that 𝐺  is not highly irregular because the 

degrees of the adjacent vertices of w are the same. 

 

Theorem 3.7 Let 𝐺: (𝜎, 𝜇) and 𝐺′: (𝜎′,𝜇′) be two highly irregular fuzzy graphs.  𝐺 

and  𝐺′ are isomorphic if and only if, their complements  are isomorphic, but the 

complements need not be highly irregular. 

Proof: Assume 𝐺 ≅ 𝐺′ 

⇒  There exists a bijective map ℎ:𝑉 → 𝑉′ such that ℎ(𝑢) = 𝑢′ for all 𝑢 ∈ 𝑉, 

satisfying 

 𝜎(𝑢) = 𝜎′(ℎ(𝑢))                                                                                               (3.1)   

and   𝜇(𝑢, 𝑣) = 𝜇′(ℎ(𝑢),ℎ(𝑣))   

 
By definition of complement of a fuzzy graph,  𝜇(𝑢, 𝑣) = 𝜎(𝑢) ∧ 𝜎(𝑣) −

𝜇(𝑢, 𝑣) ∀ 𝑢, 𝑣 ∈ 𝑉            

𝜇(𝑢, 𝑣) = 𝜎′�ℎ(𝑢)� ∧ 𝜎′�ℎ(𝑣)� − 𝜇′�ℎ(𝑢),ℎ(𝑣)� ∀  𝑢, 𝑣 ∈ 𝑉                                                                                                           

              = 𝜇′�ℎ(𝑢),ℎ(𝑣)�  ∀  𝑢, 𝑣 ∈ 𝑉                                                                (3.2) 

(3.1)  and (3.2)  ⇒     𝐺 ≅ 𝐺′ 

Conversely, assume that 𝐺 ≅ 𝐺′. 

(i.e) There is a bijective map 𝑔:𝑉 → 𝑉′  such that 𝑔(𝑢) = 𝑢′ for all u ∈ V 
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satisfying  

𝜎(𝑢) = 𝜎′�𝑔(𝑢)�∀ 𝑢 ∈ 𝑉                                                                                   (3.3)    

and   µ (𝑢, 𝑣) =  𝜇′�𝑔(𝑢),𝑔(𝑣)� ∀ 𝑢, 𝑣 ∈ 𝑉  

Using the definition of complement of fuzzy graph, 

𝜎(𝑢) ∧ 𝜎(𝑣) − 𝜇(𝑢, 𝑣) =  𝜎′�𝑔(𝑢)� ∧  𝜎′�𝑔(𝑣)� − 𝜇′(𝑔(𝑢),𝑔(𝑣)) 

⇒ 𝜇(𝑢, 𝑣) = 𝜇′�𝑔(𝑢),𝑔(𝑣)� ∀  𝑢, 𝑣 ∈ 𝑉                                                           (3.4) 

From (3.3) and (3.4), it is proved that 𝐺 ≅ 𝐺′. 

 

The following example illustrates the above theorem.  

 

Example 3.8 Let  𝐺: (𝜎, 𝜇) and 𝐺′: (𝜎′,𝜇′)  be two highly irregular fuzzy graphs 

defined by 𝜎(𝑢) =  0.6 = 𝜎 ′(𝑢′),𝜎(𝑣) =  0.8 = 𝜎 ′(𝑣 ′),𝜎(𝑤) =  1 =

𝜎 ′(𝑤 ′),𝜎(𝑥) =  1 = 𝜎 ′(𝑥 ′),𝜇(𝑢, 𝑣) = 0.6 = 𝜇′(𝑢′, 𝑣 ′),𝜇(𝑣,𝑤) = 0.6 =

𝜇′(𝑣 ′,𝑤 ′),𝜇(𝑥,𝑤) = 0.5 = 𝜇′(𝑥 ′,𝑤 ′),𝜇(𝑢, 𝑥) = 0.6 = 𝜇′(𝑢′,𝑥 ′) The complements 

are defined by  𝜇(𝑢,𝑤) = 0.6 = 𝜇′(𝑢′,𝑤 ′),  𝜇(𝑣, 𝑥) = 0.8 = 𝜇′(𝑣′, 𝑥′),  𝜇(𝑣,𝑤) =

0.2 =  𝜇′(𝑣 ′,𝑤 ′), 𝜇(𝑥,𝑤) = 0.5 = 𝜇′(𝑥 ′,𝑤 ′)′.In this example, 𝐺 ≅ 𝐺′ and 𝐺 ≅ 𝐺′, 

but the complements  are not highly irregular fuzzy graph. 

 

Theorem 3.9 Let  𝐺 and 𝐺′ be two highly irregular fuzzy graphs. If  𝐺 is weak 

isomorphic with 𝐺′, then  𝐺′  is weak isomorphic with  𝐺 , but the complements  

need not be highly irregular. 

Proof: Assume that  𝐺 is weak isomorphic with 𝐺′. Then there is a bijective map 

ℎ:𝑉 → 𝑉′ such that ℎ(𝑢) = 𝑢′ ∀ 𝑢 ∈ 𝑉  satisfying ,  

𝜎(𝑢) = 𝜎 ′�ℎ(𝑢)�∀𝑢 ∈ 𝑉                                                                              (3.5) 

and 

 𝜇(𝑢, 𝑣) ≤ 𝜇′�ℎ(𝑢),ℎ(𝑣)�∀  𝑢, 𝑣 ∈ 𝑉                                                                (3.6) 

Since ℎ:𝑉 → 𝑉′ is bijective, ℎ−1:𝑉′ → 𝑉 exists for all 𝑢′ ∈ 𝑉′.  

 ⇒ There is an 𝑢′ ∈ 𝑉′ such that 
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 ℎ−1(𝑢′) = 𝑢                                                                                                       (3.7) 

Using (3.7) in (3.5), 

 𝜎�ℎ−1(𝑢′)� =  𝜎′(𝑢′) ∀ 𝑢′ ∈ 𝑉′                                                                          (3.8)   

Using the definition of complement of a fuzzy graph,  

𝜇(𝑢, 𝑣) = 𝜎(𝑢) ∧ 𝜎(𝑣) − 𝜇(𝑢, 𝑣)  ∀𝑢, 𝑣 ∈ 𝑉                                                     (3.9)  

we have 

 𝜇�ℎ−1(𝑢′),ℎ−1(𝑣′)� = 𝜎�ℎ−1(𝑢′)� ∧ 𝜎�ℎ−1(𝑣′)� − µ((ℎ−1(𝑢′), (ℎ−1(𝑣′)) 

                                    = 𝜎′(𝑢′) ∧ 𝜎′(𝑣′) −  𝜇(𝑢, 𝑣) 

                                    ≥ 𝜎′(𝑢′) ∧ 𝜎′(𝑣 ′) −  𝜇′(𝑢′, 𝑣′)   ∀  𝑢′, 𝑣′ ∈ 𝑉′  

(i.e)  

 𝜇′(𝑢′, 𝑣′) ≤ 𝜇�ℎ−1(𝑢′),ℎ−1(𝑣′)�  ∀  𝑢′,𝑣′ ∈ 𝑉′                                                (3.10) 

From (3.5) and (3.10) it is proved that,  𝐺′  is weak isomorphic with 𝐺. 

 

Example 3.10 Let 𝐺: (𝜎, 𝜇) and 𝐺′: (𝜎′,𝜇′′) be two highly irregular fuzzy graphs 

defined by  

𝜎(𝑢) = 0.8.𝜎(𝑣) = 0.9,𝜎(𝑤) = 1,𝜎(𝑥) = 0.9, 𝜇(𝑢, 𝑣) = 0.4, 𝜇(𝑣,𝑤) =

0.5, 𝜇(𝑥,𝑤) = 0.4, 𝜇(𝑢, 𝑥) = 0.8,𝜎 ′(𝑢′) = 0.6,𝜎 ′(𝑣 ′) = 0.9,𝜎 ′(𝑤 ′) = 1,𝜎 ′(𝑥 ′) =

0.9, 𝜇′(𝑢′,𝑣 ′) = 0.5, 𝜇′(𝑣 ′,𝑤 ′) = 0.6, 𝜇′(𝑥 ′,𝑤 ′) = 0.5, 𝜇′(𝑢′,𝑥 ′) = 0.8.  

The complements of 𝐺 and 𝐺′ are defined by 𝜇(𝑢, 𝑣) = 0.4, 𝜇(𝑣,𝑤) =

0.4, 𝜇(𝑢,𝑤) = 0.8, 𝜇(𝑣, 𝑥) = 0.9, 𝜇(𝑥,𝑤) = 0.5, 𝜇′(𝑢′,𝑣 ′) = 0.3, 𝜇′(𝑣 ′,𝑤 ′) = 0.3,

𝜇′(𝑢′,𝑤 ′) = 0.8, 𝜇′(𝑣 ′,𝑥 ′) = 0.9, 𝜇′(𝑥 ′,𝑤 ′) = 0.4.  

From the example, it is seen that 𝐺 is weak isomorphic with 𝐺′ and  𝐺′  is weak 

isomorphic with  𝐺  but  𝐺  and  𝐺′ are not highly irregular. 

 

Theorem 3.11 Let 𝐺 and 𝐺′ be two highly irregular fuzzy graphs. If  𝐺  is a co-

weak isomorphic with 𝐺′, then there exists a homomorphism between 𝐺 and 𝐺′, 

but the complements need not be highly  irregular. 

Proof: Assume that 𝐺 is co-weak isomorphic to 𝐺′. Then ℎ 𝑉:→ 𝑉′ is a bijective 
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map such that 

 ℎ(𝑢) = 𝑢′ satisfying,  

𝜎(𝑢) ≤ 𝜎′�ℎ(𝑢)� ∀ 𝑢 ∈ 𝑉                                                                                (3.11) 

and 

 𝜇(𝑢, 𝑣) = 𝜇′�ℎ(𝑢),ℎ(𝑣)�, ∀ 𝑢, 𝑣 ∈ 𝑉.                                                           (3.12) 

By definition of complement of fuzzy graph, 

  𝜇(𝑢, 𝑣) = 𝜎(𝑢) ∧ 𝜎(𝑣) − 𝜇(𝑢, 𝑣) ∀ 𝑢, 𝑣 ∈ 𝑉                                                 (3.13)  

we get, 

 𝜇(𝑢, 𝑣) ≤ 𝜎 ′�ℎ(𝑢)� ∧ 𝜎 ′�ℎ(𝑣)� − 𝜇′�ℎ(𝑢),ℎ(𝑣)� 

               = 𝜇′�ℎ(𝑢),ℎ(𝑣)� ∀ 𝑢, 𝑣 ∈ 𝑉                                                              (3.14) 

From (3.11) and (3.14), h is a bijective homomorphism between  𝐺 and 𝐺′ . 

 

Proposition 3.12 If there is a co-weak isomorphism between be two highly 

irregular fuzzy graphs 𝐺 and 𝐺′ , then there need not be a co-weak isomorphism 

between 𝐺 and 𝐺′  and the complements need not be highly irregular.  

The following example illustrates the above result. 

 

Example 3.13 
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Figure 2 

 

From the Figures 2, it is seen that 𝐺 is co-weak isomorphic with𝐺′. But 𝐺 is not 

co-weak isomorphic with 𝐺′. However there is a homomorphism between 𝐺 and 

 𝐺′. Also 𝐺 is not highly irregular where 𝐺′ is highly irregular. 

Definition 3.14 [7]  A fuzzy graph 𝐺 is said to be a self complementary if 𝐺 ≅ 𝐺. 

 

Definition 3.15 [7] A fuzzy graph 𝐺 is said to be a self weak complementary if 𝐺 

is weak isomorphic with 𝐺. 

 

Proposition 3.16  A highly irregular fuzzy graph need not be self complementary. 

The proof follows from Theorem 3.5. 

 

Example 3.17 

  

 
Figure 3 



170                                                      Highly Irregular Fuzzy Graph and Its Complement  

 

In this example, 𝐺 is highly irregular but not a self complementary fuzzy 

graph. The following two examples shows that a highly irregular fuzzy graph 

cannot necessarily be a self weak complementary fuzzy graph. 

 

Example 3.18 

 
Figure 4 

From the above example, we see that   𝐺  and  𝐺 are highly irregular, but 𝐺 

is not weak isomorphic with  𝐺. Hence 𝐺 is not a self weak complementary highly 

irregular fuzzy graph. 

 

Example 3.19 

 

 
Figure 5 

 

In this example,𝐺  and  𝐺 are highly irregular and 𝐺 is  weak isomorphic 

with  𝐺. Hence 𝐺 is a self weak complementary highly irregular fuzzy graph. 
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Theorem 3.20 Let 𝐺 be a self weak complementary highly irregular fuzzy graph, 

then ∑ 𝜇(𝑢, 𝑣) ≤ 1
2
∑ (𝜎(𝑢) ∧ 𝜎(𝑣))𝑢≠𝑣𝑢≠𝑣 . 

Proof: Let 𝐺: (𝜎, 𝜇) be a self weak complementary and highly irregular fuzzy 

graph. 

⇒ 𝐺 is weak isomorphic with 𝐺′. Therefore, there exists a bijective map 

 ℎ:𝑉 → 𝑉(𝑉) with ℎ(𝑢) =  𝑢 = 𝑢, satisfying,  

𝜎(𝑢) = 𝜎�ℎ(𝑢)� ∀ 𝑢 ∈ 𝑉                                                                                 (3.15)   

and 

 𝜇(𝑢, 𝑣) ≤ 𝜇�ℎ(𝑢),ℎ(𝑣)� ∀ 𝑢, 𝑣 ∈ 𝑉                                                               (3.16) 

By definition of complement of a fuzzy graph,  

 𝜇(𝑢, 𝑣) = 𝜎(𝑢) ∧  𝜎(𝑣) − 𝜇(𝑢, 𝑣)∀𝑢, 𝑣 ∈ 𝑉                                                  (3.17) 

From (3.15) and (3.16), 

 𝜇(𝑢, 𝑣) ≤   𝜇�ℎ(𝑢),ℎ(𝑣)� = 𝜎�ℎ(𝑢)� ∧  𝜎�ℎ(𝑣)� − 𝜇�ℎ(𝑢),ℎ(𝑣)�∀ 𝑢, 𝑣 ∈ 𝑉 

⇒     𝜇(𝑢, 𝑣) ≤ 𝜎(𝑢)  ∧  𝜎(𝑣) − 𝜇(𝑢, 𝑣)     

⇒     𝜇(𝑢, 𝑣) + 𝜇(𝑢, 𝑣) ≤ 𝜎(𝑢)  ∧  𝜎(𝑣)     

                      2𝜇(𝑢, 𝑣) ≤ 𝜎(𝑢)  ∧  𝜎(𝑣)  

            2∑ 𝜇(𝑢, 𝑣) ≤ ∑ (𝜎(𝑢)  ∧𝑢≠𝑣𝑢≠𝑣  𝜎(𝑣))                                             

              ∑ 𝜇(𝑢, 𝑣) ≤ 1
2
∑ (𝜎(𝑢)  ∧  𝜎(𝑣))𝑢≠𝑣𝑢≠𝑣 . 

 

 

4  Isomorphic properties of 𝝁 − complement of highly 

    irregular fuzzy graph 

Definition 4.1 [4] Let 𝐺: (𝜎, 𝜇) be a fuzzy graph. The 𝜇 − complement of 𝐺 is 

defined as 𝐺𝜇: (𝜎, 𝜇𝜇) where 

 𝜇𝜇(𝑢, 𝑣) =  �(𝜎
(𝑢) ∧ 𝜎(𝑣) − 𝜇(𝑢, 𝑣), 𝑖𝑓 𝜇(𝑢, 𝑣) > 0

0                                         , 𝑖𝑓  𝜇(𝑢, 𝑣) = 0
� 
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Theorem 4.2 The 𝜇-complement of a highly irregular fuzzy graph need not be 

highly irregular. 

Proof:  The proof is similar to theorem 3.5 

The following example illustrates the above theorem. 

 

Example 4.3  

 

 
Figure 6 

  

 𝐺 is a highly irregular fuzzy graph. The degrees of the vertices in 𝐺𝜇 

contradicts the definition of highly irregular fuzzy graph. 

 

Theorem 4.4 Let 𝐺 and 𝐺′ be two highly irregular fuzzy graphs.  If  𝐺 and 𝐺′ are 

isomorphic, then 𝜇-complements of  𝐺 and 𝐺′ are also isomorphic and vice versa, 

but the complements need not be highly irregular. 

Proof: The proof is similar to Theorem 3.7. 

 

Remark 4.5 Let 𝐺 and 𝐺 ′ be two highly irregular fuzzy graphs. If 𝐺 is weak 

isomorphic with 𝐺′, then neither  𝜇-complement of 𝐺 is weak isomorphic with  

𝜇 − complement  of 𝐺′ nor 𝜇-complement of 𝐺′ is weak isomorphic with 

𝜇 − complement  of 𝐺. 

The following example illustrates the above result. 
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Example 4.6 

 

 
Figure 7 

 

 

It is easy to observe that 𝐺 and 𝐺 ′ are highly  irregular fuzzy graphs and 𝐺 

is weak isomorphic with 𝐺 ′, but 𝜇-complement of 𝐺 is not weak isomorphic with  

𝜇 − complement  of 𝐺′ and  𝜇-complement of 𝐺′ is not weak isomorphic with  

𝜇 − complement  of 𝐺. 

 

Theorem 4.7 If there is a co-weak isomorphism between 𝐺 and 𝐺′, then 𝜇-

complement of 𝐺 and 𝐺′ need  not be co-weak isomorphic , but there can be a 

homomorphism between 𝜇-complement of 𝐺 and 𝐺′ . 

Proof: The proof is similar to Theorem 3.11 

The following example illustrates that there exists a homomorphism between 𝜇-

complement of 𝐺 and 𝐺′. 
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Example 4.8 

    

 
Figure 8 

 

From the figure it is clear that 𝜇-complement of 𝐺 is not co-weak 

isomorphic with  𝐺′, but there is a homomorphism between 𝜇-complement of 𝐺 

and 𝐺′. 

 

Definition 4.9 [8] A fuzzy graph 𝐺: (𝜎, 𝜇) is said to be a self 𝜇 − complementary 

fuzzy graph if  𝐺 ≅ 𝐺𝜇 . 

 

Example 4.10 

 
Figure 9 
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Clearly 𝐺 and 𝐺𝜇 are highly irregular fuzzy graphs and  𝐺 is isomorphic 

with  𝐺𝜇. Therefore  𝐺 is self 𝜇 − complementary fuzzy graph. 

 

Theorem 4.11 Let 𝐺 be a highly irregular and self 𝜇 − complementary fuzzy 

graph, then ∑ 𝜇(𝑢, 𝑣) = 1
2
∑ [𝜎(𝑢) ∧ 𝜎(𝑣)]𝑢≠𝑣𝑢≠𝑣  . 

Proof: Let  𝐺: (𝜎, 𝜇) be a self 𝜇 − complementary highly irregular fuzzy graph. 

  ⇒  𝐺 ≅ 𝐺𝜇 .  ⇒ There exists a bijective map ℎ ∶  𝑉 →  𝑉 such that   

𝜎(𝑢) = 𝜎𝜇�ℎ(𝑢)� = 𝜎�ℎ(𝑢)� ∀ 𝑢 ∈ 𝑉                                                              (4.1)  

and  

𝜇(𝑢, 𝑣) = 𝜇𝜇�ℎ(𝑢),ℎ(𝑣)� ∀ 𝑢, 𝑣 ∈ 𝑉                                                               (4.2) 

If (𝑢, 𝑣) ∈  𝜇∗, then 𝜇(𝑢, 𝑣) > 0. By the definition of 𝜇 − complement of a fuzzy 

graph  

𝜇𝜇(𝑢, 𝑣) =  �(𝜎
(𝑢) ∧ 𝜎(𝑣) − 𝜇(𝑢, 𝑣), 𝑖𝑓 𝜇(𝑢, 𝑣) > 0

0                                         , 𝑖𝑓  𝜇(𝑢, 𝑣) = 0
�    

Therefore, 𝜇𝜇�ℎ(𝑢),ℎ(𝑣)� = 𝜎𝜇�ℎ(𝑢)� ∧ 𝜎𝜇�ℎ(𝑢)� − 𝜇(ℎ(𝑢),ℎ(𝑣)) 

                               𝜇(𝑢, 𝑣) =  𝜎(ℎ(𝑢) ∧ 𝜎�ℎ(𝑣)� − 𝜇(ℎ(𝑢),ℎ(𝑣))   (from (4.1) to 

(4.2)) 

𝜇(𝑢, 𝑣) + 𝜇�ℎ(𝑢),ℎ(𝑣)� = 𝜎(𝑢) ∧ 𝜎(𝑣) 

2𝜇(𝑢, 𝑣) =  𝜎(𝑢) ∧ 𝜎(𝑣). Taking summation,  

2∑ 𝜇(𝑢, 𝑣) = ∑ 𝜎(𝑢) ∧ 𝜎(𝑣)𝑢≠𝑣𝑢≠𝑣  ⇒  ∑ 𝜇(𝑢, 𝑣) = 1
2
∑ [𝜎(𝑢) ∧ 𝜎(𝑣)]𝑢≠𝑣𝑢≠𝑣 . 

The following example illustrates the above theorem. 

 

Example 4.12 From Example 4.10 we have 

 ∑ 𝜇(𝑢, 𝑣) = 𝑆(𝐺) =  .3 + .3 + .25 + .25 = 1.1𝑢≠𝑣  
1
2
�𝜎(𝑢) ∧ 𝜎(𝑣)
𝑢≠𝑣

=
1
2

[. 6 + .5 + .5 + .6] =
2.2
2

= 1.1 

Thus,  

∑ 𝜇(𝑢, 𝑣) = 1
2
∑ [𝜎(𝑢) ∧ 𝜎(𝑣)]𝑢≠𝑣𝑢≠𝑣 . 
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The following example illustarates that, in a highly irregular fuzzy graph, even if  

�𝜇(𝑢, 𝑣) =
1
2
�𝜎(𝑢) ∧ 𝜎(𝑣)
𝑢≠𝑣

,
𝑢≠𝑣

 

𝐺 need not be self 𝜇 − complementary. 

 

Example 4.13  

 
Figure 10 

 

Here 𝐺 and 𝐺𝜇 are highly irregular fuzzy graphs, but 𝐺 is not self 𝜇 − 

complement. 

 

Definition 4.14 [8] A fuzzy graph 𝐺: (𝜎, 𝜇) is said to be a self weak  𝜇 − 

complementary fuzzy graph if 𝐺  is weak isomorphic with 𝐺𝜇. 

 

 

Example 4.15 

 
Figure 11 

 



      A. Nagoor Gani and S.R. Latha 

 
177  

Here 𝐺 and 𝐺𝜇 are highly irregular fuzzy graphs and also 𝐺 is weak 

isomorphic with 𝐺𝜇. Thus, 𝐺 is a self weak 𝜇 − complementary fuzzy graph. 

 

Theorem 4.16 Let 𝐺 be highly irregular and self weak 𝜇 − complementary fuzzy 

graph, then ∑ 𝜇(𝑢, 𝑣) ≤ 1
2
∑ 𝜎(𝑢) ∧ 𝜎(𝑣)𝑢≠𝑣𝑢≠𝑣 . 

Proof:  Using the definition of self weak 𝜇 − complementary fuzzy graph, the 

proof is similar to Theorem 4.11. 

 

 

5  Isomorphic properties of busy nodes and free nodes in  

   highly irregular fuzzy graph  

Definition 5.1[4]  A node “𝑢" in a fuzzy graph is said to be a busy node if 

𝜎(𝑢) ≤ 𝑑(𝑢). Otherwise it is called as a free node. 

Theorem 5.2 If  𝐺: (𝜎, 𝜇) and 𝐺′: (𝜎′,𝜇′ ) are two isomorphic highly irregular 

fuzzy graphs, then the busy nodes and free nodes are preserved under 

isomorphism. 

Proof:  Let 𝐺: (𝜎, 𝜇) and 𝐺′: (𝜎′, 𝜇′ ) be two highly irregular fuzzy graphs and let                            

ℎ ∶  𝐺 →  𝐺′ be an isomorphism between the highly irregular fuzzy graphs 𝐺 and 

𝐺′ with the underlying sets 𝑉 and  𝑉′  respectively. 

Then 𝜎(𝑢) = 𝜎′(ℎ(𝑢))   for all 𝑢 ∈ 𝑉   and  𝜇(𝑢, 𝑣) = 𝜇′(ℎ(𝑢),ℎ(𝑣))  for all 

𝑢, 𝑣 ∈ 𝑉. 

By theorem 3.22 [6], the bijective mapping h preserves the degree of the vertex 𝑢. 

(i.e) 𝑑(𝑢) = 𝑑(ℎ(𝑢)). 

If 𝑢 is a busy node in 𝐺, then 𝜎(𝑢) ≤ 𝑑(𝑢)  ⇒ 𝜎′(ℎ(𝑢)) ≤ 𝑑(ℎ(𝑢)) .  

Thus ℎ(𝑢) is a busy node in 𝐺′. 

If 𝑣 is a free node in 𝐺, then 𝜎(𝑣) > 𝑑(𝑣)  ⇒ 𝜎′(ℎ(𝑣)) > 𝑑(ℎ(𝑣)). 

Hence ℎ(𝑣) is a free node in 𝐺′. 
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Theorem 5.3 Let 𝐺: (𝜎, 𝜇) and 𝐺′: (𝜎′,𝜇′ ) be two highly irregular fuzzy graphs 

and let 𝐺 be           co-weak isomorphic with 𝐺′. Then the image of a free node in 

𝐺 is also a free node in  𝐺′. 

Proof: Let  𝑢 be a free node in 𝐺  ⇒ 𝜎(𝑢) > 𝑑(𝑢)                                            (5.1) 

Let ℎ ∶  𝐺 →  𝐺′  be a co- weak isomorphism between  𝐺  and  𝐺′. 

Then 𝜎(𝑢) ≤ 𝜎′�ℎ(𝑢)� ∀ 𝑢 ∈ 𝑉′                                                                       (5.2)  

and  𝜇(𝑢, 𝑣) = 𝜇′�ℎ(𝑢),ℎ(𝑣)� ∀ 𝑢, 𝑣 ∈ 𝑉                                                         (5.3) 

From (5.1) and (5.2), 𝜎′(ℎ(𝑢)) ≥ 𝜎(𝑢) > 𝑑(𝑢) 

Hence 𝜎′�ℎ(𝑢)� > 𝑑(𝑢)  = ∑ 𝜇(𝑢, 𝑣)𝑢≠𝑣   =  ∑ 𝜇′�ℎ(𝑢),ℎ(𝑣)�𝒖≠𝒗    = 𝑑(ℎ(𝑢)) 

Therefore, 𝜎′�ℎ(𝑢)� >  𝑑(ℎ(𝑢))   ⇒ ℎ(𝑢) is a free node in 𝐺′. 

 

Remark 5.4 Let 𝐺: (𝜎, 𝜇) and 𝐺′: (𝜎′,𝜇′ )  be two highly irregular fuzzy graphs. If 

𝐺 is co-weak isomorphic with 𝐺′, then the image of a busy node in 𝐺 need not be a 

busy node in 𝐺′. 

The following example illustrates the above result. 

 

Example 5.5  

 
Figure 12 

𝐺 is co-weak isomorphic with 𝐺′. The busy nodes 𝑢 & 𝑥 in 𝐺 are not busy in 𝐺′. 

 

Theorem 5.6 Let 𝐺: (𝜎, 𝜇) and 𝐺′: (𝜎′,𝜇′ )  be two highly irregular fuzzy graphs 

and let 𝐺 be weak isomorphic with 𝐺′. Then the image of a busy node in 𝐺 is a 

busy node in  𝐺′. 
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Proof:  Let ℎ ∶  𝐺 →  𝐺′  be a weak isomorphism between  𝐺 and 𝐺′. 

Then 𝜎(𝑢) = 𝜎′�ℎ(𝑢)� ∀ 𝑢 ∈ 𝑉                                                                  (5.4)  

and  

𝜇(𝑢, 𝑣) ≤ 𝜇′�ℎ(𝑢),ℎ(𝑣)� ∀ 𝑢, 𝑣 ∈ 𝑉                                                                (5.5) 

Let 𝑢 ∈ 𝑉 be a busy node in 𝐺. (i.e) 𝜎(𝑢) ≤ 𝑑(𝑢)                                            (5.6) 

From (5.4) and (5.6)  

𝜎′�ℎ(𝑢)� = 𝜎(𝑢) ≤ 𝑑(𝑢) =  �𝜇(𝑢, 𝑣)  ≤  �𝜇′�ℎ(𝑢),ℎ(𝑣)� = 𝑑(ℎ(𝑢))
𝑢≠𝑣𝑢≠𝑣

 

Hence 𝜎′�ℎ(𝑢)� ≤ 𝑑(ℎ(𝑢))  ⇒ ℎ(𝑢) is a busy node in 𝐺′. 

 

Remark 5.7 Under weak isomorphism the image of a free node in 𝐺 need not be a 

free node in 𝐺′. 

 

This is illustrated in the following example. 

 

Example 5.8 

 

 
                                                                 Figure 13 

In this example, though 𝑤 is a free node in 𝐺, 𝑤′ is a busy node in 𝐺′, 

because 𝜎′(𝑤′) ≤ 𝑑(𝑤′). 
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6    Conclusion 

It is proved that 𝐺′  is weak isomorphic with  𝐺, when  𝐺 is weak 

isomorphic with 𝐺′. Also, existence of homomorphism between 𝐺 and 𝐺′ is 

established, when 𝐺  is co-weak isomorphic with 𝐺′.  Similarly, it is proved that 𝜇-

complement of 𝐺 and 𝐺′ need  not be co-weak isomorphic , however there is a 

homomorphism between 𝜇-complement of 𝐺 and 𝐺′ .Some results on self 

complementary and self weak complementary are discussed. Finally, some 

properties of isomorphism with respect to busy nodes and free nodes in highly 

irregular fuzzy graphs are established. 
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