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Positive solutions of singular (k,n-k) conjugate
boundary value problem

Lingbin Kong' and Tao Lu?

Abstract

Positive solution of singular nonlinear (k,n—k) conjugate boundary value problem

is studied by employing a priori estimates, the cone theorem and the fixed point

index.
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1 Introduction

In this paper, we are concerned with positive solutions for singular (k,n-k)

conjugate boundary value problem

()" y™M(x) = Ah(x)f(y), O<x<l1, (1.1)

! Lingbin Kong School of Mathematics and Statistics , Northeast Petroleum University,

Daging 163318, China. E-mail:klbindg@126.com
Tao Lu School of Mathematics and Statistics , Northeast Petroleum University, Daging

163318, China. E-mail:530073555@qqg.com

2

Article Info: Received : October 14, 2014. Revised : November 30, 2014.
Published online : January 15, 2015.



14 Positive solutions of singular (k,n-k) conjugate boundary value problem

y?(0)=0,yP @) =00<i<k-10<j<n-k-1 (1.2)
where 1<k <n-1isa positive number and A > 0 is a parameter. Our assumptions
throughout are:

(H,) h(x) is a nonnegative measurable function defined in(0,1)and do not
vanish identically on any subinterval in (0,1) and
1 1
0< IOSH (1-s)*h(s)ds < Jos”’k’l(l— 5)“*h(s)ds < + oo;
(H,) f :[0,+w) —[0,+0) is a nondecreasing continuous function
and f (y) >0, fory>0;

f(y)

lim —- =+4w;
y—>+o y

(H,;) f(0)>0,
By a positive solution y(x) of the problem (1.1),(1.2) , we means
that y(x) satisfies

(i) y(x) e C*'[0,)NC"**(0,1NC"*(0,1), f(y) >0>0in(0,1) and (1.2) holds;

(ii) y" P (x) is locally absolutely continuous in (0,1) and

(D" y™M(x) = Ah(x) f (y(x)) a.e.in(0,1).

If for a particular Athe conjugate boundary value problem (1.1),(1.2) has a
positive solution y(x), thenAis called an eigenvalue and y(x)a corresponding

eigenfunction of (1.1),(1.2) . We let A be the set of eigenvalue of the

problem (1.1),(1.2), i.e.
A ={1>0; (1), (2) has a positive solution }.

The conjugate boundary value problem (1.1),(1.2) has been studied
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extensively, for detail,see, for instance,[1—11]and references therein. For special
case of 1=1, the existence results of positive solution of (1.1),(1.2) has been
established in[1-4] .As for twin positive solutions, several studies to the

problem (1.1),(1.2) can be found in[5-7]. For the case of >0, eigenvalue

intervals characterizations of theproblem

The equations in (1.1),(1.2) has been discussed in[8—11]. In this paper, we

only use fixed point index and fixed point theorem in cone which allow us to

establish not only existence of positive solution but also multiplicity of positive

solutions of the problem (1.1), (1.2) under weaker conditions. In fact, we may allow
that h possesses strong singularity at x = 0,1, for example,

h(x) = X" " (1-x)/*
withO<«a, p <1satisfies (H,). Our results generalized and extend some known

theorems and improve the work of some author of the above references[8—-11].

2 Preliminary Notes

To obtain positive solutions for the problem (1.1),(1.2) , we state some
properties of Green’s function for (1.1), (1.2) .

As shown in[4], the problem (1.1), (1.2) is equivalent to the integral equation

y(x) = ;LI:G(X, s)h(s) f (y(s))ds (2.1)
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where
k —1)! X 1 Ijos(lfx)t”‘k‘l(ux—s)k‘ldt, 0<s<x<1,
G(xs)=4 K- )-(g— -t o (2.2)
j t“T(t+s—x)"*dt, 0<x<s<Ll
(k—1)I(n—k —1)1d

Moreover, the following results have been recently offered by Kong and

Wang[4].

Lemmal Forany x,se[01], we have

a(x)g(s) <G(x,s) < B(x)g(s), (2.3)
ng(s)
‘8G(x,s)< 1_8,0Ss£xsl, 24
ox | m,OSXSSSl. |
S
where
~ Xk(l_x)nfk ~ kal(l_x)nfkfl ~ snfk(l_s)k
o) = A= 8 T i k-

13

Let = min a(x),pf = m[%ﬁ(x) and y :%. Define the cone in Banach
xe[=>] Xel®,
44

space C[01] give by

P ={y(x) e C[0.1]; y(x) 2 O},

K :={y(x) e C[0,1]; ”[‘fﬂ} y(x) = 7|y}

We define the operator T:P — P by
(TY)(X) = A[ G(x,5)h(s) f (y(s))ds (25)

Lemma 2 Suppose that (H,)—(H;) hold. Then T:P — P is a completely



17

Lingbin Kong and Tao Lu

continous mapping and T(P) — K .Moveover, for y € K we have

(Ty)(x) e C¥*'[0,) NC™*(01]NC™(0,1), (2.6)
()" (Ty)™(x) = Ah(X) f (y(x)) ae. xe(01), (2.7)
(2.8)

(Ty)(0)=0,(Ty) (1) =0,0<i<k-1,0< j<n—-k-1.

Proof. We only proveT(P) K . The proof of the remainder of Lemma 2 can be

found in[4].
For y e P by employing(2.3) and (2.5) we have

min(Ty)(x) = 2mina(s) [ g(s)h(s)  (y(s))ds

1
E[sz

1
xe[=,~
7

> 2% max ['G(x, $)h(s) f (y(s))ds

ﬁ xe[0,1]4 0

=7yl

this impliesT(P) c K .
From the Lemma 1, we know that T(K) — K and fixed point of TinKis a

solution of (1.1),(1.2) and vice versa.

3 Main Results

The main results of this paper are as follows.
Theorem 1 Assume that(H,)—(H,) hold. Then there exists a number A* with

0 < A* < 400 such that
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(i) (1.2), (1.2) has two positive solution for A € (0, 1*) ;

(i) (1.2),(1.2) has a positive solution for 4 = 1 *;
(iii) (1.1), (1.2) has no positive solution for A e (4*,+x).

The following theorem will be used in our proof.
Theorem 2 [13] Let E be a Banach space, and K c Ea cone in E. For

p>0,defineK | ={ueK;|u| < p}.Assume that ®:K, — K is a compact map

suchthat du=u for uedK, ={ueK;|u|=p}.
@If |u|<|j@u| for ueoK,, then i(®,K, ,K)=0;

(0) If |u[|>||®u| for uedK,, then i(® K ,K)=1.
Lemma 3 Suppose that (H,) —(H,) hold. If A is sufficiently large, then A ¢ A.

if e A, then the problem(1.1),(1.2) has a positive solutiony,(x), and

Proof.
is a fixed point of T .It follows from

Lemma 2 means that y,(x)eK

= +oo that there exists aM > 0such that f (y) > yforally> M.

f(y)

lim ——=

y—>+o0 y

1 )= since miny, (=l M , we get

|y = Amax [ G(x, $)h(s) f (y, (s))ds

xe[0,1]

%G(x, s)h(s) f (y,(s))ds

Bl

> Amin I

‘g(9)h(S)y, (s)ds

L
4

> A mina(X) j
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> /”Lozy/”y;~

[f9(s)h(s)ds
Thus, 1< (ayjf g(s)h(s)ds)™ ,which contradicts with A sufficiently large.

it [y, [ <™, then
v

%>||yz||zzmiq ()] g(s)n(s) (¥, (5)ds

el
> 2o (0)[ g(s)h(s)ds,

i.e. A <M (af (O)I:g(s)h(s)ds)’1 ,which is also contradiction. O
Lemma 4 Suppose that (H,)—(H,) hold. Then there exists a A, >0 such
that (0, A,] < A
Proof. Let K, ={yeK;|y|<1}, choose 4, = (2/f (1)jolg(s)h(s)ds)’l . For
yeoK, ={y eK;|y|=1} and2 e (0, 4], using (H,),(H,)and(2.3) we have

(Ty)(x) <4 max _[:G(X, s)h(s) f(y(s))ds

< 2Bt @) 9(s)h(s)ds <1=]y],

ie. [|Tylk]|ly| for ye@oK,. Thus, Theorem 2 implies i(T,K;,K)=1. Hence,
T has a fixed point y, (x) in K, and it satisfies

Y1(x) = A[.G(x, )(s) f (¥, (5))ds

> 2f (Q)a()[ g(s)h(s)ds,

this shows that y, (x) is a positive solution of problem (1.1), (1.2) . O
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Lemma5 Suppose that (H,)—(H,) hold. Let A*=sup A, theni*e A .

Proof. Without loss of generality, let{4,},_be a monotone increasing sequence

and limA,=4*, where 4, A . We claims that the corresponding positive

N—o0

solution sequence {y, (X)}, is uniformly bounded. In fact, from

lim M=+oo there exists a M >0 such that f(y)>Ny for all y>M

y—>+o y

where N is chosen so that N/”Lnayjfh(s)g(s)ds>1, If HyﬁﬂHZM, then
4 v

mlir% Y 2 ;/Hyln H > M, hence we obtain
“aa

1y, I 2, min | G(x,8)n(s) f(y, (s))ds

> NA,af fg(s)h(s)ym(s)ds

>N2ay |y, |l [L9(s)h(s)ds

>y,
which is a contradiction. Thus, there exists a number L with0Q < L < +co such that

Iy, kL forall n.

In addition, using (H,)and (2.4) , we have

Bty (s)s

;I 2, [ =

A*nf(L) Xan-k (1 ayk-1 nk-pq ok
_(k—l)!(n—k—l)!(jos (1-5s) h(s)ds+jxs (1-s)“h(s)ds)




Lingbin Kong and Tao Lu 21

'sk1(1 _5)*th(s)ds = Q,

0

2nA* f(L) i
T (k—1)'(n—k —1)!

this shown that{y, (x)},-;is equicontinous. Ascoli-Arzela theorem claims that
{y, (X)}no has a uniformly convergent subsequence, denoted again
by {y, (X)}ns » and {y, (X)}, converges to y (x) uniformly on [0,1] .
Inserting y, (x) into (2.1) and letting n — oo, using the Lebesgue dominated
convergence theorem, we obtain
Y (0 =2 GO.9)N(s)F (¥ (s))ds.

Therefore, y”(x)is a positive solution of (1.1),(1.2) and A*e A. m
Lemma 6 Suppose that(H,)—(H,) hold.Then the problem (1.1),(1.2) has two
positive solution for A € (0, 4%).

Proof. As shown in[9], it follows from (H,) and uniform continous of f (y) that

there existsa 6 >0 such that
1 *
(Ty)(x) = /1.[0 G(x,5)h(s) f(y(s))ds<y (X)+o (3.1
LetQ ={y(x) € C[01];-6 < y(x) < ¥ (X) + &}, thenQ is a bounded open subset

in C[0,1]and K N Qis a bounded open subset in K andy"(x) e KN Q. It is clear
that
KNQ={y(x) e K:0<y(x) <y (X)+5}.
Consider the homotopy
Hty)=0-t)Ty+ty

it is obvious that
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H:[01]x (KNQ) - K
is completely continous. For (t, y) € [0,1] x (K N Q) , form (3.1) we have

Ht,y)=A-t)Ty+ty" <(1-t)y +ty <y +56.

Hence H(t,y) e KNQ.Thus, weget H(t,y)=y for (t,y)e[01]x(KNoQ).

By the homotopy invariance and normality of the fixed point index we obtain
i(T,KNQ,K)=i(y ,KNQ,K) =1 (3.2)
this shows that T has a fixed point y{’ (x) in K N Qand y® (x) iis a positive solution
of (1.1), (1.2).
f(y)

From lim —===+o0, there exists a R;>0 such that f(y)>#ny for all
y—>+o y

y>R, , where 7 is chosen so that nyaijfg(s)h(s)ds>l. Let

R= max{&,uy*u+§+1}, then for y e oKy, since min y(x) > y|y|=R =R,
4 xe[%,%]
we have

1Ty Il 2 max [ G(x,s)n(s) f (y(s))ds

13
xe[ =~
E[44]

> 2 min a(x)| ;g(s)h(s)ny(s)ds

> naay|y|[ f9(s)h(s)ds > [y|

thus, Theorem 2 implies

i(T,Kg,K)=0 (3.3)

Consequently, the additivity of the fixed point index and (3.2),(3.3) together
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implies

i(T,Kg \(KNQ),K) =-1,
therefore, T has another fixed pointy®(x) in Ky \(KNQ), and y@(x) is
also a positive solution of (1.1), (1.2) .

Up to now, the proof of theorem is complete. O
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