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Numerical Approach of
an Optimal Control Problem
for Sand dune formation
in Aquatic Environment

Yahaya Alassane Mahaman Nouri!, Saley Bisso? and Abani Maidaoua Ali?

Abstract

The aim of this paper is to determine the optimal initial height of
a sand dune that may favor its formation when it is completely im-
mersed in an aquatic environment. We formulate an optimal control
problem governed by the equations which model the formation dynam-
ics of this dune through its height under the effect of the incompress-
ible flows in space dimension 2, where the control plays the role of
an uncertainty on the initial height. To solve this problem, we use a
Chebyshev-Gauss-Lobatto spectral approach Py_g p/—o-type in space
and the Second-order backward Euler scheme. The Chebyshev-Gauss-
Lobatto quadrature and the Composite-Trapezoidal method are also
used. Further numerical tests are given to illustrate our approch and

compare the approach and optimal solutions.
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1 Introduction

Sanding is an environmental phenomenon whose stake has been the subject
of many contributions for an effective struggle [12, 13, 15, 16, 17, 18, 19]. Yet
we can not influence this phenomenon until we have a good understanding
of the process that governs its formation. It is in this perspective that we
have developed and studied numerically a mathematical model [17, 18] that
describes the sand dune formation dynamics across its height in an incom-
pressible flows where the dune is supposed to be completely submerged and
occupies a bounded open regulated domain I, =]=%, L%, (4 > 1) of R,

The results obtained allowed us to understand the sand dune formation
dynamics in an aquatic environment over a time interval [0, 7], 7' > 0 [17, 18].
Thus, in order to implement these results, we were interested in this work
to determine the optimal initial height which can favor the dune formation
at a given instant t, with the same initial data [17, 18] that we consider as
the observation data. And to better understand the control action on the
approximate height, we use this optimal value as initial data to calculate the
optimum height. To achieve this, we formulate an optimal control problem
governed by the equations which model the dune formation dynamics, while
acting on the initial height of this dune with a control that plays the uncertainty
role on This one [1, 5, 20, 22].

Several approaches are used to solve a large class of optimal control prob-
lems [1, 4, 6, 7, 14, 20, 24, 26]. For our problem, we use the Second-order
backward Euler scheme for time semi-discretization and the Chebyshev-Gauss-
Lobatto spectral approach Py_o p—o-type [2, 8, 18, 21] for spatial discretiza-
tion. This approach is based on use Chebyshev polynomials of degree at most
N — 2 following x and at most M — 2 following y to approximate the func-
tions and their derivatives on the Chebyshev-Gauss-Lobatto usual grid of col-
location points. Furthermore, we approximate the cost function using the

Chebyshev-Gauss-Lobatto quadrature method for integral on I', domain and
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the Composite-Trapezoidal method for integral on time interval [3, 9].

The paper is organized as follows : Section 2 is devoted to the formulation
of optimal control problem. In Section 3 we present the numerical schemes
that we used. Numerical results are presented and discussion in Section 4. We

concludes this paper in section 5.

2 Problem Formulation

Let I', :]_717 i[z, (u > 1), a regular bounded domain occupied by a sand
dune which is supposed to be completely immersed in an incompressible flows
in a regular open domain 2 =] — 1, 1[* of R2.
Let T > 0. Note : @ =|0,T[xT, and the control space U = L*(T,,).
The model problem under consideration is to find the optimal control v°?* and

the optimal height h°"" which minimize the cost function :

1 [t obs a
J(v) = 5/0 Gt 2, ) = B (g ) A+ 5 10 s, (1)
subject to :
oh .
Frie V.(mVh) =®(t,z,y) inQ (2)
| VR[<1 m(|VA]-1)=0 nQ (3)
h(0,2,y) = h*" +o(z,y) onT, (4)
where

e h(t,x,y) is the dune height;

e 1% is an observation data;

e O(t,z,y) is a source term;

e m(t,z,y) is the mass density of the sand grains transported by the flows;

e u(z,y) denotes the control variable that plays the role of an uncertainty on
the initial height of the dune;

e « denotes a real coefficient of regularization.

The norm || ||z2 (r,) is defined for a continuous function ¢ to a weight function

w [8, 21], by the following relation :

1o la= ([ [ 166) P o). )
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Note Uyg = {u €U : | Vu ||< 1}, the admissibles controls set.

Choose ®, m and h in L*(Q), and the observation data h° in L*(T,,).

We assume that problem (1)-(4) has a unique solution (h°", v°P*). We propose
a reformulation as follows :

J(u) = min J(v), (6)

VEUL

subject to Eqs. (2)-(4).

3 Numerical Schemes

In this section, we give the numerical Schemes that we use to discrete
problem (1)-(4). The approximate process of the considered problem includes
the approximation as well as the discretization of the cost function and the

constraints model.

3.1 Approximation of the Constraints model

For a given positif integer r, we consider a time step discretisation At = %,

with 7" > 1. Then we define the knots of the interval [0; 7] given by ¢, = nAt,
with n € {0,...,7}.

For a given continues function ¢(¢, x,y), we approximate ¢ at the knots t,
by @(tn, x,y) = ©"(z,y).

In order to approach in time the Eq. (2), we used second-order backward

Euler scheme which is given by :

3" (@, y) — 40" (x,y) + " (2, y)
AL

Oyp(tnir, x,y) =~ yform=1,....r. (7)

Let A =] — 1, 1[. For a given positive integers N and M we denote by Py_o(A)
and Py, o(A) sets of orthogonal polynomials of degree less than or equal to
N — 2 and M — 2, respectively.

Let denote Py_o pr—2(A X A) = Py_o(A) @ Ppr_2(A), the set of polynomials
defined on A x A of degree N — 2 according to the variable x and degree M — 2

according to the variable y, where ® denotes Kronecker product [11].
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The Chebyshev-Gauss-Lobatto spectral approach Py_s pr—o-type consists
in approaching functions and its derivatives using Chebyshev polynomials and
the Chebyshev-Gauss-Lobatto mesh [8, 21]. For p > 1, interval ]’71, i[ subset

] — 1, 1[, PN_Q’M_Q(F”) subset PN_Q’M_Q(A X A)

Let (zx;,yy;) a grid of I, defined by : zx; = %cos(%), i=1,...,N=-1yy; =
icos(%), j=1,...,M —1. We write Egs. (2)-(4) at the nodes (zz;,yy;)
and at point t,,q fort=1,.... N—1,j=1,.... M —1landn=0,1,...,7r.

Let us consider the following approximations :

h(tos1s xag, yy;) =~ bt

,L?J ’

~ n+1
m(tni1, 25, YYi) N~y

n 8
gb(tn-i-la T4, yyl) ~ ¢i7;r1a ( )

U($$z'a yyi) ~ Vi -

We approach the first and secondary operators of derivation of ¢ = m,h in
Pyn_om—2(T)

n N

0" (@i y;) _ SO
ax Pt ik kg

3<Pn+1(37i;yj) = M1 n+1
Ay =D 4l

o~

M= L

&7\772 n+1,

5290n+1(30z‘; Y )
— ik Prj o

0x?

e
Il
o

aZ@nJrl (.ZU“ y])

Oy?

gl Pil

M-

T
=

where @/’;1 and d¥2, 1 < i < N—-1; 1 < k < N — 1 are coefficients of
the Chebyshev differentiation matrix of order 1 Dy and order 2 (Dy)? in
Py_2(A) [8, 21].

Using the approximations (8) and the schemes (7) and (9) we obtain the dis-
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crete form of Eq. (2) as follows :

n+l _ gpn n—1 N-1 N 1 N-1
3hl:.7 4h17] + hlv] ( TL+1 lhn+1 o TL+1 C}N’2hn+1
N zkmkj z m;; ik Vg
k=1 k:l k=1
M 1 M-1 M-1
n+1 ,1 n+1 n+1 ,2 n+1 n+1
Jl Z Jil h my Z d; h q)w )
=1 =1 =1
(10)

Forn=0,1,...,r Let

APt = 2At(dzag[(DN ® In_1)m"I). * (51; ® Inr-), (
Ay = 24t [diag (m"™ )T« (( Dy)*@ Ini-1), (12
At = 2At(diag[(In-, ® D) m" ). % (Iy_1 ® 51\/4)7 (
APt = 2A¢[diag(m™ ]« (Iy-1 ® (D) °), (
(

where Iy 1, Iny—1 are (N — 1) x (N —1) and (M — 1) x (M — 1) dimensional
identity matrices,

Iis (N —1)(M —1) x (N —1)(M — 1) dimensional matrix with entries equal
to 1,

m"! is a vector of order (N — 1)(M — 1) x 1 given by:

n+1 __ ( n+1, n+1 n+1 n+1 n+1 . n+1 )t
)

m AT e T g3 Mg 53 Mg g e S TN 15 TN g

APt At AR AR are (N — 1)(M — 1) x (N — 1)(M — 1) dimensional
matrices given by the second, third, fourth and fifth terms, respectively, in the
first member of Eq. (10).

. denotes multiplication element per element of the same dimensional matri-

ces. Then using Eqgs. (11)-(14), we can write the matrice formulation for Eq.
(10) as follows :

crHgvtt =4 — HY 4 R on=1,...,r, (15)

where H"1 R""! are vectors of order (N — 1)(M — 1) x 1 given by :

n+1l __ n+1 n+1 n+1 n+1 n+1 n+1 t
H (h117" th 17h217" h’2M 12 h —1,10 hN 1,M— 1)7

n+1 __ n+1 n+1 n+1 n+1 n+1 n+1 t
R _2At((b1,1ﬂ" cI>1M 17(1)217" (I)QM 10 CI)N 1,10 (I) —1,M— 1)'

C" s (N —1)(M — 1) x (N —1)(M — 1) dimensional matrix given by :

CnJrl — 3([N71 ® [Mfl) _ A?+1 o A;Hrl - Angl o AZ+1. (16)
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Assuming C"*! reversible, we can rewrite Eq. (15) as follows :

H" = ("™ 4H" — H" '+ R™Y, n=1,... n (17)

3.2 Approximation of the Cost Function

The basic principle of the Chebyshev-Gauss-Lobatto quadrature and the
Composite-Trapezoidal method is describe in many references [3, 9, 10, 23, 25].

Using Eq. (5) and the Chebyshev-Gauss-Lobatto quadrature, we obtain the
following approximations :

Ihite) =0 ey = [ [ bt =0 P u@)ot)dedy
N
= [ ) - 1 P w@dr)utdy

Nt (18)
| h(t,zzs, y) — b P w;)w(y)dy

Q Q

hobs ‘ 2

| h(t, zx;, yy;) — wi)wj

and

=
T

| v(@,y) | w(@)w(y)dedy

| o(e.9) 120, =

==
==

Tlew =

| v(@,y) * w(w)dz)w(y)dy

I
—
—

Tl=g =
0

Q

=R =

(19)
| v(xai,y) [* ws)w(y)dy

=T (=
~
I

b
Z .
o

Q

(> | v(zai, yy;) [P w)w;,
1 =1

J

where wj, is the Chebyshev-Gauss-Lobatto coefficient [8, 9, 21], define by :

|

. i=0,N
i=1,...,N—1,

ZlA §|>1

(20)
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as well as w;, j =0,1,..., M.
By subtituting Eqgs. (18)-(19) in Eq. (1) we get fori=1,...,N —1 and
j=1....M—1:
T M-1N-1

In (v / Z Z | h(t, z2;, yy;) — hobs |2 wiwj)dt

Jj=1 i=1

g
z

~1N-1
| v(zz, yy,) ]2 w;w;. (21)
1

+

e

1 4

J
Using composite trapezoidal formula on interval [0,7], we obtain from Eq.
(21) :

n  M-1N-1
JNM( ( Z hk . hobs (hfjl . hobs)2])
k=0 j=1 =1
M—-1N-1
« 2
+§ vijj)wiwj. (22)
j=1 i=1
We can rewrite Eq. (22) in the following form :
n At - N 00s 00s 3
T V) = (53 ([(diag(H* = H)(H" — 1))
k=0

+[(diag(H** = H) (" = HO)]') + 2 ((diag(V)V)' ) (W © W) (23)
where H°* V are vectors of order (N — 1)(M — 1) x 1 given by :
H = (Rt bW, (24)
Vo= (V11 s VLM 15 U215+ -y V2 M 15+ s UN— 115+, UN—1.0-1) s (25)
W, Wy are vectors of order (N — 1) x 1 and (M — 1) x 1, respectively, given
by :
Wy = (w1, ...,wy_1)",
Wy = (w1, ..., wy1),
diag(X) is L x L dimensional matrix define from X = (X1, X»,..., X1)" by :

X, 0
0 Xy 0
diag(X) = . with L = (N — 1)(M — 1). (26)
0 X, 0
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From the discrete form of Eq. (4), we obtain :

HY, = H +V,,, (27)

opt -

where H, and V,p are vectors of order (N — 1)(M — 1) x 1 denotes initial

optimal height and optimal control, respectively, given by:

0o _ 0,0pt 0,0pt 0,0pt 0,0pt 0,0opt 0,0pt t
Hopt_ ( 1,1 7"'7h1,M717h2,1 7"‘7h2,M71’"'7hN71,17“'7hN71,M71) ) (28)
_ opt opt opt opt opt opt t
Vopt = (Ul,l» s U1 V215V a1 s U100 - 7UN—1,M—1) . (29)

We deduce from Eq. (17) and (27) the optimal height vector H,p, given by :

Hn+1 — (Cn+1>—1(4Hn

opt opt

—HLUHR™Y, n=1,...,7 (30)

4 Numerical Results

We choose N = M =20, T =1, a = 1072, At = 2.1073 and consider

observation data as follows :

W = (1= 2%)(1 - y?).

Figures 1, 2, 3 and 4 describe the spatial profile of the optimal control
for 501 time discretization points and 361 nodes of the I', domain for p =
10, 150, 200, 300. These graphics show that, as the domain is small, the optimal
control is compact.

With the same parameters, the spatial profiles of the approximate height
(Figures 5, 6, 9, 10) and the optimum height (Figures 7, 8, 11, 12) of the dune
are shown at t = 0.042 for a time steps At = 2.1073. These graphics show
that more the I', domain is small, more the control affects the approximate
height, significantly. The control action generates a significant disturbance of
this height, causing a sharpening of the dune. The spatial profile of optimum
height in Figures. 7, 8, 11 and 12 confirm this.
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Figure 1: Spatial profile of optimal control for At = 2.1072, N = M = 20 and
w=10.

Figure 2: Spatial profile of optimal control for At = 2.1073, N = M = 20 and
w = 150.
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Figure 3: Spatial profile of optimal control for At = 2.1073, N = M = 20 and
w = 200.

Figure 4: Spatial profile of optimal control for At = 2.1073, N = M = 20 and
= 300.
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Figure 5: Spatial profile of approach dune height at ¢ = 0,042, for At =
2.1073, N = M = 20 and p = 10.

Figure 6: Spatial profile of approach dune height at ¢ = 0,042, for At =
2.1073, N = M = 20 and p = 150.
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Figure 7: Spatial profile of optimum dune height at ¢ = 0,042, for At =
2.1073, N = M =20 and p = 10.

Figure 8: Spatial profile of optimum dune height at ¢ = 0,042, for At =
2.1073, N = M = 20 and p = 150.
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Figure 9: Spatial profile of approach dune height at ¢ = 0,042, for At =
2.1073, N = M = 20 and p = 200.

Figure 10: Spatial profile of approach dune height at ¢ = 0,042, for At =
2.1073, N = M = 20 and p = 300.
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Figure 11: Spatial profile of optimum dune height at ¢ = 0,042, for At =
2.1073, N = M = 20 and p = 200.

Figure 12: Spatial profile of optimum dune height at ¢ = 0,042, for At =
2.1073, N = M = 20 and p = 300.
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5 Conclusion

In this paper we have studied numerically an optimal control problem of
sand dune formation dynamics in an aquatic environment. The aim is to deter-
mine the initial optimal height which favor dune formation in aquatic environ-
ment. we are formulate an optimal control problem governed by the equations
which model the dune formation dynamics, while acting on the initial height
of this dune with a control that plays the uncertainty role on This one. We are
using the Chebyshev-Gauss-Lobatto spectral approach Py _s p/—o-type and the
second-order backward Euler scheme to approach the constraints model. The
Chebyshev-Gauss-Lobatto quadrature and the Composite-Trapezoidal method
are used to approximate the cost function. Numerical results that we obtain
show that the methodology that we used is effective and convenient to ap-
proach the optimal control problem considered. Our futur work will be de-
voted to study an optimal distributed control problem of the dune formation

dynamics in an aquatic environment or under the wind effect.
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