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Positive solutions of singular (k,n-k) conjugate
eigenvalue problem

Shujie Tian® and Wei Gao?

Abstract

Positive solution of singular nonlinear (k,n-k) conjugate eigenvalue problem is
studied by employing the positive property of the Green’s function, the fixed point

theorem of concave function and Krasnoselskii fixed point theorem in cone.
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1 Introduction

This paper deals with the following singular (k,n-k) conjugate eigenvalue

problem

D" yP(x)=Ah(x)f(y)  0<x<1, (1.1)
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yP=0yP®=0 0<i<k-1,0<j<n-k-1 (1.2)
Where 1<k <n-1 isa positive numberand A >0 isa parameter.

If the conjugate eigenvalue problem (1.1), (1.2) has a positive solution y(x)
for a particular A, then A is called an eigenvalue and y(x) a corresponding
eigenfunction of (1.1), (1.2). Let 4 be the set of eigenvalue of the problem (1.1),
(1.2),i.e.

A={1>0;(1.1), (1.2) has a positive solution}.

In recent years, the conjugate eigenvalue problem (1.1), (1.2) has been studied
extensively, for special case of A =1, the existence results of positive solution of
the problem (1.1), (1.2) has been established in [1-6], and as for twin positive
solutions, several studies to the problem (1.1), (1.2) can be found in [7-9]. For the
case of A >0, eigenvalue intervals characterizations of the problem (1.1), (1.2)
has been discussed in [10] by using Krasnoselskii fixed point theorem if f(y) is
superlinear or sublinear. In this paper, by employing property of Green function,
the fixed point theorem of concave function and Krasnoselskii fixed point theorem
in cone, we give eigenvalue characterizations under different hypothesis condition,
and we may allow that f(x) is singular at x=0,1. By using different method
from [10] we establish not only existence of positive solution but also multiplicity
of positive solutions of the problem (1.1), (1.2).

Our assumptions throughout are:

(Hy) h(x) is a nonnegative measurable function defined in (0,1) and do not

vanish identically on any subinterval in (0,1) and

1 1
0< [s"*(L-s)"h(s)ds < [s"**(1—5)**h(s)ds < +o0;
0

0
(Hz) f:[0,+0) >[0,40) is a nondecreasing continuous function

and f(y)>0 for y>0;

(Hs) f0=lyiLrgM=0,fm=limM=0.

y ymey
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By a positive solution y(x)of the problem (1.1), (1.2), we means that y(x)
satisfies
@@ y(x)eC'[o,nhNC"**(0,NC" (O, , f(y)>0 in (0,1) and (1.2)
holds;
(b) y"(x) is locally absolutely continuous in (0,1) and
(=D)"*y™M(x) = Ah(x) f (y(x)) a.e.in (0,1).

The main results of this paper are as follows.

Theorem 1 Assume that (H;), (H2) and (Hs) hold. Then there exist two positive

numbers A ,A"with0< A, < A" < +oo such that
(1. (1.1),(1.2) has no positive solution for 2 € (0, 4,) ;
(ii). (1.1),(1.2) has at least one positive solution for 1 € (4,,4°];

(iii). (1.1),(1.2) has at least two positive solutions for A € (17, +o0);

(iv). (1.1),(1.2) has nonnegative solution for A = 4, .

2 Preliminary Notes

In this section, we provide some properties of the Green’s function for the
problem (1.1),(1.2) which are needed later, and state the fixed point theorems
required. As shown in [6], the problem (1.1),(1.2) is equivalent to the integral

equation

Y(x) =4[ G(x,9)N(S) T (¥($)ds, (2.1)

where
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L [peexogpid 0<s<xs<l
k=D (n-k-1)!

0

G(x,9) (2.2)

1 IX(LS)tH(t+s—x)"7k*1dt, O0<xs<s<l
(k-Dl(n—k -1

Moreover, the following results have been offered by Kong and Wang [6].

Lemma 2.1 For any x,s €[0,1], we have

a(x)g(s) <G(x,s) < B(x)g(s), (2.3)
ng(s)
—2 0<s<x<],
‘—GG(X’ DIPSEEE 2.4)
ox %(S),OS Xx<s<1.
where
~ Xk (l_X)nfk ~ kal(l_ X)nfkfl ~ Snfk (1_S)k
e = A= g 9 S Dk

Let K be a cone in Banach space E. We say that a map ¥ is a nonnegative

continuous concave function onK, if it satisfied: % : K —[0,+0) is continuous

and
Plax+1-a)y)za¥?(X)+{1-a)?(Y)

forallx,ye Kand0 <« <1.

Theorem 2 [12] LeKbe a cone in Banach space E. For givenR >0, define

Ke={ueK;|u|<R} . Assume thatT:K,— K, is a completely continuous

operator and ¥ is a nonnegative continuous concave function on K such

that? (y) <||y|| for all y e K, . Suppose that there exist0 < a <b < R such that
(A) {yeK(¥ah);¥(y)>a}=¢,and¥(Ty)>aforall y e K(¥a,b) where
K(#ab)={yeK;%(y)>a]y|<b};

(B) [Ty|<rforally e K,;
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(C) ¥(Ty)>aforall y e K(¥a,R) with|Ty| > b,
then T has at least three fixed points y,,y, and y, in K, satisfying y, e K, ,

y, e{y e K(¥.a,R);#(y)>a}andy, e K, \(K(¥a,R)UK,).

Theorem 3 [13] Let E be a Banach space, and K< E a cone in E .

Assume Q,Q, are open subset of E with 0€Q,0Q,cQ, , and
letd: K N (Q,\Q,) — K be a completely continuous operator such that either

(1) |[®u| <||u] foru e K naQ, , and |[dul > |lu[ foru e K noQ, ; or

(1) [|ou|| = [|u| foru e K maQ, , and || du|| <|ju| foru e K noQ,,

then @ has a fixed pointin K N (Q,\Q,).

3 Main Results

13
xe[=,~
e[4 4]

Leta = min a(x), S = m[%ﬂ(x) and y =%. Define the cone in Banach space
C[0,1] given as
P ={y(x) € C[0,1]; y(x) > O},

K ={y(x) € C[O.AT; min y(x)> 7| y[}-

We define the operator T:P — Pby

(Ty)(9) = 2], G(x, 9)h(s) f (y(s))ds (3.1)

Lemma 3.1 Suppose that (Hi)-(H3) hold. ThenT:P— P is a completely

continuous mapping and T(K) < K . Moreover, for y € K we have

(Ty)(x) e C¥*[0,) N C"**(0,1NC"*(0,1),
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(D" (Ty)™(x) = Ah(x) f (y(x)) a.e. xe(0,1),
(Ty)(0)=0,(Ty)’(1)=0,0<i<k-1,0< j<n-k-1.
Proof We only prove T(K)c K. The proof of the remainder of Lemma 3.1 can

be found in [6].
Fory e K, by employing (2.3) we have

min (Ty)(x) = 4 min a(s) j g(s)h(s) f (y(s))ds
xe[—f] XE[**]

>—max j G(x,s)h(s) f (y(s))ds

xe[0,1]

- 7||TVI|,
this impliesT (K) < K .The proof is complete. m
It follows from the lemma 3.1 that we know thatT (K) < K and fixed point in

K of T is a solution of the problem (1.1),(1.2) and vice versa.

Lemma 3.2 Suppose that (H;), (Hz) and (Hs) hold. Then there
exists0 < A" < +oosuch that the problem (1.1), (1.2) has at least two positive

solutions for A € (47, +x).

Proof It follows from lim M
y—+0 y

=0that there existsR, > 0such that f (y) < ey for

all y>R, , where ¢ satisfies gﬂﬂj:g(s)h(s)ds<1 . Let M =max f(y) ,

0<y<R;

then f(y) <M +¢gy for ally>0. By (Hs3) we getllm Y__ lim L=+oo,
of(y) v f(y)

thus, there exists 0<b<+ow  such that——mlni, and hence there

f(b) =0 f(y)

exists0 < A” < +oosuch that = [m g(s)h(s)ds] Clearly, for all y >0we

have
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b
f(y) >Wy 3.2)

We shall now show that the conditions of Theorem 2 are satisfied. Choose

R =max{b+1,2MAB1-elp I:g(s)h(s)ds)‘lj: g(s)h(s)ds}. For y e K, we have
(M) <4 max E G(x,s)h(s) f (y(s))ds
< Amax B00[, g(S)(SH(M -+ 2y(s))ds

<2BM +&|y] [ a(s)h(s)ds
=AM +&R)[ g(s)h(s)Hds <R,
this showsT (K,) c K, < K.
Let? : K —[0,+<0) be defined by

#(y)= min y(x),

el13)
clearly, ¥ is a nonnegative continuous concave function on K such that ¥ (y) <||y||

forallyeK.
It is noted that

y(x)=§(yb+b) e{y e K(¥.7b,b);# ()= 7b} % ¢,

lety € K(¥,7b,b), then min y(x)=%(y) > ybandy <|y|<b. Using this together

XE[* *]

with (3.2), for 2 > 1" we get
#(Ty)(x) = min (Ty)(x)

Xe[f 7]

> 2 min a(x)j g(s)h(s)f (y(s))ds

44]

f(b) 2 [ gomsisps



92 Positive solutions of singular (k,n-k) conjugate eigenvalue problem

lay/bz
> s)h(s)ds
F j g(s)h(s)

/17/b

A"
Hence, condition (A) of Theorem 2 is satisfied.
Byllrrg ) =0, there existsO < r < yb such that f (y) <eyfor all y <r, where

y— y

esatisfies 213 g(s)h(s)ds <1. Fory e K, we have

1 1
[Tyl < 28], 9($)h(s) (y(s))ds < 248 y| |, g(s)h(s)ds <,
this implies that condition (B) of Theorem 2 is satisfied.

Finally, for y e K(¥, yb,b) with|Ty| > b, we obtain
¥ (Ty)(x) = min (Ty)(x)

XE[* *]

> 2 min a(x)j g(s)h(s)f (y(s))ds
XE[, ]

>—max j G(x,s)h(s)f (y(s))ds

xe[0.1]

= 7||Ty|| >7b.

Therefore, the condition (C) of Theorem 2 is also satisfied. Consequently, an
application of Theorem 2 shows that the problem (1.1), (1.2) has at least three
solutions y,, y,, ¥, € K.

Further,

VieK,, ¥, e{yeK(#yb,R);¥(y)>yb}andy, e K, \(K(Zyb,R)UK,). This
shows that y, (x) and y,(X) are two positive solution of the problem (1.1), (1.2), and

y,(x) is anonnegative solution of (1.1), (1.2). O

Lemma 3.3 Suppose that (Hi), (H;) and (H3) hold. If Ais sufficiently small,
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thend ¢ A.
Proof If A € A, then the problem (1.1),(1.2) has a positive solutiony, (x) € K and

it satisfies (2.1). We note that (Hs) implies the existence of a constantz > 0such

that f (y) <nyforall y>0. By employing (2.1) we have
[y.]< 28] 9©NE)f (v, (s)ds
1
<2pn|ly.|], 9(G)h(s)s,

this means ﬂ,ﬂnj':g(s)h(s)ds >1, which contradicts with A4 sufficiently small. o

Lemma 3.4 Suppose that (H1), (H2) and (Hs) hold. Then there exists a 4, > 0such
that[4,,+0) c A.

Proof Let K,={yeK,|y|<1} , choose A»O=(0:f(;/))(J‘l‘a‘g(s)h(s)ds)'1 :

forye KnoK,and Ae[4,,+»), then min}y(x)z;/”y”:y, by using (H;) and

3
‘4

—
Bl

(H2) we have

[Ty = 4, min}a(X)If‘ g(s)h(s) f (y(s))ds

3
xe| ==
4

> Joet f () [ 9(s)h(s)ds
=1=]y],

i.e.|[Ty|=|y|fory e KnoK,.

It follows from (Hs) that there existR, >1such that f (y) <eyfor ally>R,,

where ¢ satisfies gﬂ*ﬁ'[:g(s)h(s)ds <1. Let

N 1
R=R,+4"f max f(y)[ g(s)h(s)ds,
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and K, ={yeK,|y|<R} thenforye K noK,, we have

[Tyl < 2" 8], 9()h(s) f (y(s))ds
<ABL [ gENE) F(ysNds+ [ g(s)h(s) f(y(s))ds]

0<y(s)<Ry Ry<y(s)<R
. 1
<A B(max (y)+2Ry)[ a(9)h(s)ds
N 1
<2'B max ()] g(s)h(s)ds +R;
=R=[yl.

i.e|Ty|<|y|foryeKnoK,. O

In view of the Theorem 3, we know that T has a fixed

point y(x)in K N (K, \K,). That is to say, the integral equation (2.1) has at least
one positive solution y(x), and hence y(x) is a positive solution of (k,n-k)

conjugate eigenvalue problem (1.1),(1.2).

Lemma 3.5 Suppose that (H;), (H2) and (H3) hold. Then the problem (1.1),(1.2)

has a nonnegative solution for A = A, .
Proof Without loss of generality, let {4}, be a monotone decreasing

sequence, lim A4, = 4,, and{y, (x)}._,be corresponding positive solution sequence
n—o0 n

where 4, € A. We claim that{y, (x)},_,is uniformly bounded. If it is not true,

thenlim”ylﬂ ||=+oo. It follows from lim w:o; that there existsM > 0such

n—w yore Yy

that f (y) <M +¢yforall y >0, wheree satisfies g/I,BI:g(s)h(s)ds <1. So we get

[y, < 2.6[ e (y, (s)ds
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1
<4BM+é|y, ) J'Og(s)h(s)ds. (3.3)

Letn — o0in (3.3) to yield

I|m||yln || <

n—oo

2B, a(9)h(s)ds
1- 214, 9(s)h(s)ds

which is a contradiction. Thus, there exists a number L with0 < L <40 such

< +o0,

that”yin || <Lforalln.

It follows from (H;) and (2.4) that we have

1y 1 4 25y, (s
A'nf (L) X _n-k k-1 Lnk1 k
_(k_l)!(n_k_l)!(jos (1-5) h(s)ds+Ls (1-s)*h(s)ds)
2nA"f (L) Lank-1p1  oyk-1 .
_(k—l)!(n—k—l)!-[os (1—5)“h(s)ds =Q,

this shown that {y, (x)};, is equicontinuous. Ascoli-Arzela theorem claims
that {y, (x)},, has a uniformly convergent subsequence, denoted again
by {y, 0} ., and {y, (x)}_, converges to y'(x) uniformly on [0,1].
Inserting y, (x) into (2.1) and lettingn — oo, using the Lebesgue dominated

convergence theorem, we obtain
* * 1 *
Y (x)=4"] G9)NE)F(y (s)ds >0,

thus, y*(x) is a nonnegative solution of (1.1),(1.2). m

Remark It is possible that y*(x) =0.

Let A =infA , then from Lemma 33 and Ilemma 34 we

know A4, >0and 0< A4, <A" <40 . So (k,n-k) conjugate eigenvalue problem
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(1.1),(1.2) has no positive solution for A € (0, 4,), has at least one positive solution

forAe(4,,4"], has at least two positive solutions for A e(1°,+x), and has a

nonnegative solution for 4 = 4,.
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