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Abstract

In this study, an assessment of precision of poverty indicators is made
with a view to improving its performance. A multiplicative bias reduction
density function is used in estimating the poverty indicators and compared to
the uniform, normal, and the nearest neighbor density estimators. Simulation
results shows the practical potential of the multiplicative density estimator
over its usual competitors especially when the sample size is large.
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1 Introduction

Research efforts in the measurement of poverty indicators are recently being
implemented using linearization techniques, which are seemingly preferred to the
resampling methods because itis less labour intensive and time consuming [4] with-
out sacrificing the gain in precision. Previously, linearization techniques were im-
plemented especially for poverty and inequality indicators using the normal kernel
density, this was shown to generate strong bias [5, 8]. [5] then proposed using the
uniform and thek-nearest neighbor with logarithmic transformation to mitigate the
bias. The reduction of the bias was still substantial after their methods were imple-
mented. In this study, a fourth-order semiparametric density estimator is proposed,
which significantly reduces the bias. This density estimator, reduces both bias and
variance, or at worst preserves the variance of the ordinary kernel estimator and
therefore makes it suitable for practical applications such as estimating poverty in-
dicators.

2 Review of poverty indicators and their correspond-
ing linearized variables

SupposeJ is a population of siz&\ distinct unitsus, ..., uy. For convenience,
let ux be represented by the indéx Let U be a population that has acceptable
coverage of a target population. For every wnithere is a corresponding measure
yk based on the characteristic of interest in the population. Because most survey
data often contain tied observations due to rounding or range answers, making it
difficult to sort into distinct objects for effective estimation of the density function,
[5] increased these values randomly by small and negligible values uniformly to
enable the data to be sorted. For a comprehensible review of these methods and
applications, see [2, 3, 5, 10]. [5] gave the practical implementation of these meth-
ods. As poverty indicators are non-linear statistics, indeed they are rank statistics
and therefore cannot be differentiated to the second order, the plausible approach to
obtaining their linearized statistics is via generalized linearization [3, 5, 10]. Other
methods to obtaining its variance are the resampling methods such as the Jackknife
and the boostrap. The generalized linearization technique uses the iddaaice
functioninitially developed in the field of robust statistics by [6]. The definitions of
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these poverty indicators considered in this study are simply stated below. Readers
interested in details are referred to [5].

3 Poverty Indicators

3.1 Quantile
According to the fourth definition of [7], the quantile is defined as

Qu = Yk—1+ (Yk— Yk-1) [ON — (k= 1)] 1)
whereaN < k < aN+ 1. The sample estimate of the quantile is

GN — Nk—l
Wik

Qa = Vi1 + (Y — Yk-1) ( (2)

The linearized variable of am-order quantile is given by
Q_ 1 1 o
T 1 (G [l[ykéQa] “} 3)
[5].
The quantile estimates (2) and (3) will be used in estimating the poverty indica-
tors which are discussed below.

3.2 Median income and at-risk-of-poverty threshold

Supposen= Qg is the estimated median income of the sample. The At Risk
of Poverty ThresholdARPT) is defined as 60% of the median income:

ARPT=0.6F 1(0.5) (4)

estimated by
ARPT= 0.6005 = 0.6M
This is an absolute measure that is scale-dependent. The linearized variable of the
ARPT is proportional to that of the median income given by
06 1
5ARPT
=1 (ARPT), =0.6l (MED), = —————= 1y, < —O.
257 =1 (ARPT) = 061 (MED) = — e [y —05] - (3)

[5].
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3.3 At Risk of Poverty Rate

The At Risk of Poverty Rat¢ARPR, whereARPRe [0, 1] defines the share
of the population with an income below tA&RPT.: ARPR= F (ARPT). Itis also
scale-dependent. The sample estimate is given by

Y Wi
ARPR= ZY«<ARPT 7 (6)

[5].
[12] defined the linearized variable of tA&RPRas

f (/ﬁ?T) 06

ARPR _ 1 AODE
2= N (1[yk</ﬁﬁ] _ARPR) “rm R e —05)
_ 1 _/\ ADDT) sARPT
- < (1[%@ ARPR) + f (ARPT> 2 (7)

3.4 Median income of individuals below the ARPT

The median income of individuals below tA&PTis my = F ~1(1/2F (ARPT)).
It is estimated in the same way like any other quantile but the exact definition may
differ [5]. [10] defined the linearized variable of, in terms of theARPRas

AMp 1 fﬁ‘RPR 1 .
T t(hp) 2 _ﬁ<1[yk§mp]_':(mp)> (8)

3.5 Relative Median Poverty Gap

The relative median poverty gdRMPG ) is the relative difference between the
ARPT and the median income of individuals below thBPT. If RMPG= 0, then
the income of all "poor” individuals is equal to thHeRPT, andRMPG= 1 if the
income of all "poor” individuals is zero. It measures the extent to which "poor”

individuals are poor;
ARPT—mp

RMPG=— 2T

(9)
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[5, 10]. The linearized variable of ttRMPGas defined by [10] is

RMPG _

hpZ2RPT_ ARPTZ®
/\2
ARPT

(10)

Here, the estimated income density function is involved four times: once in the
estimation oiZRPT and three times in the estimationz)’"

3.6 Estimate of the income density function

Inferences on a finite population using a design-based study often rely on a
designP(S) to obtain representative sample of finite populatidrwith size N.
This way, the random variable of interest is the sample inclusion indicators whilst
the rest are fixed. This makes the population income distribution a step function
given by
Ry (x) = kZJ Ly<x/N (11)
S

which has no derivatives due to discontinuities. Suppose in supperpopulation with
a model-based study, the intent is not to justify the income density function, the
distribution function can be smoothed artificially to become differentiable. Conse-
guently, the function is not exactly a density function. Previously, researchers have
smoothed the function using Gaussian kernel to obtain estimates of the income den-
sity function:

1 2 X— Yk
Ku = ——e¥/2 u=
(u) o h
~ 1 X— Yk
f1(xX) = =Y wK 12
00 = g 3w () (12)

with h as the bandwidth estimated ﬁy: 6N~02; & being estimate of the income
standard deviation for the empirical income distribution givegby ZK—ET\IW'(—VE -2

[3, 5, 10]. It is worth noting that the presence of influential outliers as its often the
case with income data can affect the estimate of the standard deviation. Therefore,
[11] recommended thhk for data that has positive skewness coefficient to be es-

timated byh = 0.79(Qo.75— Qo.25) N~%2. [10] observed that tied observations
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as commonly found in survey data may affect the density function estimate and
hence affect the precision of the linearization technique. In an attempt to address
this defect, [5] made two propositions: First, they estimated the density atypoint
by estimating the density using the logarithmxoflivided by its non-logarithmic
value, valid for finite populations. The logarithm reduces the leveraging effect of
the outliers present in the income data. Their estimator thus becomes
oo fv)  fy(log(x+a))
200 = fv(v) = xt+a ’ X+a
wherea = (|ming(yx) | +1), a positive real number to cater for negative or zero
incomes. Details can be found in [5]. Secondly, [5] estimated the density by using
"nearest neighbor” with minimum bandwidth used ®} for density estimation
given by

(13)

A 1
fD (X, a, b) = ﬁ Kb (y) (14)
keS
1 1
= N keswkmlyke[a,b[ (15)
= w,x € [a,b[ (16)

with Fy (X) = T kesWily<x/N andh = b—a. Their method used at leagbbserva-
tions closer to poink based on minimum bandwidth(p) > hypt defined by

hopt — 0.9min(8, Qo.75— Qo.25)
1.34VN
due [11] as rule of thumb for bandwidth determination. Consequently, they obtained
the final density estimator using the proposed logarithmic approach as

(17)

£y (x) = f OOSE:(; a))

for details on the full implementation of this procedure, the reader should consult

[5].

(18)

3.7 Multiplicative semiparametric bias reduction density esti-
mator

In this section, a multiplicative semi-parametric biased reduction density esti-
mator is proposed to effectively mitigate the challenge of bias in the estimation of
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poverty indicators. The approach is to start with a parametric density estimate and
multiply by a nonparametric kernel estimate. The general form of the density is

fx) = f(x8)f(x)

1 f(x, é)
= =Y Kh(X —x A (29)
n i; ( ) f (Xhe)
where the nonparametric correction function is
n -
F(x) = 15 Kn(Xi—%) (20)
n&g f(X.0)

Details and properties of the estimator can be found in Jakperik et al. (2018, unpub-
lished).

4 Variance estimation

Let v/zirsim(é) be a Monte Carlo variance estimate of a poverty indiceﬁor,
Suppose/ar, (é) is the variance estimator based on linearization computed using
the linearized variable? Yor every sample:

varin (8) = wvar (2‘2) (21)

with n as the sample size for the simulations. Similarly,

() - 213 (A ) =

Wherez?: n—lzsi‘%k. This is strictly design-based and is obtained by substituting

the linearized statistic for total into the relevant formula for variance according to

the design used. In this study, the simple random sampling without replacement was

used and hence its formulae above used in the relevant computations. The achieved

reduction in bias using linearization is assessed by comparing the expected Monte

Carlo value of the variance estimated using linearizatita, [Vari, (é)} with the

"true” Monte Carlo variance estimat@érsim(é), in terms of the relative bias:

RB[ﬁrlin (é)} _ Esim [\ﬁrlii\(e)] t\ﬁrsim (9)
Varsim(8)

(23)

[5].
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5 Simulation results

Simulation studies performed to compare the performance of the proposed mul-
tiplicative density estimator to those used by [5] in their study. The results showed
remarkable improvement in precision of the proposed multiplicative density func-
tion in estimating the poverty indicators considered in the study. One clear ob-
servation worthy of notice is the improvement in precision when the sample size
increased from 500 to 1000. Therefore, it stands to reason that higher sample sizes
may enhance the estimates even further. The table below presents the relative bias
for the poverty indicators based on the different density functions.

Table 1: Evaluation of poverty indicators under different density functions

Sample sizen = 500 Sample sizen = 1000

Indicator  f; f, fs f, | f fo fa  fp
ARPT 0.06 0.04 0.12 0.080.05 0.02 0.09 0.01
ARPR 0.02 0.03 0.11 0.02-0.01 0.02 0.12 0.01
RMPG 0.42 0.22 -0.13 0.090.40 0.20 0.10 0.04
MEDP 0.62 -0.15 0.20 0.180.51 -0.11 0.16 0.11
MED 0.08 0.06 0.14 0.040.04 -0.03 0.08 0.02

Clearly, the estimators can either overestimate or underestimate the true parameters
under consideration, resulting in the the relative bias taking on positive or nega-
tive values respectively depending on the nature of data used. The impressive issue
about the results is that the multiplicative bias reduction density produces results
with relative bias consistently lower than 5% which underscores its robustness.
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