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A New Iterative Scheme for Approximating
Common Fixed Points of Two Nonexpansive
Mappings in Banach Space
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Abstract

In this paper, we introduce the modified iterations of Mann’s type for
nonexpansive mappings to have the strong convergence in a uniformly
convex Banach space. We study approximation of common fixed point
of nonexpansive mappings in Banach space by using a new iterative

scheme.
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1 Introduction

Let E be a real Banach space, C' a nonempty closed convex subset of F,

and T : C'— C a mapping. Recall that T is nonexpansive mapping[1] if
|Tx — Ty|| < ||z —y|| for all z,y € C.

A point x € C'is a fized point of T provided Tx = x. Denote by Fix(T) the
set of fixed point of T’ that is, Fiz(T) = {z € C : Tz = z}. It is assumed
throughout the paper that T is a nonexpansive mapping such that Fiz(T) # (.

Iterative methods are often used to solve the fixed point equation Tz = x.
The most well-known method is perhaps the Picard successive iteration method
when T is a contraction. Picard’s method generates a sequence {x,} succes-
sively as x,, = Tx,_1 for n > 1 with zy arbitrary, and this sequence converges
in norm to the unique fixed point of T'. However, if T is not a contraction
(for instance, if T' is nonexpansive), then Picard’s successive iteration fail, in
general, to converge. Instead, Mann’s iteration method [10] prevails. Mann’s
method, an averaged process in nature, generates a sequence {x,} recursively
via

Tpt1 = OpTp + (1 - @n)Txnyn >0, (11)

where the initial guess xg € C' is arbitrarily chosen.

Mann’s iteration method (1.1) has been proved to be a powerful method for
solving nonlinear operator equations involving nonexpansive mapping, asymp-
totically nonexpansive mapping, and other kinds of nonlinear mapping; see |2,
3, 6-8, 10, 12, 13, 15, 16] and the references therein.

It is known that Mann’s iteration method (1.1) is in general not strongly
convergent [5] for nonexpansive mappings. So to get strong convergence, one
has to modify the iteration method (1.1). In this regard, we will show in
Section 3.

Motivated and inspired by the research going on in these fields, we suggest
and analyze now new modified Mann’s iteration for finding the common fixed
point of the nonexpansive mappings in Banach space. We propose the modi-
fied Mann’s iteration and consider the strong convergence of the approximate

solutions for nonexpansive in Banach space.
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We suggest and analyze the following two iterative methods:

( xg € C' chosen arbitrarily,

Yn = ﬂnzn + (1 - Bn)Txna

| g1 = anln + (1 — ) zn, n >0,

and if there exists two sequences {2/} and {z!'} generated by

)
xg € C' chosen arbitrarily,

T = a2y + (1 — ay)yn,

| Thy1 = QnYn + (1 —ap)zn, n>0,

where «,, 0,7, are constants satisfying certain conditions.
We write x,, — z to indicate that the sequence {x,} converges strongly to

x. We use F' to denote the set of common fixed point of the mappings 7" and

S.

2 Preliminaries

This section collects some lemmas which will be used in the proofs for the

main results in the next section.

Lemma 2.1. [12] Let {a,}, {b,} and {5,} be sequences of nonnegative real

numbers satisfying the inequality
(p41 S (1 + 571)@71 + bn7n Z 1.

If 7 0, <00 and ) b, < 0o, then
n=1 n=1
(1) lim a, ezists;
(2) lim a, = 0 whenever liminfa, = 0.

n—oo n—oo
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Lemma 2.2. [14] Suppose that E is a uniformly convex Banach space and
0<t,<1forallneN. Let {z,} and {y,} be two sequences of E such that
limsup ||z,] < 7, imsup ||y,|| < r and lim ||t,z, + (1 — t,)y.|| = r hold for

n—oo n—oo

some r > 0, then lim ||z, —y,| = 0.

Lemma 2.3. [15] A mapping T:C—C' with nonempty fized point set F in C
will be said to satisfy Condition (I):

If there is a nondecreasing function f : [0,00) — [0,00) with f(0) =
0, f(r) > 0 for all v € (0,00) such that ||z — Tx| > f(d(x,F)) for all x €
C, where d(z, F) = inf{||Jz — p|| : p € F}.

Lemma 2.4. [18] Given a number r > 0. A real Banach space E is uniformly
convex if and only if there exists a continuous strictly increasing function ¢ :
[0, 00] — [0, 00}, ¢(0) = 0, such that

Az + (1= Nyl* < Ml + (1 =N yl* = 21 = Ne(llz —yl)
for all A € [0,1] and x,y € E such that ||z|| <7 and |ly|]| < r.

Note that the inequality in Lemma 2.4 is known as Xu's inequality. It

follows from Lemma 2.4 that we get the following lemma can be found in [4].

Lemma 2.5. Given a number r > 0. Let E s a uniformly convexr Banach
space then there exists a continuous strictly increasing function ¢ : [0, 00] —
[0, 0o] with ¢(0) =0, such that

1Az + py +yzl* < All2l* + pllyll® + 11201 = Aue(llz — yl)

for all \, i,y € [0,1] and x,y,z € E such that ||z|| <7, ||y|| <7 and ||z|| <.

Lemma 2.6. [9] Let {a,}, {B.} be sequences of nonnegative real numbers

such that Y «, = oco. If Y a,(, < oo, then liminf 3, = 0.
n=1 n=1

n—oo
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3 Convergence to a common fixed point of

nonexpansive mappings

3.1 There exists one sequence {z,}

In this part, we prove our main theorem for finding a common fixed point

of nonexpansive mappings in Banach space in the case of one sequence.

Theorem 3.1. Let C' be a nonempty closed convex subset of a uniformly convex
Banach space E and let'T" and S be two nonexpansive self mappings of C' satisfy
Condition (1) and F # 0. Given {a,}, {6n} and {y,} are sequences in (0,1),
such that > a, < 00, Y Ynfn =00, Y (1 —7,) < oo for alln > 1.

Define a sequence {x,}52, in C by the algorithm (1.2), then {z,}5%,

strongly converges to a common fixed point of T and S.

Proof. First, we observe that {x,} is bounded, if we take an arbitrary fixed
point ¢ of F', noting that [jy, —q|| < ||z, — ¢|| and ||z, — q|| < ||z — ¢||, we
have

||$n+1 —qll = Hanyn + (1 —an)z, — QH

< OénHyn - Zn” + Hzn - QH
< apllyn — gl + anllzn — gl + [z — 4l
< (1 +200)||lzn — q]|-

By Lemma 2.1 and ) «, < 00, thus lim ||z, — ¢|| exists. Denote
lim ||z, —¢| = ¢
n—oo

Hence, {z,} is bounded, so are {y,} and {z,}. Now

[Znt1 = qll = lonyn + (1 — an)zn — q|
= [lon(yn — 20) + (20 — 9|
S anHyn - Zn” + ”Zn - q“

By > @, < oo and the boundedness of {z,} and {y,}, we obtain
lim ||z, — ¢|| <liminf ||z, — ¢l (3.2)
Since ||z, — ¢q|| < ||zn — ¢l|, which implies that

limsup ||z, — ¢| < lim |2, —ql|, (3.3)

n—oo
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so that (3.2) and (3.3) give
Tim |2, =gl = lim [z, —qf| = c.
Moreover, ||Sz, — q|| < ||z, — q|| implies that

limsup ||Sz, — ¢q|| < e

n—oo

Thus

Cc= nlg{.lo ||Zn - QH = lim ||7nxn + (1 - '7n)Swn - QH

= lim [y (e — 4) + (1~ 7) (S — )]
given by Lemma 2.2 that

lim || Sz, — z,|| = 0. (3.4)

n—oo

By (3.1) and ) «a,, < oo, then we have

[0 m = qll < (1 + 200 0m—1) [0 gm—1 — gl

< e2an+m_1H$n+mfl - qH

IN

62an+m—162an+m—2 ||xn+m—2 - QH

IN

n+m—1

2 X
e i=n

IN

’xn - QH

That is
[0 tm = gl < M|z, — qll, (3:5)

n+m—1
2 a;
where M = e & , for all m,n > 1, for all ¢ € F' and for M > 0.
Next we prove that {z,}>°, is Cauchy sequence.
Since ¢ € F arbitrarily and lim ||z, — ¢|| exists, consequently d(z,, F')
exists by Lemma 2.3. From the Lemma 2.3 and (3.4), we get
lim f(d(zn, F)) < lim ||z, — Sz,||=0

Since f : [0, 00) — [0, 00) is a nondecreasing function satisfy f(0) =0, f(r) >0

for all r € (0, 00), therefore we have

lim d(z,, F) =0.

n—oo
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Let € > 0, since lim d(z,, F') = 0 and therefore exists a constant ng such

n—oo

that for all n > ng, we have

€
d(z,, F) < —,
(o, ) < 337
in particular,
€
d )< —.
(In07 ) — 2M
There must exist p; € F', such that
d < —.
(xn()?pl) — 2M

From (3.5), it can be obtained that when n > ny,

[Znm = Tl < [ Tnm = pill + [z — pal]

< 2M || 2, — pi|
&

<oM- - —¢

= oM -

This implies {z,}32, is a Cauchy sequence in a closed convex subset C' of a

Banach space E. Thus, it must converges to a point in C| let lim x,, = p.

For all e > 0, as lim z,, = p, thus there exists a number n; such that when
U Z ny,
€
2, =2l < 7- (3.6)
In fact, lim d(z,, F) = 0 implies that using the ny above, when n > na,
n—oo
we get
€
d(z,, F) < -.
(00, F) < &
In particular, d(x,,, F') < g. Thus, there must exist p € F, such that
_ . €
|y = pll = d(@n,, P) = ¢ (3.7)

From (3.6) and (3.7), we get

1Sp—pll = ISp =D+ Sxp, =P+ D — Tpy + Tny — D+ D — S, |
<|1Sp = pll + [|zn, = Bl + |20, — Il + 2[| Sz, — Pl
<|lp = Il + 3|20, — DIl + |20, — P
< |lzn, = pll + |20, — Pl + 3|20, — DIl + 20, — Pl

= 4f|zn, = Pl + 2[|lzn, —

de  2¢
<—+-—=c

- 8 4
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As € is an arbitrary positive number, thus, Sp = p.
Let

Then we have

[t 1 — qlf?
= [[n + BT 0 + (1 = Bn — ) Tn — g
= [[9n(@n = @) + BT — q) + (1 = Bn — 1) (T2n — )|
< Yollzn — gl + Ball Tz — gl + (1 = B = )1 T2n — qlI* = YnBnpllen — T
< lwn = ql* = Wbaellzn — Tl

and hence
YaBuplltn = Trall < Nz — all* = llunsr — qlf?
for ¢ € F. Summing from n=1 to oo, we have

o0

> Ballen = Txall = (s = all” = lJunsr — all?)
n=1

n=1
> Ulzn = gl + lunsr = gl (l2n = gl = lltns — gll)
n=1
< 2KZ Hun+1 - an
n=1

< QKZ(I — V) |2n — Tyl

n=1

n=1

where K = sup{||z, — q||}, from > (1 —~,) < oo, we get
neN

n=1

Zynﬁngpﬂmn — Tx,|| <4K? Z(l — Yn) < 00.
n=1 n=1

Since Y vn0, = 00, from Lemma 2.6, we get liminf ¢|Tz,, — z,|| = 0. Hence
n=1 n—oo

liminf ||Tx,, — x| = 0. (3.8)

n—oo
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Since T' is a nonexpansive mapping, we have

[T 201 — Ty |
= [|T2n11 = g — (1 — o) 2
= |[|Txp1 — Tap + Tay, + anTe, — anyTr, — any, — (1 — ay) 2|
SN Txpy = Tl + (1 — an) 1 T2n — 20ll + || Ton — ynl|
< [ #nn = 2nll + (1 = @) [Ty — 20l + anl| Tzn — yn|
= llanyn + (1 — an)zn — 2l + (1 = an)[[T2n — 20]| + anl| Tz — |
< nllyn — @l + (1 = an)llzn = zall + (1 = an)[[ T2 — 2ol + anl| Ty — yal
= || Bntn + (1 = Bp)Twn — 2l + (1 — o) [ynzn + (1 = ) S0 — 2|
+ (I = an)|Tzn = Ynn = (1 = ) Snll + anl| Tz — Gntn — (1 = o) Ta|
< an(1 = Bu) Tz — xnll + (1 — @) (1 = ) 1520 — 2al + 0 ]| Ton — 20|
+ (L — )| Tzn — 2| + (1 = ) (L = ) [Tz — S|
< on(1 = Bu)[[Tan — zall + (L= ) [Szn — @l + Bl Ty — 20|
+ (1= o) | Tz — | + (L = 3) [T — S|
< | Tzp = apll + (=) (1520 — 0l + | T2n — Sza )

Since Y (1 —7,) < oo, it follows from Lemma 2.1 that lim [|Tz, —z,|| exists.
n=1 n—00

Therefore, from (3.8), we get
lim || Tz, — x| =0.

Then using the same argument we can show that {z, }°°, converges strongly

to a common fixed point of T" and S. m

Remark 3.1. [t is to be noted that (1.2) reduces to (1.1) when T or S equal
to I.

3.2 There exists two sequences {2/} and {z/

In this part, we prove our main theorem for finding a common fixed point

of nonexpansive mappings in Banach space in the case of two sequences.
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Theorem 3.2. Let C' be a nonempty bounded closed convex subset of a uni-
formly convex Banach space E and let T' and S be two nonexpansive self map-
pings of C satisfy Condition (1) and F # 0. Given {a,}, {B.} and {v,} are
sequences in (0,1), such that > o, < 00, Y. B < 00, Bn > v for alln > 1.
Define two sequences {x}}22, and {z}°, in C by the algorithm (1.3),
then {x},}>2, and {zll}5°, strongly converge to a common fized point of T and

S.

Proof. By the boundedness of C, we obverse that both {z],} and {z'} are
bounded, if we take an arbitrary fixed point ¢ of F', noting that ||y, — q|| <

|z;, — q|| and ||z, — ¢l < ||z}, — q||, we have

1251 — all = llemzn + (1 = an)yn — gl
< anllzn = yall + [lyn — 4l
< anllyn — qll + ewnllzn = all + lyn — 4l
< (14 )|z, — qll + anllz” —q|-

By Lemma 2.1 and ) «, < 00, thus lim ||/, — ¢|| exists. Denote
n—oo

lim [/, — qf| = ¢’
n—oo

Similarly, we have
lim 22 — ql| = ¢".
n—oo

Since both {«/,} and {z!'} are bounded, we get {y,} and {z,} are bounded.

Now

||x;L+1 - QH = ||anzn + (1 - an)yn - QH
= Han<zn - yn) + (yn - q)“
< anllzn = Ynll + |lyn — 4dl|-

By > ay, < 00, we obtain
lim |12}, — gl < liminf 1y, — . (3.10)
Since ||y, — ¢l < ||z, — ¢l|, which implies that

limsup [|y, — g|| < lim ||z, — ], (3.11)

n—oo



Jinzuo Chen and Dingping Wu 295

so that (3.10) and (3.11) give
Tim (lyn — qll = Tim [[z;, —qf| = ¢
Moreover, ||Tz! — q|| < ||z}, — ¢|| implies that

limsup ||Tz], — q|| < .

n—o0

Thus
¢ = lim |lyn — gl = lim ||Bpz;, + (1 = Ba) T, — g
= lim [|B,(a;, —q) + (1 = Ba)(T}, — )|
given by Lemma 2.2 that
lim [T, -, = 0. (3.12)

By (3.9) and ) a,, < oo, then we have

1254 — @l < U+ Qgm0 12511 = gl + gm0 — 4l

<er =tz =gl + a1 |2 e — 4l

S ean+mflea"+m72 Haj‘n+m72 - QH

+ efntm-1 (an+m72|’xz+m—2 - qH + an+m71‘|xfr;+m—l N qH)

<...
n+m-—1 n+m—1 n+m—1
> oo >
<e & Y —glde & T3 alal gl
i=n
That is
n+m—1
12— all < L(llar, —all + ) s, (3.13)
i=n

n+m—1
2
where L =e = | s; = ||z} — ¢||. for all m,n > 1, for all g € F.
Next we prove that {z] }>°, is Cauchy sequence.
Since ¢ € F arbitrarily and lim ||z} — ¢ exists, consequently d(z!,, F)
exists by Lemma 2.3. From the Lemma 2.3 and (3.12), we get
lin f(d(z), F)) < lim |Ja!, — T | = 0

n—oo
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Since f : [0, 00) — [0, 00) is a nondecreasing function satisfy f(0) =0, f(r) >0
for all » € (0, 00), therefore we have

lim d(z),, F) = 0.

n—oo

o0
Let ¢ > 0, since lim d(z/,, F) = 0 and > s; < oo, therefore it exists a
o i=0

constant ng such that for all n > ngy, we have

€
dz) | F) < —
(x'rﬂ ) — 2L7
in particular,
€
dz), , F) < —.
(xn()? ) — 2L
There must exist p; € F', such that
€
d(z! < —.
(xn(])pl) — 2L

From (3.13), it can be obtained that when n > nq,

!/ /

2 — 2|l < |24 — 21l + |27, — 2|
< 2Ly, — pu|
19
<ol. = — .
=S TE

This implies {x] }2°, is a Cauchy sequence in a closed convex subset C' of a

Banach space E. Thus, it must converges to a point in C, let lim z/, = '

n—~o0

For all e > 0, as lim 2], = 2/, thus there exists a number n; such that when
ng 2> Ny, T
), — 'l < 7. (3.14)
In fact, lim d(z/,, F') = 0 implies that using the ny above, when n > no,
we get o
d(z),F) < g
In particular, d(x;,,, F) < ¢. Thus, there must exist ' € F, such that
|2, — || = d(,,, 7) = <. (3.15)

8
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From (3.14) and (3.15), we get

Tz —a'|| = |T2" — &' + T, — ' +7 — 2, +a, —a'+7 —Ta, |
< | T2 = 2| + oy, — 2| + [Ja;, — 2| + 2| Tz, — 7|
< || = Z'|| + 3y, — || + ||, — 2|
<y, — 2| + [|o7, — 2| + 3|2y, — Z'[| + |27, — 2|
= 4|2, — || + 2|z, — |
< 4e n 2¢ B
=% Ty

As € is an arbitrary positive number, thus, Tz’ = 2.

Similarly, we have lim | Sz —x”| = 0, and then Sz” = 2" (2! — 2" asn —
00) T

Finally, we prove z’ = z”.

Let wpy1 = o, T2, + (1 — ) Szl and ||z — q|| > ||z}, — q|| for all n > 1.
Then

[wnt1 — gl = anllzr, — gl + (1 — )|z}, — gl
< max{||z;, — qll, ||z} — qll}
< [lzh —qll-
Now,

1

n+l — - nYn — Qp)en —

| qll = llanyn + (1 — an)z, — 4|
= ||Ofnﬁnxln + an<1 - ﬂn)Tx;L + (1 - O‘n)an;; + (1 - an)(l - /Yn)S"LJT:, - QH
< Bullant;, + (1 — o)z, || + T, + (1 — ap,) Sy, — q|
= Ballanzy, + (1 — an)zy || + lwats — 4l

since Y 3, < 0o and the boundedness of {z/,} and {2/}, we get
¢ < lim |Jwpy1 — |-

Then we have
lim w1 — gl = ¢
n—oo

Moreover, ||Tz), — q|| < ||z}, — q| and [[Szy — q|| < [lz;; — ¢l[, imply that

limsup ||Tz], — q|| < ¢" and limsup ||Sz] — ¢q|| < .

n—oo n—oo
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Thus,

¢ = lim [Jwps — gl| = lan T, + (1 — o) Sz, — g
= [lan (T}, — q) + (1 — o) (S, — ),

given by Lemma 2.2 that

lim ||Sz) — T, | = 0. (3.16)
So
nhm Hanrl n+1H

= lim (2a,, — 1)||z — Y|l

= lim (200, — 1)y (ay, — Say)) = Bu(a, — Tay,) + (S, — T ),
so we obtain hm |z, — ;|| = 0 for (3.12) and (3.16), it means 2’ = z”.
This completes the proof. ]
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