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Existence and multiplicity of solutions to boundary
value problems for nonlinear high-order
differential equations
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Abstract

In this paper, we investigate the multiple positive solutions for the boundary value
problem of nonlinear differential equations. The arguments are based upon the

fixed point theorem of cone expansion and compression with norm type.
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1 Introduction

In recent years, many researchers study the existence and multiplicity of
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solutions to boundary value problems for nonlinear high-order ordinary
differential equations, especially for even number order equation. They have
obtained a lot of satisfactory results and most authors study the problems under
the conjugate boundary conditions or simpler boundary conditions [1]-[3].
However,it is not common that the study on the boundary problems have
high-order derivative right side boundary conditions. This paper study the
boundary value problems, for a class of differential equations with 2m order
right-hand side boundary conditions. In our paper, we give some sufficient
conditions for the existence of one or two positive solutions, for the boundary
value problems using the properties of the corresponding Green’s function and

cone expansion and compression fixed point theorem.

2 Preliminary Notes

In this paper, we concerned on the following nonlinear higher-order boundary
value problem

(=D"y®™(x) = f(x,y(x)),aexe(0,1)
y?(0)=0,0<i<m-1 (@D
yPM=0m<j<2m-1

We assume that

(H,> f(x,y) iscontinuous and nonnegative on[0,1]x[0,+o).
(H,)> f(x,y) isnotequal to zero any where for any compact subinterval

in[0,1], and I: X" (x, y)dx < +o0.

Theorem 2.1 Let B be a Banach space and K < B aconein B. Assume that
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Q,,Q, areopensubsetof B with 0eQ,,Q, cQ,.

Let ®:Kn (Q_Z\Ql) — K be a completely continuous operator such that either
@) [oy|<]y].y ek, [oy]|z]y].y ek o, or
(i) oy]z]y].y ek noe, |oy|<|y].y e K no,.

Then, @ has a fixed pointin K N (Q,\Q,).

To obtain positive solutions for the problem (1). We state some properties of
Green’s function for (1).

As shown in [5], the problem (1) is equivalent to the integral equation

y(¥) = [ G(x,5) f (5, y(s))ds
where

[(m j-]_)v].[ U™ (Uu+x—-s)""du,0<s<x<1,

G(x,s) = 1 2)
I U™ (U+s—x)""du,0< x<s<1.
[(m-D)7°

Moreover, the following results have been recently offered by [5].

Lemma 2.1 Forany x,se[0,1], we have

2(x) 9(s) <G(x.5) < A(0g(s)» [Z2HS) | cgmt
Where
2m—l Xm m—1 1 o
G D W= A= 00 s

Let |y|= sup |yl a=mina(x), ||A]=maxA(x). Define the cone K in

7<X<7
44
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space C[01], given by

I

K ={y € C[0,1]: y(x) > 0, min y(x) > al|y|/|B8
ZSXSZ
We define the operator ®:K — K by
(@y)() = [ G(x,5) (5, y())ds..
Forany vy e K ,we have

min oy(x) > min [[a()g(e) f (5, y(s))ds

Z<x<= “<x<S
4774 4

> % max lG(x,s) f(s,y(s))ds = & dy
el it

This implies®(K) c K.

We can easily obtain it, ® : K — K is a completely continuous mapping.

3 Main Results
1 3
Let Az_[og(s)ds,B:J'fg(s)ds , we denote O ={yeK,|y|<r}(r>0),
4

then oQ, ={y e K,|y|=r}.
Theorem 3.1 Assume that (H,),(H,) hold, if there exist two positive numbers
m,m, and m =m,, let 0<m,m, <+ such that

m_ 1

1Al

(1) vxe[0,4],ye[0,m], f(x,y)<
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13 a m
(I vxel[=,], ——m,,m], f(x,y)>—2B".
6[4 4] ye[”ﬁ|| My ], F(Xy) .

then the problem(1) has at least one positive solution, satisfying

min{m,, m,} <|| y [|< max{m,, m,}.
Proof. Let m <m,, then Q ={yeK,|y|<m} and Q  ={yeK,|y|<m}

vy a0, [oy()] < max [ A(x)g() f s, y(s))ds <mA ™[ g(s)ds =]y]

0<x<1

am,

18I

vyedQ, , then min y(x)2« Ivll7|18l=
ZSXSZ
It is easy to see
3 3
[@y()] = min [ a(x)g(s) f (s, y(s))ds = m,B [Fg(s)ds =] y |.
stsz 4 4

In view of Theorem 2.1, we know that ® has a fixed point
yeﬁmz\le.That Is to say, Y is a positive solution of (1), and m <[|y||<m,.

Inference 3.1 Assume that (H,),(H,) hold. Our assumptions throughout are,

(III) lim max <
y—0* xe[0,1] y ” ﬂ ” Y—>+o0

f(x,y) A! . . f(x,y)>B‘l
y

then the problem(1) has at least one positive solution.

Proof. Using (III) we have, for any x [0,1], there exists a sufficiently small

m, >0, such that

-1

A
f(X,y)<——m,, ye(0,m 3
(xy)<”ﬂ"m ye(0,m] 3)
f(x,y) B™

Following from lim min
y—>+0 Xe[l 3]

i > 7 Il £, that there exists a sufficiently large
44
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m, >0, forany xe [%,%] such that,

£(x, y)—B—IIﬂlly> Bt yelimm] (4)

Thus, theorem 3.1 implies, then the problem(1) has at least one positive solution.

Inference 3.2 Assume that (H,),(H,) hold, Our assumptions throughout are,

-1
(V) tim min TS By and tim max XY
Y0 XE[%,%] y a y—>+o0 xe[0,1] y || ﬁ”

then the problem (1) has at least one positive solution.

Proof. Follows from (IV), there exists 0<m, <m,, forany xe [%,%], such that

f(x,
Ty), IIﬂII yc[0,m]
y
13
Consequently, we have for any x e [Z Z] ,
B m, a
f(x, y)>—||ﬂ||y—— B", yel——m,m] (5)
a | Bl
-1
Following from lim maxf(x’y)< A , there exists & >0, such that

y—+o0 xe[0,1] y ” ﬂ ”

-1

181

-& >0, and

1

f(x,y)< (”ﬂ|| &)y, yzm,

Let c=max{f(x,y):0<y<m,}, thenitis obvious to see

-1

f(X,y)<c+( A -&)Y,Y€[0,+x).

1A

Choose r > max{m,,c(e, || BI)"}.Let Q, ={yeC[0,1]:]| y|<r}. then for
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forany yeoQ,, we have

-1 -1

F(xy) <ct(—g)llyll<

) 6
151 B ©

Thus, we obtain there exist x e[0,1]and r>m,, forall xe[0,1]andy [O0,r],

-1
r. By Theorem 3.1 we know, then the problem(1) has at least one

A
f(x,y)<
BN =175

positive solution.

Theorem 3.2 Assume that (H,),(H,) hold, forall m,>0, satisfy the (II).

Let

-1 -1
lim max f(x.y) < A lim maxM< A

y-0' xel0l] y | B yowexeon y A

Then the problem (1) has two positive solutions.

Proof. We can prove as the same as Corollary 1 and 2.Following from there
existO<m, <m, <r,, forany xe[0,1],

-1

A
f(x,y)<
YT

m, ye(m].

and exist x €[0,1]and r, >m,, such that

Al
f(x,y)——
ST

Then by (1V), we know form Theorem 3.1, Then the problem (1) has two positive

r,, when xe[0,1Jandy€[0,r]

solutionsy,, y,, and satisfy O<m, <y, |lxm, <[y, |l<r,.

Theorem 3.3 Assume that (H,),(H,) hold, forall m >0, satisfy the (IV). Let
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and lim min M>MB‘1.

y-0" xe[1 5y d ety Y o
Then the problem (1) has two positive solutions y,, y,, and satisfy

o<m <y, ll<m, <y, llkm,.

Proof. There exist 0<m, <m <m,, for any XE[l E] ye [

47477 BN

,1] we

have

B .
min f(x, y)>—||ﬁ||y> alB g

XE[* *]

Hence we obtain for any

o .
i — 2B‘l, e[ 20l
Xre?,”j] (x, y)> 1 B1ly= X [ ]y [Ilﬂll ]

Then by (1V), we know from Theorem 3.1. Then the problem (1) has two positive

solutionsy,, y,, satisfy O<m, <]y, |l<m, <]y, |<m,.

4 Conclusion

We study a class of higher order nonlinear differential equation boundary valu
e problem and give some sufficient conditions for existence of positive solutions u
sing the cone fixed point theorems. It enriches the results of the related literatures

further.
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