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Abstract 

In this paper, we investigate the multiple positive solutions for the boundary value 

problem of nonlinear differential equations. The arguments are based upon the 

fixed point theorem of cone expansion and compression with norm type. 
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1  Introduction 

In recent years, many researchers study the existence and multiplicity of 
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solutions to boundary value problems for nonlinear high-order ordinary 

differential equations, especially for even number order equation. They have 

obtained a lot of satisfactory results and most authors study the problems under 

the conjugate boundary conditions or simpler boundary conditions [1]-[3]. 

However,it is not common that the study on the boundary problems have 

high-order derivative right side boundary conditions. This paper study the 

boundary value problems, for a class of differential equations with 2m order 

right-hand side boundary conditions. In our paper, we give some sufficient 

conditions for the existence of one or two positive solutions, for the boundary 

value problems using the properties of the corresponding Green’s function and 

cone expansion and compression fixed point theorem.  

 

 

2  Preliminary Notes 

In this paper, we concerned on the following nonlinear higher-order boundary 

value problem  
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We assume that 

（ 1H ） ),( yxf  is continuous and nonnegative on[0,1] [0, )× +∞ . 

（ 2H ） ),( yxf  is not equal to zero any where for any compact subinterval 

in[0,1] , and
1 1

0
( , )dmx f x y x− < +∞∫ . 

Theorem 2.1  Let B be a Banach space and K B⊂  a cone in B . Assume that 
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1Ω , 2Ω  are open subset of B  with 10∈Ω , 1 2.Ω ⊂Ω   

Let 2 1: ( \ )K KΦ ∩ Ω Ω →  be a completely continuous operator such that either 

(i) 1 2, , ,y y y K y y y KΦ ≤ ∈ ∩∂ Φ ≥ ∈ ∩∂Ω Ω ; or 

(ii) 1 2, , ,y y y K y y y KΦ ≥ ∈ ∩∂ Φ ≤ ∈ ∩∂Ω Ω . 

Then,Φ has a fixed point in 2 1( \ )K ∩ Ω Ω . 

To obtain positive solutions for the problem (1). We state some properties of 

Green’s function for (1). 

As shown in [5], the problem (1) is equivalent to the integral equation  
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Moreover, the following results have been recently offered by [5]. 

Lemma 2.1  For any ]1,0[, ∈sx , we have 
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space ]1,0[C , given by 

1 3
4 4

{ [0,1] : ( ) 0, min ( ) / }
x

K y C y x y x yα β
≤ ≤

= ∈ ≥ ≥ ， 

We define the operator K:K →Φ by  
1

0
( ) ( , ) ( , ( ))dy x G x s f s y s sΦ = ∫（ ） . 

For any Ky∈ ,we have 
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This implies ( )K KΦ ⊂ . 

We can easily obtain it, : K KΦ → is a completely continuous mapping. 

 

 

3 Main Results  

Let 
31
4

10
4

( )d , ( )dA g s s B g s s= =∫ ∫ , we denote r { , }y K y rΩ = ∈ < ( 0r > ), 

then r { , }.y K y r∂Ω = ∈ =  

Theorem 3.1  Assume that 1( )H , 2( )H  hold，if there exist two positive numbers 

1 2,m m  and 1 2m m≠ ，let 1 20 ,m m< < +∞  such that 

（Ⅰ） [0,1]x∀ ∈ , 1[0, ]y m∈ , 11( , )
|| ||
mf x y A
β

−≤ ； 
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（Ⅱ）
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then the problem(1) has at least one positive solution, satisfying  

1 2 1 2min{ , } || || max{ , }m m y m m≤ ≤ . 

Proof. Let 1 2m m< ，then 
1m 1{ , }y K y mΩ = ∈ <  and 

2m 2{ , }y K y mΩ = ∈ <  

1m ,y∀ ∈∂Ω ( )y xΦ
1

00 1
max ( )g(s) ( , ( ))d

x
x f s y s sβ

≤ ≤
≤ ∫

11
1 0

g(s)dm A s y−≤ =∫  

2m ,y∀ ∈∂Ω  then 2
1 3
4 4

min ( ) /
|| ||x

my x y αα β
β≤ ≤

≥ = . 

It is easy to see  

( )y xΦ
3
4

11 3
44 4

min ( )g(s) ( , ( ))d
x

x f s y s sα
≤ ≤

≥ ∫
3

1 4
12
4

g(s)d || ||m B s y−≥ =∫ .               

In view of Theorem 2.1, we know that Φ  has a fixed point 

2 1

__

\m my∈Ω Ω .That is to say, y is a positive solution of (1)，and 1 2|| ||m y m≤ ≤ . 

Inference 3.1 Assume that 1( )H , 2( )H  hold. Our assumptions throughout are， 
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then the problem(1) has at least one positive solution. 

Proof.  Using (Ⅲ) we have, for any [0,1]x∈ , there exists a sufficiently small 

1 0m > , such that 
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2 0m > , for any 1 3[ , ]
4 4

x∈  such that, 

              
1

12
2( , ) || ||B mf x y y Bβ

α α

−
−≥ ≥ ,   2 2[ , ]

|| ||
y m mα

β
∈            (4) 

Thus, theorem 3.1 implies，then the problem(1) has at least one positive solution. 

Inference 3.2  Assume that 1( )H , 2( )H  hold，Our assumptions throughout are， 
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for any ry∈∂Ω , we have 
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Thus, we obtain there exist ' [0,1]x ∈ and 2r m≥ , for all [0,1]x∈ and [0, ]y r∈ , 

1
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≤ . By Theorem 3.1 we know, then the problem(1) has at least one 

positive solution. 

 

Theorem 3.2  Assume that 1( )H , 2( )H  hold，for all 2 0m > ，satisfy the (Ⅱ). 

Let 

1

[0,1]0

( , )lim max
|| ||xy

f x y A
y β+

−

∈→
< ,

1

[0,1]

( , )lim max ,
|| ||y x

f x y A
y β

−

→+∞ ∈
<  

Then the problem (1) has two positive solutions.  

Proof.  We can prove as the same as Corollary 1 and 2.Following from there 

exist 10 < m 2 1< <m r ，for any [0,1]x∈ ,  
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solutions 1y , 2y , and satisfy 1 1 20 || ||m y m< < < 2 1|| ||y r< < . 
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Then by (IV), we know from Theorem 3.1. Then the problem (1) has two positive 

solutions 1 2,y y , satisfy ' '
1 1 1 2 20 || || || ||m y m y m< < < < < . 

 

 

4  Conclusion 

We study a class of higher order nonlinear differential equation boundary valu

e problem and give some sufficient conditions for existence of positive solutions u

sing the cone fixed point theorems. It enriches the results of the related literatures 

further.  

 

 

 



Huijun Zheng                                                           51 

References 

[1] Lingbin Kong and Junyu Wang, The Green’s Function for (k,n-k) Conjugate 

Boundary Value Problems and Its Applications, Journal of Mathematical 

Analysis and Applications, 255, (2001), 404-422. 

[2] Qingliu Yao, Monotone iterative technique and positive solutions of Lidstone 

boundary value problems, Applied Mathematics and Computation, 138, 

(2003), 1-9. 

[3] J.M. Davis, J. Henderson and P.J. Wong, General Lidstone problems: 

multiplicity and symmetry of solutions, Math. Anal. Appl. 251, (2000), 

527-548. 

[4] Qingliu Yao, Existence of Solution for General Lidstone Boundary Value 

Problems, Acta Mathematica Scientin, 25A(7), (2005),1004-1011. 

[5] Huijun Zheng, Lingbin Kong, The Green function and positive solution for 

2m order nonlinear boundary value problems, Journal of daqing petroleum 

institute, 34(01), (2010), 106-110. 

[6] Yanping Guo, Existence of multiple monomone positive solutions for higher 

order boundary value problems, Journal of Systems Science and 

Mathematical Sciences, 23, (2003), 529-535. 

 


