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Existence results for a class of
semilinear elliptic systems

G.A. Afrouzi', M. Mirzapour? and N.B. Zographopoulos®

Abstract

This paper deals with the existence of solutions to a class of semi-
linear potential elliptic systems of the form

—div(a(z)Vu) = A\F,(z,u,v) in Q,
—div(b(x)Vv) = AFy(x,u,v) in Q,

u:’U:O OnaQ,

where the domain 2 is a bounded domain, the weights a(z), b(z) are

measurable nonnegative weights and A is a positive parameter.
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1 Introduction

In this paper, we deal with a class of semilinear elliptic systems of the form

—div(a(z)Vu) = AF,(z,u,v) in (2,
—div(b(z)Vv) = AF,(z,u,v) in {2, (1)
u=v=>0 on 0,

where the domain 2 is a bounded domain in RN (N > 2), the weights a(z), b(x)
are measurable nonnegative weights on Q, (F,, F,,) = VF stands for the gra-
dients of F' in the variables (u,v) € R? and X is a positive parameter.

Recently, many authors have studied the existence of nontrivial solutions
for such problems (see [3, 6, 8, 10,12-14] and their references) because several
physical phenomena related equilibrium of continuous media are modeled by
these elliptic problems (see [5]).

In [7], N.B. Zographopoulos studied a class of degenerate potential semi-

linear elliptic systems of the form

—div(a(x)Vu) = Mu(x)|u] "ol u  in Q,
—div(b(z)Vv) = Ap(x)|u) o]~ tv  in Q, (2)
u=v=>0 on 0,

where A > 0, 7,0 > 0 and p(x) may change sign. He proved the existence of

at least one solution for the system (2) under suitable assumption on the data.

In this paper, we consider system (1) and prove under the suitable con-
ditions on nonlinearities F,, and F,, by using the Minimum principle (see |2,
p. 4, Theorem 1.2]) and the Mountain pass theorem of A. Ambrosetti and
Robinowitz [4], the system (1) has at least two nontrivial solutions.

Throughout this work, we assume the weights a, b € L} (Q),

loc

a=®, b= e L), s € (§,00) N[1,00). With the number s we define

2s N2, N2s

2 2, = = > 2.
N—-2, N(s+1)—2s

TSyl

We define the Hilbert spaces W,*(€,a) and W,*(Q,b) as the clusures of
C5e(2) with respect to the norms

|ul|2 = /Qa(x)\VuFdx for all w e C5(Q),
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|v||Z = / b(2)|Vul’de  forall v e C°(9Q).
0

Set W = W, *(Q,a) x W,(Q,b). It is clear that W is a Hilbert space under
the norm
[(w, v)lw = lJulla +[[olle forall (u,v) € W,

and with respect to the scalar product
(o = [ (@0)V1Ven + o) TP
Q

for all ¢ = (¢1,2), ¥ = (Y1,12) € W.
Then W is a uniformly convex space. Moreover, the continuous embedding

W (Wh)?

2
holds with 2, = —81 (cf. Examplel.3, [15]) and we have the Sobolev’s em-
s

bedding W — (L*(€))%. We notice that the compact embedding
W o L7(Q) x LH(Q)

holds provided that 1 <r t < 2}.
Next, we assume that F'(z,t, s) is a C'—functional on 2 x [0, 00) X [0, 00) —

R, satisfying the hypotheses below:

(F1) There exist positive constant ¢y, ca such that
|Fy(z,t,8)| < ettt | Fy(w,t,s)| < cpt?s®

for all (t,s) € R? a.e. z € Q and some 7,§ > 1With“’Tfl+%:1and
TH1<p<2 0+1<qg<2.

(F2) There exist positive constant ¢ and 2 < a, < 2% such that
|[F(,t,5)] < e(1+ [t +|s]”).
(F3) There exist R > 0, 6 and ¢’ with 2i < 0,0' < 1 such that
0 < F(x,t,s) < O0tF(x,t,s) + 0'sFy(x,t,s).

for all z € Q and |t],|s| > R.
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(F4) There exist @ > 2, 3 > 2 and € > 0 such that
[F(a,t,5)] < ([t + 1))

for all z € Q and |t],|s] < e.

Definition 1.1. We say that (u,v) € W is a weak solution of system (1) if
and only if

/Q(a(x)Vquo + b(x)VoV)dr = A / (Fu(z,u,v)p + Fy(z,u,v))de,

Q

for all (p,¢) € W.

The functional corresponding to problem (1) is

I(u,v) = %/Q(a(ac)|Vu|2 + b(2)|Vv|?)dz — )\/QF($,u,v)dx. (3)

It is easy to see that the functional I(u,v) is well defined and is of class C' in
W. Thus, weak solutions of (1) are exactly the critical points of the functional
I,.

Now, we can describe our main results as follows.

Theorem 1.2. Suppose that the condition (F1) is satisfied. Then there
exists a constant A > 0 such that for all 0 < X\ < A\, system (1) has a weak

solution.

Theorem 1.3. In addition suppose that the condition (F1) — (F4) are sat-

isfied. Then problem (1) has a nontrivial solution.

2 Proof of Theorem 1.2

Lemma 2.1. The functional I given by (3) is weakly lower semicontinous
m W.



G.A. Afrouzi, M. Mirzapour and N.B. Zographopoulos 81

Proof. Let {(um,vn)} be a sequence that converges weakly to (u,v) in W.
By the weak lower semicontinuity of the norms in the spaces VVO1 ’2(9, a) and
Wy (2, b) we deduce that

liminf/ﬂ[a(a:)]Vum|2—I—b(a:)\valz]dx2/Q[a(:r:)|Vu]2+b(x)|Vv]2]d:U. (4)

m—oo

We shall show that

lim [ F(x,up,v,)de = / F(z,u,v)dz. (5)

Indeed, we have

‘/Q [F(:L‘,um,vm)—F(x,u,v)}dx’
<

<),
),

< / U A 01 (U — )| [0 4 O (Vi — ) |* T |ty — u|d
Q

Fo(x,u+ 61 m(um — ), v+ 02, (v, — v))‘|um — uldz

Fo(z,u+ 01 m(tum — w), v + 0,1 (V5 — v))‘]vm — v|dz

+02/ U A+ 01 (U — W)U 4 O (Ve — V) |° |V — v|d
Q

< eallu 4 01, (i — W7 [0 + O (v — V)75 [t — ]| o

allt + G it — W) [F 10+ O (0 — )Gl — ] (6)

Since 2 < v+ 1 <p<2fand 2 <§+1 < q < 2}, the sequence {(tm,vm)}
converges strongly to (u,v) in the space LP(Q) x L9(2). It is easy to see that

[+ 61 (v = w)[ v

and

|v 4 O2,m (Vi — V) || La

are bounded. Thus, it follows from (6) that relation (5) holds true. Then we
have

I (u,v) < Hminf Iy (tm, V).

m—o0
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Lemma 2.2. The functional I given by (3) is coercive and bounded below
m W.

Proof. By (Fy), there exists c3 > 0 such that for all (¢,s) € R? and a.e.
x € () we have
|[F(x,t,5)] < csft]™*|s[*

Using Holder’s and Young’s inequalities, we obtain

/F(a:,u,v)da: < 03/ lu " o] d
Q Q
1 0+1
< 03<7+ /|u|pd9:+ - /|v|qu
p

v+1 / o+1, / 9
< ¢ s Vul*de + —— b(x)|Vu|“dx
(s [ a)Vulde+ = =5 | o) Vo)

where s and s’ are the imbedding constants of W, *(Q,a) < LP(Q) and
Wy?(Q,b) — LI(Q), respectively. Then we can write

B0 = (5= 2D Jul2 + (5 = 22 ol

1n{2c($_+1)7 %} > 0, then for all
0 < X < A we conclude that I, (u,v) — oo, provided that ||(u,v)|| = c0. O

where ¢ = maz{css,c3s’}. Let A =

By Lemmas (2.1) and (2.2), applying the Minimum principle, the functional

I, attains its minimum, and thus system (1) admits at least one weak solution.

3 Proof of Theorem 1.3

Lemma 3.1. The functional I given by (3) satisfies the Palais-Smale con-
dition in W.

Proof. Let {(um,vm)} be a Palais-Smale sequence for the functional I,
thus there exists ¢4 > 0 such that

|ty o) < ¢y forany meN (7)
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and there exists a strictly decreasing sequence {€,,}>°_;, lim,, o €, = 0, such
that

(L3 (i, Vi), (€M) < €mll (€ ), (8)
for any m € N and for any (£,n) € W.

By Lemma (2.2), we deduce that I, is coercive, relation (7) implies that
the sequence {(um,vmn)} is bounded in W. Since W is a Hilbert space, there
exists (u,v) € W such that, passing to subsequence, still denote by {(tm, vim)},
it converges weakly to (u,v) in W and strongly in LP(Q) x L9(2). Choosing
(&,m) = (U — u,0) in (7), we have

‘/ ) V|V (u )—)\/S]Fu(x,um,vm)(um—u) < emlltm —ull. (9)

Using the condition (F;) combined with Holder’s inequality we conclude that

/ Fou(x, iy v) [t — uldz < cl/ | | |0 |2 e — 0| d
Q 0

< el Folloml| 75 1 — ull -

It follows from relations (9) and (10) that

lim [ a(z)|Vug|V(u, —u)dr =0

m—r0o0 QO

subtracting
/ a(z)|Vu|(Vu, — Vu)dz,
Q

we obtain

0= lim [ a(@)(|Vun| — [Vu))(Vy, — Vu)dr > lim (|[umle — |Julla)? >0
m—0o0 0 m—r0o0

which implies that ||t ||e — |Julo. The uniform convexity of W, *(Q, a) yields

that w,, converges strongly to u in W,*(Q, a).

Similarly, we obtain v,, — v in W, (€, b) as n — oo. O

By Lemma (3.1), we obtain that the functional I, satisfies (PS)-condition
(compactness condition). Now we verify that the functional I, has the geom-

etry of the Mountain pass theorem.

Lemma 3.2. Under assumption (F1) — (Fy), the functional I, satisfies
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(i) There ezists p, o > 0 such that ||(u,v)|| g = p tmplies I(u,v) > o > 0.
(ii) There exists (z1,22) € W such that ||(z1, z2)||g > p and I(z1, 22) < 0.
Proof. (i) From (F2) and (Fy4), one obtains
[P, u0)| < e(ful® + [0 + Ju[™ + [0])

for all x € Q and (u,v) € R? where 2 < a, @, 3, 8 < 2¢. By Sobolev embedding

we obtain
/QF(JS,%U)dx < c(llully + lolly + llull + l1o]15)-
So, we can estimate the functional I(u,v) by

1 o a B8
L, v) 2 5 (lullz + [loll) = e(llullg + lolly + g + 1vl3)

which implies that there exist o, p > 0 such that I(u,v) > o > 0 for ||Jull, +

1]l = p.
(ii) Using (F3), we have

d / / / /
%F(x, tPu, t%v) = OuF,(z,t%u, t” )" + OvF,(z, tu, t” v)t?

> %F(m,teu,telv)
which implies that there exists some function K(z,u,v) such that

F(z, t%u,t%0) > tK (z, u,v). (10)
From (11), we obtain

/ 1 / /
[(tgu,te v) = §(t29\|u|]§+t29 H'UH%) —/F(x,teu,to v)dx
Q

1 /
< S+ o)~ ¢ [ Kl 0)de
0
Since 26,260 < 1, we conclude that
1%, t"v) = —c0  as t — 400,

and thus there exists a constant ¢y such that I(tgu, ) v) < 0. O

Consequently, the functional I, has a nonzero critical point and the nonzero

critical point of I, is precisely the nontrivial solution of problem (1).
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