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Spectral relationships of Volterra- Fredholm
integral equations in some domains
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Abstract

In this work, the solutions of Volterra- Fredholm integral equations of the first and
second kind in one, two and three dimensional are obtained in the space L, (Q2) x
C [0,T], T < 1. The Fredholm integral term is measured with respect to position,
where Q is the domain of integration; while Volterra integral is measured with
respect to time. The solutions are obtained, using two different methods. For the
first method, we have a Volterra integral equation, while for the second method,
we obtain a linear system of Fredholm integral equation. Several spectral
relationships are obtained when the kernel of position takes a logarithmic form,
Carleman function, elliptic integral form, potential function, generalized potential
function, Macdonald kernel, and other interesting cases are discussed.
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2 Spectral relationships of Volterra-Fredholm integral equations

1 Introduction

Many problems in mathematical physics, theory of elasticity, viscodynamics
fluid and mixed problems of mechanics of continuous media reduce to an integral
equation of the second kind, in different dimensions, with continuous or
discontinuous; see [1-6]. For these applications, the authors have established many
different analytic and numeric methods for solving the different kinds of integral
equations with different kernels; see [7-11].

One of the important methods for solving the singular integral equations is
the orthogonal polynomials method. Using this method, the authors can obtain the
spectral relationships for the integral equations of the first kind. Then, using the
results in solving the singular Fredholm integral equations of the second kind.
More information for the spectral relations can be found in Refs.[12-17], and for
the orthogonal polynomials in [ 18-21]

Consider the V-FIE of the second kind

1 D(X ,t)—”F t, 2k (x,y)®(y,2)dy dr=[y @)+ BE)x —f.(x)] =F (x,t) (1.1)

(X=X (X3, X5, %5) =Y (V1,Y5,Ya) s (X,Y)eQte[0T 1T <)
under the conditions

jcb(x t)dx =N (), jx ® (x ,t)dx =M (t), (1.2)

The integral equation (1.1) can be investigated from the contact problem of a
rigid surface (G, v) having an elastic material occupying the domain Q, where
f.(x) describing the surface of the stamp. This stamp is impressed into an elastic
layer surface (plane) by a variable known force N(t) whose eccentricity of
application e(t), and a variable known moment M(t), t€[0,T ], T <1; that case
rigid displacements vy(t) and P(t) respectively. Here G is the displacement
magnitude,v is Poisson’s coefficient, u is a given finite constant defines the kind

of integral equation. In addition, y(t), B(t) and F (t,z)are given continuous
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functions belong to the class C[0,T], t<[0,T],T <1. The given function
f (x,t)belongs to L, () x C [0,T], where Q is the domain integration. The

discontinuous kernel of position k (X,y), (X =X (X;,X,,X3) .=y (Y1, Y,.Y3)) is
known function, where its formula depends on the surface used, and the contact
domain of integration, while F (t,7) is the continuous kernel of Volterra integral
term in time represents the resistance force of the contact domain. The unknown
function ®(x ,t), will be obtained, under certain conditions, in the space L, (©2) x
c[o, T].

We must realize that, the generalized potential and Macdonald kernels are
obtained, if the modules of elasticity is changing in the layer surface according to
the power law o, =k, ¢ ,i=1,2,3,0< v<1, where o; and ¢; are the stress and strain
rate intensities respectively, while ko, and v are constants depending on the
physical properties of the elastic layer; see [22-23].

In order to guarantee the existence of unique solution of (1.1), we assume the

following conditions

(i) The kernel of position, in general, satsfies the discontinuity condition
1/2

{”kz(x,y)dxdy} =D . (D-constant) ,where Q is the domain of

Q

integration.

(ii) The positive continuous function F (t ,r) eC ([0,T IX [0,T ]) and satisfies
F(t,7)<E <E, (E-constant), for te [0,T].

(iii) The given continuous functions y(t) , B(t) belong to the class C[0,T] , while

f+ (X)L, (€2). This leads that, the continuous function f (x ,t) € L, () x C [0,T].
(iv) The unknown function ®(x ,t) satisfies Holder condition with respect to time

and Lipschitz condition with respect to position.
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Theoreml (without Proof): The V-FIE (1.1) has a unique solution, under the
condition |u|>TDE, maxt =T.

In the remainder part of this paper, the solutions Jof the V-FIE, in one, two and
three dimensional of the first and second kind ,in the space L, (Q2) x C [0,T], will
obtain. Where, we use a series polynomials method to separate the variables and
obtain three integral equations of Volterra integral equations of the second kind
with continuous kernel. Then, a quadratic numerical method will use to obtain
linear system of FIEs with discontinuous kernel, where the solution can obtain,

under certain conditions.

2 Method of separation of variables

The importance of this method comes from its wide applications in
mathematical physics problems, where the eigenvalues and eigenfunctions of the
problems can be discussed and studied. Therefore, we state without proof the
following:

The principal theorem 2 : (see [17] and [18] )

For a symmetric and positive kernel of positionk (x ,y ), the integral operator

Ky = [k(x,y)y (y)dy, (2.1)
Q

through the time intervel 0 <t < T < 1, is compact and self-adjoint operator. So,
we can write (2.1) in the following form o, Ky = y, where a, and vy, are the

eigenvalues and eigenfunctions of the integral operator respectively.

In view of Theorem 2, we will seek the solution of equation (1.1), in the

following form
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D(x,t)= D, (x,t)+ D, (x,t)
(2.2)
where @, (x ,t)), &, (x,t)represent, respectively the complementary and

particularly solution of (1.1).
Using (2.2) in (1.1), we have

u®; (x )=-[[FE.0k (x,y)0; (y,7)dydr=3, [yt)+ )% . (x)]

(2.3)
Where, & = 0 at j=0, and 6, =lat j=1.
For t =0, the formula (1.1) becomes
H@(x,0) =[7(0)+ BO)x ~f. (x)]
(2.4)
Using (2.2) in (2.4) and substracting the result from (2.3), we have
t
u[®; (x )= (x,0)] - [[F .0k (x,y)o(y ,7))dydz 25
0Q .

=5, [ 7()—7 Oy (BE)-B(0)x)]
Under the conditions (1.2), assume the unknown function ® (x ,t)of (2.3) in the

following form.

@, (x 1)=X[AD O, () +AD O v, ()] (26)

Hence, Eq. (2.5), after using (2.6), becomes
| (APO-AY @ )y, )+(ALO-AY @) v, ()]

- ]jF(t,r)k Y [AY @y, (V) -AD (D) w, (v))]dydr

:51' [ﬂt) _7(0) +X (ﬂ(t)—ﬂ(O)) ]; k =0,1,...,0 (2'7)
In view of principle theorem2 and the conditions of (1. 2) we can write Eq. (2.7)

as
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t

pA® () ~a, jF t.DA® (D) dr=uA®(0), k 21 (2.8)
0

(l) ¢ () —ay IF(t 7) A(l) (r)d 7=y, 2k[ (t)- 7(0)]

(2.9)
HARL () —ay I Ft,7) AL (D) d7=ay b, [B)-B(0)] (2.10)
where
inK vk =1, inK—l Yok =X (2.11)
k=1 k=1

Equations (2.8)-(2.10) represent VIEs of the second kind that have the same
continuous kernel F(t, ©) € C ( [0,T] x [0, T])and each of them has a unique

solution in the class C[0,T]. The value of A2 k (0) can be obtained, directly from

(2.3) and (2.4) in the form of Aﬁ(O):ak v(0). Different methods in [24, 25]

have been discussed to obtain the general solution of VIEs of the first and second
kind.

In view of Eqs (2.8)-(2.10) the general solution of Eq. (1.1) under the conditions
(1.2) can be adapted in the form

®, (=3 [AL ) + AC ] v, () (2.12)

where Aﬁo) (t) and Af(l) (t) must satisfy the inequality

1/2

n 2
{Z‘A(ko)(t) +AQ 1) ‘ } <8, (N> 0,8<1,0<t<T) (2.13)
k=1

from the above discussion, we can state the following:
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Theorem 3: The inequality (3.13) tells us that, the series (2.12) is uniformly
convergent in the space L, (Q) x C[0, T], T< 1, n — o. Therefore, the solution
of V- FIE of (1.1) can be obtained in a series from of (2.12).

Theorem 4: Under the conditions (i)-(iv) and equation (2.13), we have
|o(x,t) =D, (x,t)| >0 as n—ow where @(x,t) represents the unique
solution of (1.1), and its approximate solution ®_ (x ,t)is given by (2.12).

Theorem 5: The error of the approximate method used can be calculated as

E, =[x t)-®, (x,t)| .t e[0,T ], where E,— 0 as n— .

3 System of Fredholm integral equations

In this section, we use quadratic method, see [8,10 ], to transform the V-FIE
to SFIEs. The importance of this method comes from its wide applications in the
applied sciences especially in the theory of elasticity, mixed problems in
mechanics and in contact problems. For this, we divide the interval [0 ,T], 0 <t <
T<1as:

O=tp<t;<tr<...<t,=T,whent=t,k=0,1, ..... {.

Hence, the integral term of (1.1), in this case, becomes
t
[ [k F t.o)@(y,7)dyde =
0Q

:Zk:uj F (t t)) [K(x Y)D(y. ;) dy+0(h™) (h, >0, p >0) (3.2)

(h =maxh;, h =t -t )

0<j<k

The values of u; and the constant E)depend on the number of derivatives of F(t, 1)

with respect to t, for all values of t for example, if F(t, t)e C*([0,T] x [0, T])

then,f):4,p~):kand uO:%ho,u4:%h4,ui=hi , 1=123. More
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information for the characteristic points and quadrature coefficients are found in
[8, 10].
Using (31) in (1.1), we have

O (X)= 205 Fy JROy) @ (y)dy =F, (x) (32)

where, we used the notations @(x,t,)=®, (x),F(t,.7;)=F ;.f (x.,t,)=f, (x).
In addition, the boundary conditions (1.2) become

fo,0)dx =N, [x®, (x)dx=M , (3.3)

The formula (3.2) represents linear SFIEs of the second kind. When pu =0, in Eq.
(3.2), we have linear SFIEs of the first kind.

4 Spectral relations of SFIEs of the first kind

Our attention now, is obtaining the spectral relations for the following

equation

DU; Fi [k 06y @ (y)dy =F, (x) 4.1)

4.1 One Dimensional Integral Equation
(1) Let, in (4.1) k(x,y)=In|x—y| , Q=[-11] then, we have SFIEs of the first
kind with logarithmic kernel.
K 1
YU Fp [Injx —y|@; (y)dy =f, (x) (4.2)
j=0 -1

For obtaining the spectral relations of (4.2),we use the orthogonal polynomial

method. For this, Let T (x) =cos(ncos™x), x €[-11], n >0. denotes the
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sin[(n+1)cos ™ x]

Chebyshev polynomials of the first kind, whileU  (x) = - =
sin(cos™ x)

n >0,

denotes the Chebyshev polynomials of the second kind. It is well known that

{T,(x)} form an orthogonal sequence of functions with respect to the weight

1
function (1-x?) 2, while {U, (x)} form an orthogonal sequence of functions

1
with respect to the weight function (1—x?)2. It appears reasonable to attempt a

series expansion to @,(x) in Eq. (4.2) in terms of Chebyshev polynomials of the
first kind. This choice is not arbitrary since one can identity a portion of the
integral as the weight function associated withT_ (x). For convenience, we use
the orthogonal polynomials method with some well-known algebraic and integral
relations associated with Chebyshev polynomials see [12,18]. Thus, in this aim,

we represent @, (x), f,(x) inthe following forms

f, T, ()

8, T, (x), f, (x)=
ﬁZ , Lo

Hence, after substituting (4.3) in (4.2), and using the orthogonal polynomial of

®,(x) = (4.3)

Chebyshev polynomials, the following spectral relationships, from (4.2), can be

obtained

k
TCInZZUj Fj,k n=0
i

K 1y |
> ujFix j T 0, ()dy=
=0 441 {Zu }Tnj(x) n.>1

(4.4)

where T,(X) is the Chebyshev polynomial of the first type.

Differentiating Eq. (4.4) with respect to x, we have the spectral relations of SFIEs

of the first kind with Cauchy kernel, in the form
© Toy(ndy

Zu F. —nZu Fi. U ) (n;2),
i Tk JTik “Jl i
j=0 (X —y)y1-y?

where Uy(X) is the Chebyshev polynomial of the second type.

(4.5)
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-

(2) If we let, in Eq. (4.1), k (x,y) = |x -y 0<v<l Q=[-11], we have SFIEs

with Carleman kernel. The importance of Carleman kernel came from the work of
Artiunians [26], who has shown that, the contact problem of the nonlinear theory
of plasticity, in its first approximation reduces to FIE of the first kind with

Carleman kernel. Hence, we have

k 1
DR [lx=y o (dy = i (), x]<1 @.6)
j=0 -1

To obtain the solution of the formula (3.14), we represent the unknown and known

functions, respectively in the following form, see [27,28]

1 d v 1 d v
Q, (x) = m HZ::()ank Cs, (¥), f,(x) = m ; fo Con (). (47)

Here, C;, (x ) are Gegenbauer polynomials, a, are the unknown coefficients and

f , are the known coefficients. The term (1 - x 2)’(1%) is called the weight

function of the Gegenbauer polynomials.
Using the orthogonal polynomial method [18-19], and the following relations [28]

1. nC'(x) =2Vv[x C1(x) - C' ()],

r(5+3)
727 T(2v+n)

nt (n+v) [T(v)]

where I'(x) is the Gamma function, we arrive to the following spectral

<

N

1
: (Rev > —=
> ( 2)

relationships

Zk:ujpjkj' Cn N ﬂZu Fi (M +0) % (x);
i 5 |x- Y| (€-y?)” F(u) cos- (4.8)

(m>0,0="— 1 0. 1[x[<1)
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4.2 Two and three Dimensional Integral Equations with finite
domain

(3) If the modules of elasticity is changing in the layer surface according to the
power law o, =k, &",i =1,2,3, v=0.5. In this case, the kernel of Eq. (4.1) takes a

potential function form, and the contact domain Q is represented as Q = {(X, Y, 2)

e Q: \x?+y? <a,z=0}, hence we have

k @, (&,m)dédn
uj Fy — == 1, (x,y) (4.9)
Z iI\/(X—é) +(y-1)

The formula (4.9) represents SFIEs with potential kernel.

Following the same way of [16], on noting the difference in notation, we arrive to

the following
k 1
> UiFii [ Wa (r.p) v (P)dp=gy (1) (4.10)
J=0 0
where, we used the notations of polar coordinates and we represent W(r,p) as a

formula of Weber-Sonien integral,

W, (r,p)=4rp I J,(ur)Jd, (up)du; (Jn(x)isa Bessel function of order n) (4.11)
0

The general solution of Eq. (4.11) leads us to obtain

Assume the solution of (4.10) in the form

Z"(r) = \/ﬁio a™ P (\/1 _ rz), (k=0,1 2,...,0 ) (4.12)

where P, (y ) is the Legendre polynomial and . 1-r?is called the weight

function of the Legendre polynomial. Then, using orthogonal polynomials method
[18.19], we obtain the following spectral relationships:
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1
(njrff) 2

k LW, (y)P, 2 (L-2y? by K ()

Z(:)Uij,kI mlj . =X”JZ;,)7bijij,kPj (1 2X )(4.13)

I= 0 - -

F2(1+m-j
2 J

m; _(Zm )IF(1+m +n

where A, ) and Pr(n“'B) (x) is a Jacobi polynomial.

(4) If the modules of elasticity is changing in the layer surface according to the

power law o, =k, &’ ,i =1,2,3,0< v<1. In this case, the kernel of Eq. (4.1) takes a

generalized potential function form, and the following contact domain {Q = {Xx,

y,2) € Q1 x?+y% <a,z=0}. Hence, we have

iu FJkJ’J‘ (Dj(fiﬂ)dfdﬂz szk (X, y)’ (0§0<1) (414)
-0 0 [ x—¢&) +(y—77)}

Following the same way of [16, 22], after using polar coordinates and noting the

difference in notations, we have

UjFik J Wy (r,p) v () dp=0y () (4.15)
= 0
where
W2 (x, )= [1°3, (003, ()t (4.16)

The formula (4.16) is called Weber-Sonien integral formula. The solution of the

formula (4.15), after using orthogonal polynomials, leads us to the following

S lWU X) n-o n-o
ZUij,kf(ln_(yz)yw)- P (1-2y%)dy = X" Zuj A PO (1-2x%), (4.17)
= 0

22“’F2(1J;U+ mjj
where A" =

m (ij)!l“(1+mj +n)

, (0<v<], wzzL_TU;m >0)

The formula (4.17) represents eigenvalues and eigenfunctions for a linear system

of FIE of the first kind with a generalized potential function.
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4.3 Special cases

(@) Letin (4.17) v=0.5, we have directly the spectral relationships of (4.16)
(b) Logarithmic kernel: Letin (4.17) v = % m = J_r%

(c) Carleman function Carleman kernel: Let in (4.17) m = J_r%

(d) The spectral relationships of SFIEs with elliptic integral kernel can be

obtained, from (4.17) when v = n =0, to have
\J2X
yKI[ y]PZm,. (y1-y*)dy
X+y _
Vi-y* (4.18)

2

:ﬂ-_iuj I:j,k I:M} szJ (Vl_ Xz)

4 (20,))!

k

D UiFiy

=0

O ey

i

where K[ﬂ] is called the elliptic integral from, and Pn(z) is called Legendre
u-+v

polynomial function.

4.4 Semi- infinite interval

To obtain the spectral relationships of Eq. (4.13), (4.17) and (4.18) of the
semi-infinite interval, we represents the Weber-Sonien integral in terms of Gauss
hyper -geometric function, see formula 8 of [28] PP. 715, to deduce the following
important property

Wy [y = o) W (x,y) (4.19)
Using, in (4.13), (4.17) and (4.18), the substitution x = t*, y = v*, and making use
of property (4.19), the spectral relations of the semi-infinite interval for SFIEs
with potential kernel, generalized potential kernel and elliptic kernel, respectively

take the following forms
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o vz V-1 (4.20)

‘ 2 WY (t,v) PO (1-2v 2 )dv
ZUij,kI ] ( ) =

[0}
0 1 v (v2 —1)

(4.21)

* (njfw) )
Ao P 1-2t B
:iqujvk i m]t1+u+(n )1 (1SU<OO,W::LTU)

and

K {2““’ } P, [\/1—v‘2 Jdv
e ey |
Zquj'kJ =
1

(t+v)v3’2\/v2 -1 (4.22)

2

_ﬂ_iujpjv{(zmjl)!lzpm] (Vit7)

4 J (2m)I

where A, and k*m are given by (4.13), (4.17) respectively.

5 Three Dimensional Integral Equations with infinite domain

5.1 If the domain of integration of equation (4.9) is defined as
Q={(x,y,z)eQ:|y|<a,—w<x <o,—0<z <0}, we have the following linear

system of integral equations

k Tt O (&,n)dédy
uF., '
ZHF L _L\/(><—cf)2+(y—77)2

For this aim, we use the following Fourier transform

= (xy) (5.1)
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15
D, (x)= .[ D, (x,y)e' dy; fi.(X)= J. f(xy)e' dy (5.2)
where « is a parameter of Fourier transform. Hence, equation (5.1) yields
(TR @, (<) dyd
zquj,kJ ,[ \J/é/—é/_fj,a(x)
J=0 o —a _
Using the following famous relation [28]
T cosaydy
= al|x—-¢
[Ty o~ ol bl
We have
k a
YuF [ Ko(lof[x=¢]) @), (€)d¢ =1, () (5.3)
J=0 “a

where KOQt|) is the Macdonald kernel. Using orthogonal polynomial method, we

have

C., [cos™ f -qlq
Ko(|&—7])dE =
\/az _52 (| |)

ufF. ,F K, (@j-0) n 2

- iTik nj C, [cos™+,—ql; (q:a_)
JZ=(; e nj(ej_q) h a 4

>

. j=0_

B

(5.4)

where FeK;, (£-0) Ce, (05-0) are called the Mathieu functions under the condition

0<0<2m,0</ <

5.2 If the domain of Eq. (5.1) is defined as Q={(x,y,z)eQ:—w0<x,y <o,z <0},
so, we have the following integral equation:
: T 7 9 ndidy
YuF | = — = f (x,y) (5.5)
V=g +(y=n)

The formula (5.5) represents system of Wiener-Hopf integral equations of the first

kind. Using the Fourier transformation (5.2) , we have
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k

D UF Kol - () dE =1, (n) (5.6)

which represents system of Wiener - Hopf integral equations with Macdonald
Kernel. The general spectral relationships (5.6), after using orthogonal polynomial
method and the properties of Chebyshev-Laguerre polynomials, are

2K, (t-7])e L, (21') o ~1)!

ZUJFJKI \/; _TZ ik (2- )|

j=0

e L-l’2 (2t) (t>0)

(5.7)
where L% (x) is the Chebyshev-Laguerre polynomials
5.3 Ifin Eq. (4.14), we define Q={(x,y,2) e Q: -0 < X,y <0,—00 < z <0}, then

we have

: 2 e @ (& n)déad
quFka j i (c.m)dedn = f (%), (OShS%) (5.8)

[(-ey+(y-n)' |

Using Fourier transformations method, we can get the following integral equation

e, [l @ o
= it . |§_77|h 5.9)
(ﬂ:%,oshsua

where s >0, is the coefficient of Fourier integral transformations, and Kp ( || ) is

the generalized Macdonald kernel, and L% (2x)is the Chebyshev — Laguerre
polynomial.
Here the following convergence expansion is considered

K(x-y)) V=

ey L e (X)L (2y), s=1 (5.10)
x=y| 2"e

m=0
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5.4 Also, the spectral relations for the SFIEs the first kind with Macdonald
kernel, in the domain Q={(x,y,z)eQ:|y|<a,—o<x <ow,—w<z <0}and

generalized potential function, in the form

a

SuF K, (Ist-2) (@2 -€2) " Pe L, - oyde =

j=0 -a

(5.11)
t)“’ZZUJFM P, (t=0), (n=0,1,2,...,u=%—h,0§h<%j

where

2a2

A, =0, sinGahya® 2|2 A )8, ) E; @] 5=

hy2l-n7ey r(@){w Dby, O |

A”J ©0)= rZ:(:J r.F(nJ+h+1—r)Lr=Or!F(1 nj—h-r)
(5.12)
BU (9) ( )[n/2] Z ( l) bn —v, r(e)_Knj+2r+h (2\/a_)
r=[o 5]
2 (n +or)t 1 -In; 2] y

and

1 , n; even
a, =
" |-1, n; odd

The values of bY  (6)can be determined from trinomial recursion relationships

[27,28], such that by . (8)=b®, 1(8)=h,’ (6); by o(®) =1 ,/= nj—v

Also, b, (0)=0 ; rs{%}—l

and

Fl+v+)C(L-v+2r+1)
rl-v+1) TQ+v+2r+1)

rr (0)=b2, 4, (6) = by ¥ (6) (5.13)
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The values of K} (0) in given by Eq. (29), p.175 of [27]
5.5 Finally, if we define the domain
Q={(x,y,2) e Q:|y|>a,—0 < x<w,~0<z<0},

we can have the following spectral relationships

u.Fj,kT K (sly=t) Py, (t—0)dt =

k
= Lyt @ -t)

(5.14)
k

= (signy.(y* —a*)"* > u;F; 7, $°¥(ly].0)
j=0

where

[nj+h]/2

1
. J -h -nj v
vn, =01, sin(zh)g 2727 A (e)[E”J (e)]

.V

B - Yn2q e ° , N even
nj - ]
_4,n2q elTl',(l—l))/z 7 nj Odd

and S (y,0) are the spheroidal wave equations of the third kind.
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