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A Hilbert-type Inequality
with a non-homogeneous

and the Integral in Whole Plane

Zitian Xie' and Zheng Zeng?

Abstract

By the way of weight function, this paper gives a new Hilbert-
type inequality with the integral in whole plane and with some pa-
rameters, which is an extension of Hilbert-type inequality with a non-
homogeneous, and gives its equivalent form. Also in the paper, by the

way of Complex Analysis, the best constant factor is calculated.
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1 Introduction

If f(z), g(z) > 0, such that 0 < [[°f?(x)dz < 0o and 0 < [;7¢?(x)dx < oo,

then [1]
/Ow/ooo%ggjx)dmdy <7 {/Ooof2(x)d:v /Ooogz(x)dx}l/2, (1.1)
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where the constant factor m is the best possible. In 1925, Hardy give an
extension of (1.1) by introducing one pair of conjugates (p,q),(i.e.% + % =1):
Ifp>1, % + é =1, f(z), g(z) > 0, such that

[e.o]

0 </ fP(z)dr < oo, and O </ gY(x)dx < 0,
0 0

then we have the following Hardy-Hilbert’s integral inequality:

™
where the constant factor ————also is the best possible.
sin(7/p)

In recent years,by introducing some parameters and estimating the way of
weight function,inequalities (1.1)and(1.2) have many generalizations and vari-
ants. (1.1) has been strengthened by Yang and others. ( including double

series inequalities ) [2-12].

In 2008 Xie gave a new Hilbert-type Inequality [2] as follows :
Ifp>1, >+ =1, f(x),g(x) > 0 such that

0 </ 1P P (2)dr < 0o, and 0 </ x 717920 (x)da < oo,
0 0

%[ f(x)g(y)
/o / @t @)@+ By 1 Bg) Y

-~
<K { /0 ik fp(:c)dx}l/p { /0 Ooxlq/2gq(x)dx}1/q, (1.3)

where the constant factor K = is the best possible.

then

(a+b)(a+c)(b+c)

In this paper, by using the way of weight function and the technic of real
analysis and by the way of complex analysis, a new Hilbert-type inequality

with the integral in whole plane is given.

In the following, we always suppose that

5yp>1, Up+1/g=1, re(-3,1).

= 0, 0
a = cos 0, 6(0,2
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2 Some lemmas

Lemma 2.1. If

> dt > dt
k’l = 5 o ]CQ = B By
o (124 2at+ 1)%tr o (2 —2at+ 1)t

and
o /OO dt
) (24 2at + 1)t
then
ﬂ[sinri;;ziggii0:7(rl+r)9]’ ’lf?” # _27 ~1.0
ky=k(0,r) = =420 ifr=—-2,and a =0, (2.1)
sin295—ifgc350’ Zf r=—1.
e B if £ =2, —1,0,
ky = k(r—0,1) = W,e ifr=—2,andr =0, (2.2)
sin J;(Srir;se)cos 7 Zf?" - 1.
and
w[cos (5 —0)+rsinf cos(5—0)(1+7)] .
_ _ 2sin? 0 cos X ,Zf?” 7& _1’
k_k1+k2 - { 251n9+(7r729)'3089 ? Zf,r,_ _1
25sin 0 ’ o ’
Proof. Let
1 1
f(z):<1—|—2b N2 2 2,1
2+ 22)22" (2 —21)%(z — 22)%2
then
o dt 271
k* = = R R ;
/0 (t2+2bt+1)2tr 1 —6_2””[ es(fv Zl)+ €S(f, 22)]7
if b=-cos? (0 <9 <m),and 2z = —e®, 2, = —e ™ then
1 1 —2 r
R ) =(——) z=z1 — -
€S(f Zl) ((Z _ ZQ)QZT) | 1 (Zl - 22)2 (21 o ZQ)ZT quﬂ+1]
e B 271 1 [ —2 n —2
1 — e 27 (—2isin )2 (—2isind)(—e®?)r  (2isin)(—e~ )"
r r

o (—e?)r+l B (_e—w)r+1]

m[sin rd—r sin Y cos(1+7)d : 9
2sin® ¥ sinrm ? if r ?é 2’ 1’0’
_ 29 —sin29 : _ _
= ETTER if r=—-2,and r =0,
sin 99— cos ¥ lf r=—1.

2sin%9
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Setting ¥ =60 and J =7 — 60, we have (2.1)and (2.2).
On the other hand,

L /°° dt N /0 dt
o (B H2at + 12 ) (824 2at + 1)2(—t)"
= l{1+k2:k(¢9,7")—|-k(7f—9,7”)

7[sin T cos (% —0)—rsin 6 cos TAET) cos(T g 1+7)] .
bin 5 cos (5 0)-rsin0eos " s 0140 e oy
sin® @ sinrm

ToEg if r=—2,and r =0,
2 sin 0+ (7—20) cos ; —
25sin3 0 ’ ifr = _1’

2sin? 0 cos X
2 sin 0+ (7w —260) cos 0 . _
2sin> 0 ’ if r = _1’

{ wlcos r(5 —0)+rsinf cos(5—0)(1+7)] 1f7"7£ _1

The lemma is proved. [l

Lemma 2.2. Define the weight functions as follow:

< ||t 1
w(z) ::/ il 5y,

w |yl" (2®y®+2zycosf+1)
~ <yl 1
= dz.
@) /_oo |z|" (2%y? 4 2xy cos @ + 1)2 v
then w(x) = w(y) = k. (2.3)

Proof. We only prove that w(x) = k, for x € (—00,0).

0 —r+1 1
w(r) = / i dy

oo yI" (2%y? 4 22y cosf + 1)2

o) |x‘—r+1 1
+ 2,2 24y
B lyl" (22y% 4+ 2zycosf + 1)

0 (_x)fr+l 1
- / 2,2 2y
oo (=y)" (2?y% +2zycosf + 1)

+ /Oo (o) ! d +
=w; +w
0 v (x%y? + 2zycosf + 1)2 Y ! 2
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Setting u = zy, then

_/”0%%”1 1 d__/“_r 1 P
= oo (mY)" (2?y? + 22y cosf + 1)? v 0 " (u? + 2ucosh + 1)2 v

Similarly, setting y = —tx,

o 1
- - du = k
b /0 " (u?2 — 2ucos @ + 1)2 =

and

w(z) =k + ko = k.
We have (2.3). O

Lemma 2.3. For 0 < e, and (r + max{%,% ) € (=3,1), define both

functions, f,ﬁ as follow:

xT%/p, if v € (1,00),
fl@)=1q o, if v € [-1,1],
(—x)2/p, if v € (—o0,—1);
0, if x € (1,00),
g(z) =< a7+l if v € [—-1,1],
0, if v € (—o0,—1),
then
00 1/p 00 1/q
I(e) :=2¢ {/ |a:|pr_1fp(x)dx} {/ |x|qr_1§q(x)dx} =1, (24)
fey= [ | Rt g e
=k+o(1).(for e = 0") (2.5)

Proof. Easily,

ay
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we have that f(z) = a(y) Ca +2$; 77y s an even function,then

— OO~ o0 1
I =2 q dy | d
() 6/0 /(@) (/Oog(y) (x2y? + 2xy cos + 1)? y) *
o0 2e 0 2e 1
=9 % )"
© [/1 . (/1( v) (x2y? + 2xy cos 0 + 1)2dy) du

[es) 1
2e 2e 1
P q d d
+/1 v (/Oy (x%y? + 2xy cos + 1)? y) 4
= Il + IQ.

Setting y = u/x, then

00 1
L = 25/ 2 / y_r+275 ! dy | dz
1 0 (x%2y? — 2xy cosf + 1)2
= 2¢ /OO wm T /zu_ﬂrz‘; ! du | dx
1 0 (u? — 2ucosf + 1)
=2 /OO ri% /lu_’”r% ! du | dx +
B 1 0 (u? — 2ucosf + 1)

e z 2e 1
—1-2¢ Tty d d
+/1 o (/1u (u? —2ucosf + 1)2 u) x}

1
g2 1

= u q

0 (u? —2ucosf + 1)?

[e.@] - 1 oo
) —r2€ d / 7172€d d
* 8/1 " q(u2—2uc089+1)2u ux L)
1 00
—T-I—ﬁ 1 _p_2e 1
= d d
/Ou q(u2—2uc059+1)2 u+/1 " p(u2—2u0089—|—1)2 "
o0 2e ]_ 2e 2e 1
_ —r—== d = ==, T
/0 “ p(u2—2u0089—|—1)2 u—i—/o(uq e Ju (u? — 2ucosf + 1)
= p
0 “ (u? 4 2u cos(m — ) 4+ 1)2 “

2 2, 1
+/0(uq —u (u? — 2ucosf + 1)2

2
:k(ﬂ—e,r—%f)—l—n(s)

du

there lim,_,o+ () = 0, and we have I} — ko (for £ — 07)
Similarly Iy — k1 (for € — 0%). The lemma is proved. O
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Lemma 2.4. If 0< [ _|zf"! f(x)dz < co,we have

0o o] 1 p
J = —pr+p—1 / d d
/_Oo]y\ ( _Oof(:c) (x2y? + 2zy cos + 1)? a;) 4

Skp/ |z|P L fP () d. (2.6)

[e.9]

Proof. By Lemma 2.2, we find

o0 1 p
d
(/oof(x) (x2y? + 2zy cos O + 1)? x)
> 1 ||/ ly|"/P 8
— Z_)d
e (@) () &

fP(z)dx

_ 00 1 |l,|r(p—1)
- /_oo(fv2y2 +2zycost +1)> |y

00 r(g— —1
X / 1 ™ 1)d:U '
Coo(?y? + 2xy cosO 4+ 1)2 x|

= kP Hy[r et /OO L il fP(x)dx
Coo(@?y? + 2xy cos O+ 1)2 |y|” ’

sy < [T ! D o yie]
- —ol (@Y 4 22y cos O + 1) [y|” R

_ /°° /00 1 o e
B ool —oo(T?Y? + 2zy cos O + 1) |y|” Y

yy /_ () o (2.7)

[e.9]

3 Main results

Theorem 3.1. If both functions, f(x) and g(x) , are nonnegative measur-

able functions, and satisfy

0< / lz|P" P (2)dr < oo and 0 < / 2| g?(z)dw < oo,

o0 —00

then,

. o0 [o¢] 1
= /Joof(x)g(y) (x2y? 4 2zy cos O + 1)2dxdy
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<k (/_Z ]x\p”_lfp(x)dx> b (/_: \:U]qr_lgq(:v)dx> l/q, (3.1)

and - - .
J = —pr+p—1 / dx)Pd
/_OOM ( _oof(a:) (x%y? + 2xy cos§ + 1) z)"dy
< kp/ |z|P" P () do. (3.2)

Inequalities (3.1) and (3.2) are equivalent, and the constant factors in the two

forms are all the best possible.

Proof. If (2.7) takes the form of equality for some y € (—o0,0) U (0,00) ,
then there exist constants M and N, such that they are not all zero, and
|| P~ 1)
———f* (), x(—00, 00).
||
Hence, there exists a constant C', such that

M|z|?fP(z) = Nly|"" =C, a.e. in (—00,00).

We claim that M = 0. In fact, if M # 0, then |z|P"' fP(z) = % a.e. in
(—00,00) which contradicts the fact that 0 < [~ |z[F"~! fP(z)dz < co. In
the same way, we claim that N = 0. This is too a contradiction and hence by
(2.7), we have (3.2).

By Holder’s inequality with weight and (3.2), we have,

e [ 1 .
" :/ [|y| +q/oof(x)(xzy2+2xy0080—l—1)2dx] [|y| qg(y)} dy

o0

< (J) </Oo Iyl"’”‘lgq(y)dy) Uq- (3.3)

—0o0

B =

Using (3.2), we have (3.1).
Setting

e 1
— || —Prp—1 dr P!
9(y) = lyl (/_oof(x) (x2y? + 2zy cos O + 1)2 o

then -
J=/ ly|" g% (y)dy

—00

by (2.7) we have J < 0.
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If J =0 then (3.2) is proved; if 0 < J < oo, by (3.1), we obtain

0 < / | gl (y)dy = J =T*

—00

[ee) 1/p [oe] 1/q

< k([ @) ([ tgan)
C;OO 1/p - 00 1/p
(/ |$|qr_1gq(93)dx) :Jl/”<k‘(/ |x|pr_1fp(x)d:r) :

Inequalities (3.1) and (3.2) are equivalent.
If the constant factor %k in (3.1) is not the best possible, then there exists
a positive h (with h < k), such that

[o.¢] oo 1
/Joof(x)g(y) (x2y? 4 2xy cos O + 1)2dxdy

<h ( / O; ! fp(x)da:) " ( / Z |x|qr-1gq(1’)dx) " (3.4)

For € > 0, by (3.4), using Lemma 2.3, we have

I(g) =k +o(1)

<ch < /_ Z |x|m—1fp<x)dx) " ( /_ Z |x|qr_1'qu(x)dx> Yo @)

Hence we find, k + o(1) < h. For e — 0%, it follows that & < h, which
contradicts the fact that h < k . Hence the constant k in (3.1) is the best
possible. As (3.1) and (3.2) are equivalent, if the constant factor in (3.2) is
not the best possible, then by using (3.2), we can get a contradiction that the
constant factor in (3.1) is not the best possible. Thus we complete the prove
of the theorem. m

Remark 3.2. For 6 = 7, in (3.1), we have the following particular result:

Sl e 1 27[sin I 4 Y2 ¢og U™
/ J f(2)g(y) dudy < YT Y cl
—o0) —o0 (2292 + V2zy + 1)2 cosy

([ rmeiae) ([ ) " e
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