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Positive solutions of singular boundary
value problems for second order
impulsive differential equations

Ying He!

Abstract

This paper is devoted to study the positive solutions of nonlinear
singular two-point boundary value problems for second-order impulsive
differential equations.The existence of positive solutions is established

by using the fixed point theorem in cones.
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1 Introduction

This is the text of the introduction. Impulsive and singular differential

equations play a very important role in modern applied mathematics due to
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their deep physical background and broad application. In this paper,we con-

sider the existence of positive solutions of

—u" = g(x,u), xel,

—AU ey, = Ip(u(zy)), k=1,2,--- ,m,

Ryi(u) = oqu(0) + 514/(0) = 0,

Ro(u) = agu(l) + G/ (1) = 0,
here aq,a2,0: > 0,01 < 0,08 + 67 > 0,03 + 65 > 0,1 = [0,1], I' = I\
{z1, 29, ,Zm}, 0 < 21 < @9 < -+ < 2y < 1, RT = [0,400), g € C(I x
RY, R"), I, € C(R",R"), Au|ys, = v/ () — W/ (x}), v/ (x]) (respectively
u'(z;)) denotes the right limit (respectively left limit) of «'(z) at x = x,9(z, u)

(1.1)

may be singular at u = 0.

In recent years, boundary problems of second-order differential equations
with impulses have been studied extensively in the literature(see for instance [1-
9] and their references).In[1],Lin and Jiang studied the second-order impulsive
differential equation with no singularity and obtained two positive solutions
by using the fixed point index theorems in cone. However they did not con-
sider the case when the function is singular.Motivated by the work mentioned
above,we study the positive solutions of nonlinear singular two-point boundary
value problems for second order impulsive differential equations (1.1) in this
paper.Our argument is based on the fixed point theorem in cones.

Moreover,for the simplicity in the following discussion,we introduce the
following hypotheses.

(Hy):  There exists an €9 > 0 such that g(z,u) and I;(u) are nonincreas-

ing in u < g¢,for

cach fixed z € [0, 1]
(Hy):  For each fixed 0 < 8 < ¢

1
ay — Prag+ [y — agy
0< / , 0)dy < oo
Og(y( 5 ot 5 )0)dy
(H3) :  ¢1(z) is the eigenfunction related to the smallest eigenvalue A\; of

the eigenvalue

problem  —¢" = Ap, Ri(6) = Fa(9) =0,
Z I°° (k)¢ (z)

( 4) g fo (111 Bﬁll 2251622 Vo1 (a)da

< )\1,
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where ¢*° = lim sup max @, I°°(k) = lim sup —Ikiu)y
u—+oo Z€[0,1] u—+00

Theorem 1.1. Assume that (Hy) — (Hy) are satisfied. Then problem (1.1)

has at least one positive solution u .Moreover,there exists a 0* > 0 such that

Lo — B og + B — aox
>
u<x)_0(a1—ﬁ1 ag + By

) z € [0,1]. (1)

2 Preliminary Notes

In order to define the solution of (1.1) we shall consider the following space.
PC'(I,R) ={u € C(I, R);¥|(wp.zp.1) € C(@h, Tps1), W'(2y) =/ (xy), I/ (2f)), k =

1,2,--- ,m} with the norm ||u||pcr = max{||ul|, ||&||}, here ||u]| = sup |u(x)|,
ze|0,1

|v|| = sup |v/(z)|. Then PC'(I, R) is a Banach space.

z€[0,1]

Definition 2.1. A function u € PC'(I, R)NC*(I', R) is a solution of (1.1)
if it satisfies the differential equation

u' +g(z,u)=0, zel

and the function u satisfies conditions Au'|,—,, = —Ip(u(zy)) and Ry(u) =

Let Q =1 x 1 and Q1 = {(z,y) € Q0 <z <y <1}, Q2 = {(z,y) €
Q0 <y < x < 1}. Let G(z,y) is the Green’s function of the boundary value
problem

—u" =0, Ri(u) = Ra(u) =0.

Following from [6], G(z,y) can be written by

(alw—ﬁl)(OlQ“ﬁBQ_aQy) (m y) & Ql
G('T,y) = (aly—ﬁl)(<;)2+ﬁ2_a2m) (ﬂf y) c QQ.

w

where w = ay(ag + ) — frag > 0

It is easy to verify that G(x,y) has the following properties:
(i): G(z,y) >0, (z,y)€0,1]x]0,1]
(i): Gz,y) <Gyy), (2,y) €[0,1] x[0,1]
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(ifi): Glx,y) > min{@eh axthaary g, )

> (oo Gy ) (2,y) € 0,1] x [0, 1]

Consider the linear problem
—u"(z) = Mu(z), Ri(u) = Ra(u)=0.

By the theory of ordinary differential equations, we know that there exists
an eigenfunction ¢(x) with respect to the first eigenvalue A; > 0 such that
¢1(z) > 0 for z € (0,1).

Lemma 2.2. If u is a solution of the equation

u(z) = /o G(z,y)9(y, u(y))dy + ZG(x,xk)Ik(u(xk)), rel (2.2)

k=1

then u is a solution of (1.1).

In fact by using inequalities (i), (ii) we have that

\wslc@mmwww+2m%umwm>

and

o — B g + By — aox
ap — as + (o
T — By ag + Ba — T |

+ G(xp, o)l (u(z
(oq—ﬂl ot s ); (@k, 1) Ie(u(zk))
a1z — B ag + By —
ap — B ay + B

u(z) >

) /0 Gy, v)9(y, uly))dy

(

Mull, = €10,1].

3 Main Results

Lemma 3.1. Let E = (E,||-||) be a Banach space and let K C E be a cone
in E, and || - || be increasing with respect to K. Also, r, R are constants with
0 <7 < R. Suppose that ® : (Qp\Q,)NK — K (Qr={uc E,|ul| < R} )



Ying He 41

s a continuous, compact map and assume that the conditions are satisfied:
(i) [|Pu|| >z, foru e 0Q, K

(i1) u # p®(u), for p €0,1) and u € R (N K

Then ® has a fized point in K ({u € E :r < |ju|| < R}.

Proof. In applications below, we take F = C(I, R) and define
K ={x € C(I,R) : z(t) > o|x|,t € [0,1]}.

One may readily verify that K is a cone in E. Now,let » > 0 be such that

r< mm{so,/o G(%,y)g(y,so)dy +) G(%,xk)lk(so)} (3.1)

and let R > r be chosen large enough later.
Let us define an operator ® : (Qz\Q,) N K — K by

1 m
@u)(@) = [ Glag)glyuw)dy+ > Gl hulm), o < 1
0 k=1
First we show that ® is well defined.To see this, notice that if u € (Qg\Q,) N K
then r < fJufl < Rand u(x) > (55 2252520 |lul| > (S5 22i2525)r,0 <
x < 1. Also notice by (H;) that

ax — B g + By — aax
a; — B ay + o

gla, ule)) < gla, ( ), when 0 < ufz) <,

and

< < <
g(x,u(x)) < max, Orggéclg(x,u) when r < u(z) < R.

These inequalities with (H;) guarantee that ® : (Q\Q,) K — K is well
defined.
Next we show that ® : (Qr\Q,)NK — K If u € (Qr\Q,.) N K, then we

have

@l < [ Gt umy + Y Glaranliu(z)

o — B+ B — anx
a; — B ag + o
a1 — B g + Ba — anx

+ (oq—ﬁl ot s );G(%,xkﬂk(u(%))

alx—ﬁ1a2+ﬂz—a2x>”®uu e [0.1]
a; — ag + (o 7 ’

(Pu)(z) =

) /0 G(y,y)9(y, u(y))dy




42 Positive solutions of singular boundary value problems...

ie.duec Ksod®:(Qr\Q)NK— K.
It is clear that ® is continuous and completely continuous.

We now show that

|[Pu|| > ||ul], for ue 0Q, (K (3.2)

— a12—P1 ag+fa—asx
To see that,let u € 99, [ K then [ju|| = r and u(z) > (G52 255 )r
for x € [0,1]. So by (H;) and (3.1) we have

@0z = [ GGaa.at) dy+ZG—xk>fk<< )
> /0G(;y)g(y,r)dw;G(§>wk)1k(r)

> [ Gty YA
> = |ul.

0 (3.2) is satisfied.
On the other hand, from (Hy), there exist 0 < e < A\ — f* and H > p
such that

1
ey [ PO e S0 + Y
0

— b Qg + [z
g(z,u) < (¢ +e)u, I(u) < (I®(k)+e)u Vxel0,1], u>H. (3.3)

Let C = [nax max g(z,u) + Zﬁgﬁ)% I (u), it is clear that

ox — 1o + P2 — aox
z,u) < glx,
g(z,u) < g( (a—ﬁl ot

() < LA R0y 4 20 v € 0,1 u 0

Next we show that if R is large enough ,then u®u # u for any u € K () 0Qg
and 0 < p < 1. If this is not true ,then there exist vy € K ()9Qr and

)+ C+ (9™ + e)u,

0 < o < 1 such that poBuy = uo. Thus fluol| = R > r and wfz) =
(O;ff__ﬁﬁf O‘QZfigj”)R.Note that ug(z) satisfies

ul(x) + pog(z, ug(z)) =0, z el
_Au6’x=xk = /Lo[k(uo(a:k)), k=1,2,---,m,
a1uo(0) + Bruy(0) =0
(1) + Baug(1) = 0.

(3.4)
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Multiply equation (3.4) by ¢ () and integrate from 0 to 1, using integration
by parts in the left side, notice that

$k+1
/gbl dx—/ o1(x duo / duo /gbl duo
k=1 "%k

= () — 0) — 61(0)uih(0) — / ub(2)6, (2)d
S 61 e (st — 0) — by (. + 0) — / " (@) (x)da]

1

3

i

© (V1) — ()i (i + 0) — / (@) (x)dz

- _ZAUO 21 () / 4 (@)up(w)da + 61 (L)up(1) = 61(0)y(0).
Also notice that

/0 S@@)dr = [ ¢ (x)duo(z)

thus,by the boundary conditions, we have

/0 o@ul@)dr = — 3 Au(z)ér(e) — 6 (Duo(1) + ¢(0)us(0)
Y / ()1 (x)dz + ér(1)up(1) — 61(0)u(0)
= —ZAU6($k>¢1($k)_)\1/ ug(x)d1 (v)dx
k=1 0

= > olu(ualae))on ) [ o))
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So we obtain

" / () (e = o 3 o) o) + / 9(, uo(2)) by (2)de

Z(Ioo(k) + €)1 (zr)uo(zy) + C Z ¢1(zr)

<
1 k=1
- B B 1
LS Zfi 620‘23““) Nor(a) + 6™ +2) [ or(u(a)ds
k=1
Ozlx — B ag + fa — apx
+ /¢1 dﬂf+/ 2162 B wmth "

Consequently,we obtain that

(= =9) [ wl@on(o e < 320+ 6wl

o — B g + By — aox

1
" /0 D)9, a; — B ay + [

)r)dx‘—i—C’ (k) /gbl )dx)

510424‘52
+ ;1 ne At 0 ()

1 J— J—
< ol Y009+ Jontn) + [ gt (B

S ' - a1r — [y ag + B — apx
+ C(; ¢1(wk) +/0 ¢1(z)dr) + ;]k( oG ot V)1 (z,)

We also have

041$ 51@2+ﬁ2—042$
[ i > o [ (@Dt e g,

Thus

S 1 () g (o, (LLEZLL 0202002 y 0 L (5N by (g )+ i 1 (2)da)+ 3 T SLEZLL @atBa—0omy g (o)
0 Nap=p1 agtBr = 0 =1 a1—=pf1 azt+ha

[uoll < PP — 7
(=g =) [g (gt 20252 )1 (a)da— 32 (10 (R)-+2)n ()

= R.
Let R > max{R, H}, then for any u € K (00 and 0 < u < 1, we have
uPu # u. Hence all the assumptions of Lemma 3.1 are satisfied,then ® has
a fixed point u in K ({u € E:r < [Jul| < R}, u(z) > (Qfhozti),

ar1—p a2+
Va € [0,1]. Let 6* := r, this we complete the proof of Theorem 1.
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