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Carleman type estimates for some
non linear parabolic problems

Bassirou Dia! and Benjamin Mampassi?

Abstract

We consider a more general nonlinear parabolic partial differential
equations system with non homogeneous Neumann boundary condi-
tions. Under some growing conditions on the non linear term we es-
tablish some Carleman type estimates for the solution of the considered

system.
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1 Introduction

Carleman estimates, introduced in 1939 [1] as exponnential weighted energy

inequalities for proving existence and uniqueness of solutions of linear elliptic

! Department of Mathematics, Cheikh Anta Diop University, Dakar, BP 5005 Dakar,

Senegal. E-mail: diabass72@hotmail.fr
2 Department of Mathematics, Cheikh Anta Diop University, Dakar, BP 15251 Dakar

Fann, Senegal. E-mail: mampassi@yahoo.fr

Article Info: Received : December 1, 2018. Revised : December 27, 2018.
Published online : January 10, 2019.



12 Caleman type estimate for some ...

PDEs, have since been used with or without succes to some controllabilty of
PDEs systems. Particularly, it is well known that they play an important role
for establishing null controllability for parabolic and hyperbolic PDEs. That
is why, a larger number of papers is devoted to Carleman estimates and their
applications. See [3],[4], [5], [7], [10] and the references therein. In addition, it
can also be noted that Carleman estimates have particularly been proved to
be useful for the resolution of inverse problems of some PDEs [6], [11], [12].
Carleman estimates, specifically for problems with inner control depending
whether of boundary condition type, have been proposed in the literature [5],
[8] and [9]. It should be noted however that Carleman type estimates are not
easy to obtain. Difficulties can arise when considering PDEs with nonlinear
terms or for problems associated with non homogeneous boundary conditions.
In this paper, we are then concerned with a problem of establishing Carle-
man estimates for a nonlinear parabolic equation with non homogeneous Neu-
mann boundary condition. To this end, we first establish some preliminaries
results in section 3, then we prove in section 4 some useful results concerning

Carleman estimates.

2 Problem Formulation

Let © be a bounded domain of R?, (d = 2 or 3) whose boundary is denoted
by I'. For given time parameter T' > 0, we consider a non linear parabolic

partial differential equation
o) —V.AVY + F() =0 in Qr = (0, T) x Q (1)
with following Neumann boundary condition
AVYyn=gon Xr=(0, T)xT (2)

and initial condition
¥(0) = v in Q. (3)

Here, A denotes a linear operator from R? to R? that satisfies elliptic property:

3C > 0 such that &' A¢ > Cl¢]* V¢ € R (4)
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Furthermore, we shall assume that the operator A is symmetric, that is
A =1'Ag V& e R (5)

F is a given non linear scalar function of class C! while g and 1, are given

functions with some regularities properties. We shall also assume that
(u—v)(F(u) = F(v)) 20 Yu,v € R (6)
and
F(0) =0. (7)

In this paper, we would like to establish some Carleman type inequalities
that will be useful to the following controllability problem: find ¢ solution of
the following system equations

—0ip + V.AVp + F(p) =vxe in Qr = (0, T) x Q (8)
AVon=gon Xy = (0, T)xT 9)
p(T) = @r in (10)

such that
©(0) =0 in Q. (11)

For a given non empty w C €, we would like to establish an observability
inequality. In fact, difficulties in establishing Carleman type estimates lies in
the presence of the nonlinear term F'(p) so that additional conditions to this
term is required. Also, it should be noticed that the observability inequality
is well known to be very helpfully for establishing the controllability of the
problem (8)-(11).

3 Preliminary Results
Let us consider a function n° of class C*(2) that satisfies

n® >0 inQ
Vn°(z)] #0 VexeQ~w (12)

" =0 onT
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where W’ C Q. One can refer to [2], [7] for the existence of 7. In addition, we

consider following weight functions:
aft,z) = (HT — 1) ™" (Ml — X)) (13)

and
£t x) = (H(T — t)) "+ X leetn"@) (14)

with A > 0 and where ||.||, denotes a uniform norm. Also, for the sake of

simplicity, we shall sometimes set
A'()=V.AV(.). (15)
We easily derive following formulas:

VE = AV(P), Va=-AV(r0), AVa = -AAV(y),

N(o) = ~NET)AT() - AN
g—f = a0 te-THr-n) e
O T )W T T - )W (g
@ Tr )
T 2T 1) + (2~ TP (T — 1) ),

&%) ~1¢2 “le?
%) — i -nte arur-nte

From which, it is not difficult to see that there exists a positive constant C'
( C' may denote different constant ) such that for ¢ € (0, T') and for sufficiently

larger value of A, we have

O 85 825 62 3 2
< <
5 < C€, < C¢, 2 < O&, C¢ and |A'(a)| < CN¢
(17)
We now define a sufficiently regular function that is
Ot x) = eyt ) (18)

for some non negative real s to be chosen later. Such a function obviously
satisfies
lim (t, z) = hm zﬂ(t xz)=0. (19)

t—0
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Then, after some calculations, one can see that 1 is solution of (1) - (3 ) if and

only if QZ is solution of the following equations system:

aa@ —¢ + e *F ( 80‘12) = %V (a) AV (@) + 25V (&) AV (a)
FSOA () + A @') in (0,7) x Q

N ~ (20)
s AV (o) n + AV (zﬂ) n = e*g onXy (21)
$(0) = (1) =0. (22)
We rewrite the equation (20) as follows
L)+ G@) =0in (0,T) x Q (23)
by setting 5
L(D) = sa—‘:& — sPA (@) — 20V (@) AV () (24)
and _
G(D) = %—f tesaR ( sa&) 25V (J) AV (a) — A/ (J) . (2)

Next, we shall set (f, g) / / fg.

We now establish some preliminary results. Our first result is:

Proposition 3.1. Assume that 0 < X\ < Ay and 0 < s < sg for given g

and so. Then, under hypotheses (5) and (6) there exists a positive constant C
such that for every ¢ € C ([0, T); L*(2)) (N L? (0,T; H'(Q)) and g € L? (Zr)

we have

- T T
LGy = —on /OT I /OT [ eerivur)
—Cs’A ( /0 /Q e > 4 /0 /Q 536—28a|v¢|2>
—Cs\? / ' / ge > V|
—Cs'\° / / gle™ 20y — Cs°\° / / ey’
—Cs* N\ / / e POYF (1h) — CsN? / / Ee P PF ()

—082)\27 e 2|y |g|dodt

X
—Os3\3 / e dodt.
5
' (26)
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To prove the proposition 3.1 we need following lemmas.

Lemma 3.1. Under hypotheses of the proposition 3.1, there exists a positive

constant C' such that
i T
WD),y = 0 (shta2) / /s g2 - s+s2A2>/0 /QJ%?
(27)

Proof. Replacing L({Dv) by its expression (24) one writes

R

—32f0 fﬂwatv a) AV (a

Knowing that %in% D(t,x) = thrrTl (t,x) = 0 and integrating by parts over (0, T)

one obtains

<L<J),%—f = ——/ /W o7 /T/JZ%A’ (@)
25 [PE @ .av@)

We replace A’'(«) and V(«) by theirs expressions in formulas (16) to obtain

w2y - 2 / ) a;t‘;“ o / [ 5900 A7)
S e | /W AT ()

Using inequalities in (17) yealds that there exists a positive constant C' such
that

(L(¥),

E> > /€3w2 C (54 sA+ s\?) /T/Qg%Z?

ey
A / / ") AV ("))
We remark that
[ @ ) av ) - [ [ P (9 ) A ()
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and using again inequalities in (17), we obtain:

2)2 /OT/Q{E%% (V (n°) AV (no))' < O8N /OT/Q{Z%?’.

Consequently, it follows

<L(@Z),%—f> > —C (s +s\?) / /g¢ 05+52)\2/ /¢§3

for some positive constant C. The lemma is then proved.

Lemma 3.2. Under hypotheses of the proposition 3.1, there exists a positive
constant C' such that

(L(Y), e *°F <€S%Z>> > —C(s+s2)\?) / /§2 —sa)y sa¢>

_Os)? /0 /Q fe P F (e%).

(28)

Proof. We have

@ eor (eod)) = s [0 / e ()
s / / JeeF () & (o)
s /0 /Q De R e%) (@) AV () .

From hypotheses (6) and (7) one can see that e**¢/F (e“’%?) > 0 and,
thanks to (17), we obtain the following estimation:

[ [2er (5)| <o [ [ enor (5).

Thus, we deduce

; / ' / 00 fe-sop () = ~Cs / ' / e F ()

Consequently, using (16) and (17) one finally obtains

(L) e F (o)) > ~Cls + ) / ' / e F (1)

—COsN? /0 ' /Q £de > F (esai}).

Thus, we deduce the inequality (28). O
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Lemma 3.3. Under hypotheses of the proposition 3.1, there exists a positive

constant C' such that

~25(L(), V (V) LAV (@)
> —C (20 4 52) <r/ |ev+ //5
“etne o) ([ fers [ [eREN),

Proof. We have

M) e

~2s(L(¢),V E
A

Ll
Thanks to (16) and (17), one obtains the following estimation:

of < [ [[%]elrG wvr

J, o
<of /Qf?’WV

AV( ).

8a~ QZ

Applying Young’s inequality yealds
T
Oor ~ /7~
—232/ O‘w (w) AV ()
0 Jo

2—03%(/ Ll //53\V({/7)\2) ()

Also thanks to formulas (16), we can write

//w ).AV (a v (a)
__AS/ /g%v Av( )V (4) AV (1)

Applying Young’s inequality and formulas (17) one obtains

//w ) AV (a V(@)
Fon e ] e
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Otherwise,
ot [
=252’ / / wg? (V6) AV ()
+232)\2/ /Wv AV( %) A'(n°).

We apply again Young’s inequality and formulas (17) to obtain
A
> —Cs*\? (/ /5 wQ / /§2 ) (i)
cest ([ fews [ [eFO)).

Combining (4), (ii), and (iii), we finally obtain
—28(L($),V (¢) AV (a

> —C (A% + s20?) (r/ /51/12 //5 2 )
oo ([ feo- [ [s6)

This achieves the proof. O

Lemma 3.4. Under hypotheses of the proposition 3.1, we have
~ - T (2 T ~
@ (0) = —esv [ [ e|vil —cra [ ] @i
0o Jo 0 Jo

—C(sA+ 522 + 503 + 5203) (/T/952J2+/0T/952‘VJ‘2)

—Cs)\Q/ M =30 gldodt

—C(s +$2N) [y, 52)@@’ ~sa|g|dodt
02 [ eQPdodt — O | €202dodt.

ET Z:T

(30)

//8a~ J>+S/OT/52{EA’(CM)A "
/ / (1/1>V(a).AV(a).

Proof. We have
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The use of Green’s formula gives

(L), A - s/ /—WAV
—SA/ / .49 (9
—s / SUAY (w) nds
—s// @) VAV (4
—s/ /wAv

s [y, A szv( ) ndodt
/ / V. AV <¢)
/ / ¢AV )

+s f (@) AV (a) DAV (1/;) ndodt.

Xr

We assume that this equality can be written in the form

(L), & (V) = (@) + () + () + (@)

where

(a) = 3/0/53 VG.AV (V) // @) VAV (4
//wAv (¢) V(e

<b>=—s//ww Y (a))
[
(0 = - //th

d) = — ] EiﬁAV (w) ndodt + s /E A () DAV (J) ndodt
+s? /; V (a) AV (a) DAV (w) ndodt.

And, we estimate each term of the above expression. From inequalities in

formulas (17) and knowing that the operator A is positive, we successively
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deduce

WAV ' < C/OT/Q?IVJ!?,

[ &(0) VAV (7 ‘<C)\2/ /
/OT/QVJ'AV (9) ¥ (@) AV (a)] < ON* /OT /Q efvil
It then follows

(@) > —OsAQ/OT/QﬂwZ\Q—O<s+52A2>/OT/Q£Q|wZ|2 (i)

To estimate (b) ones first evaluate V (V (a) .AV («)) . In fact from (16), we
have

V(V(a) AV (a)) = NV (&V(n°).AV ("))
= 2X%V(V (1°) AV (n° + N’V (V (1°) LAV (1°)))
= 2X°EV()V (°) LAV (n° + NV (V (n°) LAV (n")))

Thanks to Young inequality and for larger values of A one obtains

Jsen ([ feo [ [
wof<c([ feo | [ei)
1) o

/ GAV (3 () AV (a

7).

As done previously, we also have

[

so that we can state

(b) > —C(s*X* +s)) (/ /fzﬁ //5

To estimate (c), we have to evaluate V (A’ («)) . Since

A (o) = =22V (). AV (") — XA (),
we have

V(A" (@) = =N (V). AV (1)) V(n°) = NEA (") V (n°).
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Applying again Young inequality ones finally obtains

(€) > —C(s\? 4 s)2) (/OT/Q&'EM/OT/Qg?\va). (#44)

Also, we know from (21) that

AV (1/)) n=e¢ g+ sMZ.AV (770) non Y.

Then we have

Ja ~ ~ Oa~
=/ S PAY @) ndodt = —s /E Ve gndods

— 32)\/ a—OCJQAV (n°) ndodt
5, Ot

S/Z‘T A (a) YAV (@Z) ndodt = S/ZIT A’ () e **gndodt

+ 32)\/ A (o) P* AV (n°) ndodt
Er
and

2 [ V(o). AV () pAV (J) ndodt =
X
2

=5 V (0) AV (o) e **gndodt + 53)\/ V (@) AV (o) 2 AV (n°) ndodt

ET ZT

so that we deduce the following inequality:

(d) > —Os/\Q/ g‘{ﬁ e_so‘|g|dadt—0(s+82/\2)/ € || e g|dodt
ZT ~ ET
—Cs?\3 [, &) dodt (iv)
—Cs*\3 / 2 dodt
3

Finally, (i), (i), (¢i7) and (iv) yield
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@O+ @@ 2 oo [ [elvil ~ctrse [ [ ewip
CO(sh+ A2+ sX° + 820%) (/OT/Q§2J2+/OT/Q§2‘V@Z‘2)
—C’s/\2/ §)1Z e **|g|ldodt
X

—C(s +52)\2)/ 'S

37

0| e |g|dodt

O8N | Pdodt — CSPA® | 2dodt.

ET 2T

This achieves the proof. n

Proof of the proposition 3.1. Firstly, replacing @Z by its expression in (18)
yealds

[—se Y Va + e V[’
s2e= 2 ) * [Val® + 2se72* | |V [VY] + e 250 [V
Ce 2 (2|9 |[Va|* + 25 |¢| [Va| V| + [V ]?)

v7f

IA A

and thanks to Young inequality ones obtains

Ce 2 (82 [* |Val* + Vi)

vif
< Qe o (ng? ) (Vo + |w\2) .

IN

Secondly, from relations (24) and (25), we can write

LD, CD) = (L), D)+ (L), F (3)) ~ 25(L(), ¥ (F) AV (0)

(L), &' ()

Thus, using inequalities (27) to (30) ones obtains
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T
> —C (sA+ 5\ + "X+ $2A% + s\ + 727 + sA?) / / g2 202
o Ja
T
_CSAQ/ /56—25(1 |v¢‘2
o Ja
T
—C (s + N + 827 + sA + $*\7) / / 2% |Vy|?
o Ja
T
- (33)\2 +S4)\4+S4)\5 —|—33A3 +S4)\4)/ /548_280[’1702
o Ja

T
—C(S+82/\2+82/\+83)\3)/ /636_28a¢2
0 Q

o) [ [er
(s"A% 4+ s°\?) / ' / 7252
C(s+5°\%) / / ey — Cs\’ / / Ee B (1)

—C (s 4 sA? 4+ sA> + s°A\?) / e 2 Y| |g|dodt
Er
-C (32)\ + 82A2 5203+ 33)\3) / e Y% dodt.

Er

Since we have taken s and A large enough this inequality becomes

(L(4), G(¥))

> O\ (/ /526—2% +/ /52 ‘QS“IWIQ)
e [ [ees [0 g vu)
—C's\? / ' / Ee 2|V
—Cs'\ / / glem®0p? — Cs° N /0 ) /Q e P p?
o /0 [ eeevrw -csx | ' [ emurw

—Cs*\? e 2 | |g|dodt

—Cs*\3 / e N dodt.
X
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This achieves the proof. O

Proposition 3.2. Assume that 0 < A < Ay and 0 < s < sg for given

Ao and sg. Then there exists a positive constant C such that for every ¢ €

C ([0, T]; L*(Q)) N L*(0,T; H(2)) we have
(0@, 1) = osx [ / et o [ / gl

~Cs*\? / / glemsop? — CsP\! / / ey

(L@, L@ = | 555 =50 (o) = 59 () AV (0)

7¢<>aw//¢w

+s fo fQ @Z}Q

et // oasi
o [ 1070

LG e

Also, for larger value of A, from the last inequality in (17), we can write

(31)

Proof. We have

’ 2

We know that

(Aa)® ~ ONE2,

@ [Pz o / fen

As A is positive defined and satisfies the ellipticity property, we then obtain

thus

the following inequality:

5 /OT/Q{/? (V (a) AV (a))? > Cs'\* /OT/Qg{P.

From (12), we have
T ~
/ N ‘<0A2/ e
0 Q
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—2s? 2A/ ) > —COs*\? 3q
[ L5 [ e

In the same way, ones successively obtains

// 90025 (0) LAV (a) > C’sg/\2/ /w
5 /OT /Q A () 92V () AV () > —Cs*\! /OT /Q 302

We finally deduce

thus

and

(L), L) = O / / 202 4 Cstyt / / €12

—Cs*\? / / % — Os°\? / / ¢y
oo [ [ e

For larger values of A and s, we have

—(Cs*)\2 /OT/Qg”wZ?—CsBX* /OT/Qg?’zZQ > —Cs3\ /OT/Qg?’J?.

The proof is then achieved by replacing 1; by its expression. O]

4 Main Result

The main result is given by the theorem below.

Theorem 4.1. Assume that hypotheses (4), (5), (6) and (7) hold. Then
there exists a non negative constant C' depending of 2, w and T such that for

every

Yec (o, T LX) () L* (0.T; HY(R))
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solution of (1), (2) and (3) with g € L* (Xr), we have

s2A! / / ey + '\ / / e < O8N / / gl 2y’

+Cs°\? / / e > |Vl
+Cs\? / / g™ |Vl

+Cs°\° / / e Poy?
1O / e wur
oot [ [
o [ [ e
+Cs°\? / / SC
oo [ [ e
+OsN? / / e Y F (¢

+COs)\? / / Ee B (1)
+C's2\? / 22 | |g|dodt

X
+Cs°\? / Ee B dodt

Xr

where C' may denote different constant.

Proof. Knowing that

I +2L(). 6 (8)) + |G =0

its follows
1L +2(L(5). G (4)) <0

and combining inequalities (26) and (31) of propositions (3.1) and (3.2), we
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deduce

0

v

ILE@)I + 2(L(5), G ()
NN <T/ / ety [ f e (7ol
~osx | [ e
—Cs*N ( / / gle P + / ' / 536—28a|w|2)
—Cs'\° / / e 0y? — Cs° N / / e
—Os*\? / /Q e P (1) — CsN? / / Ee P PF (Y

—082)\2j e 2 |y |g|dodt

3

—083)\3/ 5'3 _25a¢2d0'dt

+COs"X* / / e ? + Cs'\! / / gresoy?
03?’)\2/ /54 T? — 053)\4/ /53 —sory)2.

This finally implies the inequality (4.1) and the proof is achieved. O

v

From the above result one can deduce the following estimate.

Corollary 4.2. Under hypotheses of the theorem (4.1), we have:

e[l oo s eon ([ feoms [ [ecmmir)
+Cs2)\2 / /Q e P F (1)

+Cs*\? j e || |g|dodt

X

+0s*\3 / Ee Y dodt.

S

Proof. Knowing that £*e=*%? > 0, we have:

T T T
82)\4 / / 52675aw2 S 82)\4 / / 52675111/)2 + S4>\4 / / 546780%”2
0 Q 0 Q 0 Q
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and the inequality (4.1) is written

e ( /OTT (e [ [ e [Tl

N

+083A3( Ojg /Q £3em 20y 4 / / £3¢7 |y )

+Cs'N° /O 9546’25% + 5"\ / / e 2ay?
[/ fecmoson ] [ecms

+Cs2\? e BN F ()

S

+COs3\?

2

S
2

+C's\? /O Ee B (1)

Q
+C0s%\? / e || |g|dodt
Er

+Cs*\3 / Ee B dodt
S
Note that the first five terms of the second member of the inequality below

T T
may be absorbed by the term C's®\° (/ / e p? 4 / / £5e™5 |V¢|2>
0 Q 0 Q

so that one gets
T T T
2)\4/ /626—sa,¢2 < 055)\5 (/ /556—sa¢2+/ /656—sa|v¢|2)
0 Q Q
+082/\2/ /52 —2sa1/)F

+C's\? / / EeT2YF (1)
+052/\2/ e 2 |y |g|dodt

3
+COs3\3 / Ee 22 dodt.

Er

T
The corollary is established by noting that the term s\? / / Ee Y ()
0 Jo

can be absorbed by the term 52)\2/ / 2e ) F (1) and that e™25 < g5,

Next, to obtain the observability inequality type, we will refer to [4] to the
state that for every ¢ € C ([0, T]; L*(Q)) () L* (0, T; H*(€2)) and thanks to the



30 Caleman type estimate for some ...

property (12), the term

(] [ ] feea)

T

can be absorbed by C's®\ / / £e**)?. Consequently, we have the follow-
0 w

ing result.

Theorem 4.3. There is a positive constant C' depending on T, ) et w such
that

s2A! /0 ' /Q gep? < O <32/\2 /O ' /Q e YF () + 57N /0 ) /w e’

+5%\? / e [ |g|dodt + s> \? / g%mwmadt).
X7 Xr
(33)
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