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1 Introduction

Fractional differential equations can describe many phenomena in various fields
of engeneering and scientific displines such as control theory, physics,chemistry,
biology, economic, mechanics and electromagnetic.

In theoretical physics, it is usually very important to seek and construct explicit
solutions of linear and nonlinear partial differential equations (PDEs). There-
fore, the solution helps the researchers to understand the physical phenomena.
The parabolic equation occurs in several areas of applied mathematics, such as
heat conduction, the phenomenea of turbulence and flow through a shock wave
traveling in a viscous fluid such as the modeling of dynamics. In recent years,
several studies for the linear and nonlinear initial value of fractionnals problems
arise in the literature. The pseudo-parabolic equation models a variety of phys-
ical processes. The one dimensional pseudo-parabolic equation was derived in
[12]. In general, some of the nonlinear models of real-life problems are still
very difficult to solve either theoretically or numerically. Recently, many au-
thors have proposed analytical solution to one dimensional system of parabolic
equation ( Burgers equation) eg.[13, 14] using a domain decomposition method.
In [5] the author used Laplace transform and homotopy perturbation method
to obtain approximate solutions of homogeneous and inhomogeneous coupleg
Berger’s equation. The author in [1] used a modified double Laplace decom-
position method to solve coupled pseudo-parabolic equations. Our aim in this
work, is to use modified double Laplace decoposition for solving a singular one

dimensional pseudo-parabolic fractional equation.

2 Preliminary Notes
We will now recall the following definitions which are given by [1, 15]

Definition 2.1. The double Laplace transform of the functions u(x,t) and
f(z,t) are defined as

L.L;[u(z,t)] =U(p,s) = /000 /000 e Pre Sy (x, t)dtdz, (1)

L.Li[f(z,t)] = F(p,s) = /000 /000 e Pre ! f(x, t)dtdr, (2)
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where x,t > 0 and p, s two complex values.

Definition 2.2. The Caputo derivative of the function u(x,t) is defined as
follow:

Dfv(x,t) = F(ll—a)/o 81)(81;,7') X i _17_)ad7'. (3)

Definition 2.3. The single Laplace transform of Caputo derivative of «
order (0 < o < 1) of the function f(t) is defined as

LD f(t)] (s) = s*F(s) — s* f(0) (4)

where F(S) is Laplace transforme of f(t).
Then, the double Laplace transform of the Caputo derivative of the function

u(x,t) with respect to x and t is given by

Lo, Dou(z,t)] = / / P =Dy (g, )t
0 0

— / e P* { / e_Sth‘u(x,t)dt} drx
0 0

= / e Pr [s"‘/ e *u(x, t)dt — sa_lu(x,O)] dx
0 0

= s*U(p,s) — s*~'U(p,0).

()

The following basic lemma of the double Laplace transform is given and used

in this paper.

Lemma 2.4. Double Laplace transform of the non constant coefficient Ca-

puto deriwvative xDfu(x,t) and the function xf(x,t) are given by

Lo L [aDfu(z,t)] = —dip (Lo Ly [2Dfu(w, )]

_ _di; [s°U(p.s) — U (p,0)]
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Lol fef(e.t)] — —d% (LoLe [f(x.8)]
(7)
_ _dF(p,s)
dp

One can prove this lemma by the definition of double Laplace transform in
Eq.(2) and Eq.(6).

3 Main Results

These are the main results of the paper.

3.1 One Dimensional Pseudo-Parabolic Fractional Equa-
tion

In this section we will use modified double Laplace decomposition method

to solve singular one dimensional pseudo-parabolic fractional equation. We

consider singular one dimensional pseudo- parabolic fractional equation with

initial conditions in the form

W10 ([ ou\ 1@ [ du
D= or (‘r%) 2 0wt (x%> A ®

subject to Cauchy condition

u(z,0) =g(x), >0, t>0, 9)

1
where, the linear term, —2 x% is called Bessels operator and f(x,t),
xOxr \ Or

g(x) are known functions.In order to obtain the solution of Eq. (9), we apply
the following steps.

Step 1  Multiplying both sides of Eq.(9) by x.

Step 2 Using Lemma 2.4 and definition of the double Laplace transform of
Caputo derivative for equations in Step 1 and single Laplace transform for

initial condition, we get

U (p, s) _ 1dG(p) N 1 dF(p,s) 1 LI [ ) < 6u) N 0? ( 0U>} .

dp s dp s« dp s Yor ozot \ " oz

ox
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where G(p), U(p, s), F'(p, s) are Laplace transform of the functions g(x) , u(z, t)
and f(z,t) respectivily.

Step 3 Applaying the integral for both sides of Eq.(10), from 0 to p with

respectively to p, we have

Glp) 1 1 /p 0 ( Ou ? [ Ou
Ulps) ===+ GFws) =3 | Lol 5o\ w50 )+ rar \"an )| ¥
(11)

Step 4 Using double Laplace Adomain decomposition methods to define the
solution of the singular one dimensional pseudo-parabolic fractional equation

as

u(z,t) = Zun(x,t). (12)

Step 5 By applying inverse double Laplace transform on both sides of Eq.
(11) and use Eq.(12), we obtain

Zun(:v,t) = g(z)+ L,'L;! L%F(p, 5)1
N li /Op L.L, [% (x%;un(x,t)ﬂ dp]

In particular, we have

ug = g(z) + L, 'L} Lia /Op dF(p,s)} (14)
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and the rest terms can be written as follows

_ i i/p 9 (.05
Upy1 = L, L [sa i L,L, e xaxZun(m,t) dp

— L't i/pLL o xgiu (x,t) || d
e P N ) axnon’ Pl

where L 'L;! is called double inverse Laplace transform with respect to p
and s. Here we provide double inverse Laplace transform with respect to p
and s exist for each term in the right hand side of Eqgs. (14) and (15).

In order to confirm our method for solving the singular one dimensional pseudo-

parabolic fractional equation, we consider the following examples.

Example 3.1. Consider the following nonhomogeneous form of a singular

one dimensional pseudo-parabolic fractional equation

10 ou 1 82 ou tl—a
(6% _ - - = _ . >
Dpu =~ (x3x> P00t (x—ax> Te ) 4, t>0, x>0 (16)

subject to the initial condition

u(z,0) = g(z) = 2°. (17)

By applying the above steps, we obtain

(67

and
Unt1 = —ngngl Lia/ LyLy g (xa—Zun(x,t)>] dp]
=0
(19)

- i/pLL 0 gi (e,t) ] | d
P s fo ozt \ T ox UniTs Py -

n=0
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By Fq.(18) and Eq.(19), we have

IR I B 0 02
u(z,t) = —Lp Lg §/0 L,L, %(aﬁuo;c)—i-m(:vu%) dP
tOl
4F(a—|—1)'

In the same manner, we obtain that
us =0, ug =0, ...
By adding the all terms together, we have
u(z,t) = ug + uy + ...
Therefore, the exact solution is given by
u(z,t) = 2 +t

Example 3.2. Consider the following nonhomogeneous form of a singular

one dimensional pseudo-parabolic fractional equation

1 a au 1 82 au ) tl—()t
Doy — = (%) 2 N _ o, 2
et x Ox (xax) x 0zt ($8x> x 2 —a) x>0, t>0 (20)

subject to the initial condition

u(x,0) = g(z) = 0. (21)

By applying the above steps, we obtain

) to ta—i—l
t) = 2% — 4 4 22
uo(@, ) =t =4y AT T (22)

ta+1 ta
+4

IR I B 0 0*
w(z,t) = —LpLg Ta i L,L, %(azuou@) + m(:ﬂuogﬁ) dP
4F(a+2) Ia+1)
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In the same manner, we obtain that
uy =0, ug =0, ...
By adding the all terms together, we have
u(x,t) = ug+ug + ...
Therefore, the exact solution is given by
u(z,t) = 2°t.

Example 3.3. Consider the following nonhomogeneous form of a singular

one dimensional pseudo-parabolic fractional equation

10 ou 1 82 ou 9 tl—a
Du=as \"os ) o = 1) —8—4t, z>
e x O0x (w8x> x 0xO0t <xax) (z7+ )F(2—a) 8§—4t, x>0, t>0
(23)

subject to the initial
u(z,0) = g(z) = 2°. (24)

By applying the above steps, we obtain

ta o ta+1
)=a?+t—4—— + 2% —4 —4 :
uo(@,t) =@+t —Apr ey T ATy T A )
U I B ) 0?
T— _Lplle [g/o L,L; [%(xu()x) + m(l‘uo:z)} dP}
e toa—‘rl to
= 4 +4 +4

MNa+1)  T(a+2) T(a+1)

In the same manner, we obtain that
upy =0, ug =0, ...
By adding the all terms together, we have
u(x,t) = ug+uy + ...
Therefore, the exact solution is given by

u(z,t) = 2+t + 2%t
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Example 3.4. Consider the following nonhomogeneous form of a singular
one dimensional pseudo-parabolic fractional equation

19 ( du 1 0 du )
a, - Y ouy 1 Ju\ _ -
Dru T 0% (x8x> x 0xOt (xﬁx) xt, >0, t>0, (25)

subject to the initial condition
u(z,0) = g(z) = 0. (26)

By applying the above steps, we obtain

) ta+1
up(z,t) = Tla+2)
1 [r 0 0?
= —L'L3' | — | L.Li|— — P
" P s [Sa /0 g t{ax(w‘“Hawt(x“Ox)} d }
t2a+l t2a
= 4 +4

Fr2a+2) TQRa+1)

In the same manner, we obtain that
uy =0, ug =0, ...
By adding the all terms together, we have
u(z,t) = ug +up + ...

Therefore, the exact solution is given by

tOH-l 252014-1 t20¢

t) = 2 4 4 :
we ) = YA e v TR 1 1)

3.2 Convergence Analysis of the method

Finally, we discuss the convergence analysis of the modified double Laplace
decomposition methods for the singular nonlinear one dimensional pseudo-

parabolic fractional equation which is given by
10 ([ ou 1 02 ou
D&%y — — — — | — — — | = 27
t T o (xax> x Ox0t (xﬁx) J(u) (27)
Consider the Hilbert space H = Li ((a,b) x [0, 7)), defined by the set of ap-

plications

{(u,v) : (a,b) x [0,T] with L;'L;* Lia /Op L, Li[u(z,t)](p, S)dp} (x,t) < oo},
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the scalar product

(u,v)r2(q) :/xu(a:,t)v(x,t)dmdt,
Q

with the norm

Il = /Q () dadt,

where @ = (a,b) x [0, t]. Multiplying both sides of Eq. (27) by z, and we write
the equation in the operator form
ou  Pu Pu ou

Llu) = abfu = oo+ 255+ 5vot T azar ~ Ve oW (28)

For L is hemicontinuous operator, consider the following hypotheses.

(H1) (L(u) — L(w),u — w) > k||lu —w||*, k>0, Vu,w € H

(H2) Whatever may be M > 0, there exist a constant C'(M) > 0 such that
for u,w € H with ||u|] < M, and ||w|| < M we have

(L(u) = L(w), z1) < C(M)[|u = 2] [|wl]]

for every z; € H. In the next theorem we follow [1,8, 10, 11]

Theorem 3.5. (Sufficient condition of convergence) The modified dou-
ble Laplace decom- position method applied to the singular nonlinear one di-
mensional pseudo- parabolic fractional equation Eq. (28) without initial and

boundary conditions, converges towards a particular solution.

Proof. First, we verify the convergence hypothesis (H1) for the operator L(u)
of Eq. (28). We use the definition of our operator L, and then we have

ou  Ow 0%u 0w 0%u 0*w Pu

L(u) = Lw) = (5— ===

5x 90 T o 7o) M Grar ~ awar) T P auzar)

ou ow

—(av st = a0 S) + a(f(w) - fw))

= 2(u—w)—l—:z:(()—2(u—w)—l— o
B oz o Ox? dxot

_Hym(u — w) + fE(f(U) - f(w))>

(u = w)

(29)
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Therefore,

(L(u

|
=
£
IS
|
&
I
N
QJ
g | Q
=
&
=
IS
N——
_l_
VRN
]
5]
o [N
=
E
IS
IS
N——

According to the properties of the differential operators %, %Zt in H, then
there exist constants «, 3,0, 7, k > 0 such that

0
- — _ > _ 2
(520 whu-w) 2 aflu- ul (31)
0? o2
_ x@(u—w),u—w < 2 |2 (w = w)]] [Ju— wl]
< bﬁHu—wH2
=
’ 2
<x@(u w), u w)E—b,BHu—wH, (32)
T (u—w)u—w) 2 4llu—wlf (33)
x@m@tu w)u =7 )
and
03 _ o5
— 75— whu—w) < ol |5k —w)l] lu—wl|
< ble|[u — w]|?
—
=)= w) 2 bl — (34)
xaxzﬁt ’ = :

According to the Schwartz inequality, we get

CET—

IN

- [l 1ol 1l (w = )l {lu = wl]

< bMal|lu — w||?.
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Hence,
0
- (xva—(u—w),u—w> > —bMoallu — wl||? (35)
x

By Cauchy Schwartz inequality, where o > 0 and f is Lipschitzian function,

we have

(—2f(u) = f(w),u—w) < |z |[f(u) = f(w)[| [[u —wl]]
< bl () = Fw)l] fJu—wl]
< bo||u — w||*
—
(zf(u) = f(w),u—w) > =bolju —w]]*. (36)

Substituting Eq.(31), Eq.(32), Eq.(33), Eq.(34), Eq.(35) and Eq.(36) into equa-
tion Eq.(30), gives

(L(v) — L(w),u —w) > (a — b + v — bk — bo — bMa) ||u — w|?

(L(w) = L(w), v — w) > ky[fu —w]*,

where k; = a— b8+ — bk —bo —bMa > 0. Hence hypothesis (H1) holds.

Now, we verify the convergence hypothesis (H2) for the operators L(u). For
every M > 0, there exists a constant C'(M) > 0 such that for all u,w € H
with ||u]] < M, we have

(L(u) = L(w), z1) < C(M)[|u — wl} ||z]]

for every z; € H. For that we have,
0 o?
(L(u) — L(w), z1) = %(u—w),zl + x@(u—w),zl

0? o?
+ <8x8t(u_w)’zl> + (waxzat(u—w),zl>

= (et = w)oz ) + (o) = Flw) )

By the Cauchy Schwartz inequality and the fact thatu and w are bounded, we

obtain

0
(%(u_w)’m) < ay||lu —wl| [[z1]],
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(wgmatu— w2 ) < bsilla =l ]l
82
(gt = w2 ) < ulla= vl fal
33
(g (0 = )21 ) < lla =l .
8( ), 2] < anlz ([l [lu = wl] [|z]]
—(2v=—(u—w -
B 1) < o 1
< by M|lu— || |zl
(@(f(w) = f(w)),z1) < bor|lu —wl| [|z]],
where the constants aq, 81, 01,71 and k; are positive. Then we have
(L(u) — L(w),z1) < (oq +bf1 + 71+ bk1 + bay M + boy)||u — w]| ||z1]]
= CL(M)||u —wl] [|z]],
where C1(M) = ay + bB1 + 71 + bky + bay M + bo.
]

4 Conclusion

In this paper, we have proposed new modified double Laplace decomposition
method to solve singular one dimensional pseudo-parabolic fractinal equation.
The efficiency and accuracy of the present scheme are validated through ex-
amples. This method is much simpler and more efficient in the study of linear
and nonlinear PDEs.
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