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Abstract 

Zona pellucida (ZP), acellular mantel of mammalian oocyte, changes its thickness 

and elastic properties before and after fertilization. To describe changes in 

mechanical properties of ZP, the oscillatory spherical net Model of mouse ZP is 

developed. Using the method of discrete continuum, ZP is modeled as a discreet 

spherical net with nonlinear elastic and visco-elastic connections. Elements in this 

discrete spherical net correspond to ZP proteins. A mathematical model of 

nonlinear free and forced vibrations is presented. This ZP model could explain its 

nonlinear oscillatory behavior: material particles in the net move in three 

orthogonal directions and in each of the directions multi-frequency vibrations are 

asynchronous, and the resultant of nonlinear dynamics is space trajectory in the 

form of the generalized Lissajus curves. Favorable and unfavorable kinetic states of 

1 Department for Bio-medical science, State University of Novi Pazar, Trg Ucitelj Tase  
  3/9, 18 000 Nis, Serbia. E-mails: handjelka@hm.co.rs; handjelka@gmail.com.  
2 Matematical Institute of  SASA, Kneza Mihaila 36,11001 Beograd, Serbia.  
  E-mail: khedrih@eunet.rs  
3 Department of Chemical Engineering, Faculty of Technology and Metallurgy,  
  University of Belgrade, Karnegijeva 4, 11 000 Beograd, Serbia. 
  E-mail: branko@tmf.bg.ac.rs  
 
Article Info: Received : September 12, 2013. Revised : October 25, 2013. 
           Published online : December 10, 2013.   

                                                 

mailto:handjelka@hm.co.rs
mailto:handjelka@gmail.com
mailto:khedrih@eunet.rs
mailto:branko@tmf.bg.ac.rs


226                                    Oscillatory Spherical Net Model of mZP 

oscillations of oscillatory spherical net ZP model are discussed as well. It is 

possible that a different type of multi-frequency regime of oscillations appears in 

ZP before fertilization: from pure periodic to pure chaotic-like regimes. 

Synchronized regimes of the knot’s mass particle motion in the sphere ZP net are 

favorable kinetic states while chaotic-like motions represent an unfavorable kinetic 

state for possible successful penetration of spermatozoid trough ZP and consequent 

fertilization. 

 

Mathematics Subject Classification: 92C10; 92C50; 70F99 
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1  Introduction  

In this section we will present chemical and 3D structures of mouse Zona 

pellucida (mZP) and the importance of this structure through the summary of its 

function. As ZP represents a dynamical structure that goes through structural and 

molecular changes before and after fertilization, these changes will be emphasized 

in this section. Besides, these changes are followed by changes in its mechanical 

properties (Young modulus of elasticity). These mechanical properties can be 

measured by using different techniques. Mechanical models used for calculation 

and measurements of mechanical properties of ZP before and after fertilization will 

be summarized. We are going to discuss the problem of real values of ZP elastic 

modulus obtained by different models and different measurement techniques and 

propose an innovative mechanical model of ZP. The basic principles of the model 

should be applicable to all mammalian oocytes. 
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1.1  Chemical Structure of ZP 

Zona pellucida (ZP) is an acellular 3D extracellular coat that surrounds all 

mammalian oocytes, ovulated eggs, and embryos up to the early blastocyst stage of 

development. See Figure 1. ZP is composed of sulfatided glycoproteins 

interconnected in a specific manner to create a mash like 3D structure. "ZP 

glycoproteins are synthesized, secreted, and assembled into a ZP exclusively by 

growing oocytes"[2]. Its chemical structure is similar in mice, rats, pigs and 

humans. In mice, ZP consists of 3 sulfated glycoproteins: ZP1, ZP2, and ZP3. The 

ratio of ZP2:ZP3 in mice is close to 1:1, whereas ZP1: ZP2- ZP3 is 1:5. ZP2 and 

ZP3 have fibrilar structure. They are interchangeably connected making fibril 

structures that are cross-linked with ZP1. See Figure 2. Relative molecular masses 

of the three proteins are: (MrZP1): (200 000, MrZP2): 120 000 and (MrZP3): 

83,000 [3]. In humans, hamsters and pigs ZP consists of four glycoproteins. 

 

   
   a)     b)     c) 

Figure 1:  a) Mammalian oocyte.  Source: http://hcp.obgyn.net.  

         b) Mammalian sperm cell. Source: http://en.wikipedia.org  

         c) Mechanism of sperm-egg interaction. Source: Ref [1]. 

 

The thickness of ZP varies between species (6.2 μm in mice [4] and 16 μm in 

pigs [5]. Also, during the oocyte growth and maturation, ZP changes its thickness 

within same species. It is the thickest in fully-grown oocytes [4]. As oocyte grows, 

http://hcp.obgyn.net/
http://en.wikipedia.org/
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it synthesizes ZP glycoproteins and excretes them in perivitelin space. Nascent 

mZP2 (mouse ZP2) and mZP3 are incorporated only into the innermost layer of the 

ZP and excision of the C-terminal region of the glycoproteins is required for 

assembly into the oocyte ZP [2]. 

 

 

Figure 2: ZP model proposed by Wassarman (1988). Filaments are constructed of 

repeating ZP2-ZP3 units and are cross-linked by ZP1. Ratio ZP2:ZP3 is close to 1:1. 

Source: from Green, 1997. [2] 

 

 

1.2  Functions of ZP 

ZP is a very important structure in the process of oogenesis, fertilization, and 

preimplantation development. "Zona pellucida glycoproteins are responsible for 

species-restricted binding of sperm to unfertilized eggs, inducing sperm to undergo 

acrosomal exocytosis, and preventing sperm from binding to fertilized eggs“[2]. 

See Figure 1c). In physiological conditions only one spermatozoid can penetrate ZP 

and fertilize the oocyte. Penetration of the spermatozoid through ZP induces 

cortical reaction - oocyte releases the cortical granules with enzymes in perivitelin 

space. Released enzymes change the structural and mechanical properties of ZP. It 

becomes ''harder''. The consequence is that other sperm cells cannot bind to the ZP 

surface and the previously bound are dropped out. This process is known as 

polyspermy block. See Figure 3. "Removal of the ZP results in direct exposure of 
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the egg plasma membrane to sperm and allows sperm from heterologous species to 

fuse with eggs. During preimplantation development, the ZP influences alignment 

of the embryonic-abembryonic axis and first cleavage plane. The ZP also ensures 

the integrity of preimplantation embryos as they traverse the female reproductive 

tract"[6]. 

 

  
     a)      b) 

Figure 3: a) Fertilization process in mice and polyspermy block.  

          Source: http://www.glycoforum.gr.jp/science/word/glycoprotein/GPA05E.html;  

        b) Conventional SEM. Human unfertilized oocyte.  

          Source: Familiary et al, 2006 [11]. 

 

 

1.3  Structural and Molecular Changes in ZP before and after   

 Fertilization 

ZP has a very complex 3D structure. "Oocyte maturation and fertilization are 

accompanied by changes of ZP filaments arrangement which may be relevant in the 

processes of binding, penetration and selection of spermatozoa" [7]. "When 

visualized by scanning electron microscopy (SEM), the mammalian ZP is found to 

be composed of a network dispersed with numerous pores and with 

morphologically dissimilar internal and external surfaces. The external surface 

http://www.glycoforum.gr.jp/science/word/glycoprotein/GPA05E.html
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displays a fenestrated lattice as an appearance and the internal surface shows a 

regular rough appearance” [8]. 

 

    
a)     b)     c) 

Figure 4: Conventional SEM.  

        a) human unfertilized oocyte. Porousnet appearance of ZP (x2,000).   

        b) higher magnification of a) (x4,000).  

        c) H-SEM Os-Tc without gold coating. Human fertilized ovum.        

          (x1,500). Source: Familiari et al, 2006 [8]. 

      

Familiary et al [9] compared ultrastructural data obtained with TEM 

(transmission electron microscopy) and SEM analysis with molecular data on the 

ZP glycoproteins network from ovulation to blastocyst formation. SEM analysis 

shows a spongy or smooth surface of ZP. "The saponin-ruthenium red-osmium 

tetroxide-thiocarbohydrazide technique (Sap-RR-Os-Tc) allows showing the ZP 

real micro filamentous structure and the related functional changes. Their results 

support an ultra structural supramolecular model. See Figure 4. Differences in ZP 

glycoproteins among mammals do not affect structural morphology" [9]. See 

Figure 5.  

Atomic force microscope (AFM) visualization of ZP of a mature oocyte 

before fertilization shows the existence of a fibril net. After fertilization, a ZP 

surface has smooth presentation on AFM images. Michelmann et al [5] identified 

four different types of porcine ZP morphology: ranged from a porous, net-like 

structure to a nearly smooth and compact surface. The diameter of ZP pores also 
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changes. The mean diameter of ZP pores in oocytes is smaller than the mean 

diameter of ZP pores in zygots [8]. Using TEM and SEM analyses Martinova et al. 

[10] identified in cat ZP two basic ZP layers – outer with a rough spongy 

appearance and inner with smaller fenestrations and a smooth fibrous network. 

 

 
      a)     b) 

Figure 5: Sap-RR-Os-Tc method. 

        a): Outer surface of the ZP of the mouse mature oocyte. Very high  

        magnification of filaments arranged in fine networks in a branch of the  

        spongy structure of the ZP.  

        b): Higher magnification of the outer surface of the ZP of a human  

        mature oocyte. Filaments appear as a beads-on-a-string structure.  

        (x 50,000). Source: Familiari et al, 2006 [8]. 

 

After fertilization the outer ZP showed a rougher meshed network due to the 

fusion between filaments as a consequence of sperm penetration while the inner 

was smoother with a melted appearance. "By conventional SEM observations, the 

spongy ZP appearance correlates with mature oocytes. When observed through 

more sophisticated techniques at high resolution SEM, ZP showed a delicate 

meshwork of thin interconnected filaments, in a regular alternating pattern of wide 

and tight meshes. In mature oocytes, the wide meshes correspond to ‘‘pores’’ of the 

‘‘spongy’’ ZP, whereas the tight meshes correspond to the compact parts of the ZP 

surrounding the pores” [11]. 
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1.4 Mechanical Properties of ZP 

ZP thickness and elasticity differ before and after fertilization. Upon 

fertilization, ZP undergoes a “hardening” process in order to prevent subsequent 

sperm from penetrating. ZP hardening is a term for an increased resistance of ZP to 

dissolution by various biochemical agents. "It has been speculated that ZP 

hardening is due to glycoprotein modification after fertilization. In cortical 

reactions occurring after fertilization, cortical granules undergo exocytosis as a 

result of an increase in the level of calcium, which modifies ZP glycoproteins 

resulting in ZP hardening" [12]. It is shown that these biochemical and structural 

changes are followed by changes in mechanical properties of ZP. Upon fertilization, 

ZP is thinner and has visco-elastic properties [13]-[16]. ZP hardening is an 

increased resistance of the ZP to proteolysis and also a real stiffening of the 

membrane [15], [16]. 

 

 

2  Zona Pellucida Mechanical Models  

According to the literature, there are different techniques for measuring the 

response of ZP to application of mechanical force: by using AFM [15], by using 

atomic force spectroscopy (AFS) [14], by magnetic bead measurement method, by 

microelectromechanical systems-based on two-axis cellular force sensor in 

combination with a microrobotic cell manipulation system [12] and by micropipette 

aspiration technique in combination with a micro tactile sensor [17], [18]. Several 

models of ZP explain changes in its elasticity before and after fertilization and they 

are used for calculation of Young's modulus of ZP: modified biomembrane 

Point-Load Model [19], modified Hertz model [14], [15], half-space model, layered 

model and shell model [13]. Different values of Young's modulus of ZP for same 

species are due to a measurement technique applied and a theoretical model used. 

Table 1. Despite the different values of Young's modulus and hardening rates of ZP 
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before and after fertilization, the results show that ZP is stiffer after fertilization 

[18]. 

 

Table 1: Different values of Young's modulus of ZP are due to different 

measurements' technique and applied theoretical model. 

cell type technique model used Young’s modulus 
of zona pellucida 

source 

Mature bovine oocyte 
ZP AFS 

 
Modified Hertz 
model 

22±5 kPa 
Papi et al, 2010 

[16] Fertilized bovine 
oocyte ZP 

84±10 kPa. 

Mouse oocyte ZP 
cellular force sensor in 
combination with  
microrobotic cell 
manipulation system 

Modified 
biomembrane 
Point-Load Model 
 

17,9 kPa Sun et al, 2003 

[12] 

Sun et al, 2005 

[19] 

Mouse embryo ZP 42,2kPa. 

Mouse oocyte ZP 

Microtactile sensor 
techinque 

Principle 
of contact 
compliance and the 
phase shift method 

8.26 ±5.22 kPa,  

Murayama   

et al, 2006 [17] 

Murayama   

et al, 2008 [18] 

 

Mouse embrio 
(pronuclear stage) 

22.3 ±10.5 kPa 

Mouse oocyte ZP 

micropipette aspiration 
technique 

shell model 
11.8±1.47 kPa 

Khalilian et al, 

2011 

[14] 

Mouse embrio 
(pronuclear stage 

36.9±2.34 kPa 

Human oocyte ZP 
(MII stage) 

half-space model 

1.05±0.51 kPa 
 

Human   embryos 
(pronuclear stage) 

2.38±1.24 kPa 

Human oocyte ZP 
(MII stage) 

layered model 

7.47±1.29 kPa 

Human   embryos 
(pronuclear stage) 

14.19±1.18 kPa 

Human oocytes ZP  
(MII stage) shell model 

 

7.34±1.36 kPa. 

Human  embryos 
pronuclear stage) 

13.18±1.17 kPa 

 

 

Exerting macroscopic mechanical stress on mature bovine oocytes Papi et al, 

[15] obtained Young’s modulus of E=25±8 kPa by using modified Hertz model and 



234                                    Oscillatory Spherical Net Model of mZP 

AFM analysis.  

Changes in mechanical properties of ZP occur in parallel with complex 

chemical reactions.  

The goal of our study was to model the ZP oscillatory behavior as a whole 

system that changes its mechanical properties as a result of complex interaction 

with spermatozoa.  

 

 

[1]  Oscillatory Model of mZP 

Inspired by the Wassermans' model of mZP (mouse ZP) [3] See Figure 2. and 

3D structural changes of ZP on AFM [5] and SEM  analysis [8], [10], [11] and 

Figures 4 and 5, we developed a new mechanical model of ZP [20]. (Firstly 

presented at ENOC Rome 2011 by Hedrih A.). The purpose of the model is to 

describe thickness and consistency changes of ZP before and after fertilization and 

to define possible kinetic parameters of ZP glycoprotein before and after 

fertilization. Oocyte with ZP as a biomechanical oscillator was considered.  

 

 

3.1 Basic Assumption  

We modeled mZP as a non-linear net that envelops the oocyte in one layer 

(see Figure 6. a and b). Spherical net consists of orthogonal chains in meridian and 

circular directions with cross-sections with knot mass particles. The net has the 

same structure in circular and meridian directions and lies in the sphere concentric 

to the oocyte that we suppose is rigid.  

Chains are composed of material particles of different masses interconnected 

with massless non-linear elastic or visco-non-linear-elastic elements on a specific 

manner. Material mass particles correspond to ZP glycoproteins. See Figures 6. a 

and b. Material particles that represent ZP2 and ZP3 are interconnected by standard 
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light elastic or visco-non-llinear-elastic elements (see Figure 6.c), making 

non-homogenous orthogonal chains interconnected into a spherical net around the 

sphere. Material particles that represent ZP1 are connected between two chains in 

the net and belong to both chains. ZP1 corresponds to knot material particles. See 

Figure 7. For modeling this oscillatory spherical net ZP model, we use the method 

of discrete continuum [20], [21].  

Each oscillatory mechanical chain has a finite number of material particles 

with a finite number of degrees of freedom.  

 

 

jiu ,  

jiv ,  

jiv ,  
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jim ,  
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a)     b)     c) 

Figure 6: a) Part of the ZP network on a part of the sphere (oocyte). Orange (ZP1),    

        blue (ZP2) and green (ZP3) represent ZP proteins. The network is   

        identical in both circular and meridian direction. Axis shows directions 

        of movements of ZP proteins. Each ZP protein is connected to the  

        sphere with elastic springs that can oscillate in radial direction.  

        b) Model of ZP spherical surface that shows a radial direction of axis of  

        constructive elements of the model - ZP proteins.  

        c)Visco-non-linear-elastic element. 

 

Each material particle has three degrees of freedom and is connected to the 

sphere surface with a standard light non-linear-elastic element in the radial 

direction and can oscillate in the radial direction as well as in the circular and 

meridian directions. As experimental data suggest that under mechanical stress ZP 
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expresses elastic to plastic transition [15], two models of the ZP net (before and 

after fertilization) have been made. The difference between these two models is in 

the way of coupling the material particles of ZP net: before fertilization it was 

considered that material particles are interconnected with ideally elastic massless 

springs, after fertilization these elements are interconnected with visco-elastic 

elements. ZP net as a mechanical system is considered non-linear and conservative 

before fertilization and non-linear and non-conservative after fertilization. 

Each of these standard light elements (with elastic, visco-elastic properties) 

and basic properties of material stress-strain constitutive relations [23]-[29] are 

defined and determined mathematically. Only then can we move on considering 

free and forced oscillations of the sphere-surface net. 

For the first simpler model, a standard light ideal elastic element with 

constitutive stress-strain linear relation is used. For a nonlinear ideal elastic model 

me have made use of stress strain relation in the form of the cubic function of 

dependence between force and strain deformation of a standard light ideal elastic 

element. For a visco-elastic model we thought that stress- strain relations of a 

standard visco-elastic light element are presented as a parallel coupling between 

spring and damper. 

Free oscillations. We consider that the system of ZP oscillatory net oscillates in a 

free regime after ovulation without presence of spermatozoa. If there is only an 

initial perturbation by kinetic and potential energy given to oscillatory structures, 

only free vibration regimes of vibration discrete structure appear. In this case 

material particles at the initial moment obtain the initial displacement measured 

from their equilibrium positions and initial velocities. In order for free oscillations 

to appear, it is enough that only one mass particle position is perturbed from its 

equilibrium position, or that only one mass particle at its equilibrium position 

obtains initial velocity. 

Forced vibrations. It is argued that vibro-impacts of spermatozoa on ZP cause ZP 

oscillatory net to oscillate in a forced regime. The application of one or 
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multi-frequency external excitation forces to a ZP discrete net that oscillates in a 

free regime results in multi-frequency forced regime oscillations.  

  
 

jiu ,  

jiv ,  

jiv ,  

jiw ,  

jim ,  

 

Figure 7: Part of the ZP network on a part of the sphere (oocyte) with single chain 

systems as transversal chains. Orange (ZP1), blue (ZP2) and green (ZP3) represent 

ZP proteins. Network single chains are identical in circular and meridian direction. 

Axis shows directions of movements of ZP proteins. Each ZP protein is connected 

to the sphere with elastic springs that can oscillate in a radial direction. 

 

Each of the material particles, in general, has three degrees of freedom of 

motion and we suppose that coordinates which determine corresponding 

displacements are in corresponding orthogonal directions of the chains (meridian 

and circular directions) and also with one coordinate orthogonal to the chain 

spherical net in the radial directions. For a linearized model, these three directions 

for each material particle are system main coordinates. Full sets of coordinates of 

all mass particles contain N3 coordinates, and we consider them to be the main 

coordinates of the system of ZP net. Each material particle in the system is coupled 

by a standard light element in the radial direction to the surface of the oocyte. In 

our model, we considered displacements of mass particles in orthogonal directions 

of the chain in the spherical surface in a corresponding chain are smaller than in the 

direction of a chain and these components were neglected. This means that every 
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non-knot mass particle in a chain in meridian directions has two degrees of 

freedom with component displacements in meridian and radial directions. Also, 

not-knot mass particles in a chain in circular directions are with two degrees of 

freedom with component displacements in circular and radial directions. 

What is described is the possibility of appearance of free and forced 

oscillations of ZP discrete net and each material particle resultant trajectory in the 

space. 

For obtaining corresponding sets of particular displacements, we hypothesize 

sets of initial conditions determined by initial mass particle positions and initial 

velocities of each particle in the mechanical model of the ZP before and after 

fertilization. 

We can take that only one mass particle position is perturbed and with this 

perturbation that the equilibrium state of all mechanical system is initiated to be in 

free vibration regimes. It can be supposed that the initial perturbation is caused by 

ovulation. Spermatozoid impacts on the ZP net by impacting on any of knot mass 

particles and thus initiating forced vibrations. By using impact impulses we 

determine initial displacements of the mass particles and their initial velocities.  

Two possibilities can be taken into consideration: 

1)  Only one spermatozoid impacts one mass particle,  

2)  A number of spermatozoa at one moment impact different mass particles 

of the ZP spherical net. 

These possibilities could be considered as an external single or 

multi-frequency excitation.  

Then forced vibrations of the mechanical ZP net will be investigated. 

 

[2] Governing System of Non-linear Differential Equations of 

the System Oscillations 
In this section we applied the theory of linear and non-linear oscillations on 
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the biological mechanical system to model ZP oscillatory behavior. The procedure 

for solving the system of linear and non-linear differential equations is described in 

detail in [30-38]. 

We believed that our mechanical model oscillates under isothermal 

conditions. It is well known that body temperature of female rises by 1-2˚C when 

ovulation occurs (oocyte is expelled from ovary into the fallopian tube) and during 

the fertile days. The influence of temperature variations is equivalent to external 

force excitations that depend on thermo modification of deformable elements of the 

model. 

Increasing the temperature would cause thermo-dilatation of deformable 

elements of the model and induction of forces in the direction of change and 

springs. In the mathematical description the external force covers this 

thermo-influence on the model. The source of external force could be in 

mechanical but also in thermo-visco-elastic effect. This does not change the 

character of the mathematical description [39]. 

For simplifying the modeling it is assumed that the system oscillates in 

vacuum, although in physiological conditions the system will oscillate in liquid 

(Fallopian tube liquid).  

Each material particle of this discrete ZP net generally has three degrees of 

freedom and three generalized independent coordinates, but, by using restrictions 

of the degree of freedom of the material particles in chains of the spherical ZP net, 

we use the following independent generalized coordinates: ,i ju - displacements in 

circular direction of the mass particles in the chains in circular directions, ,i jv - 

displacements in meridian direction of the mass particles in the chains in meridian 

directions and ,i iw - displacements in radial direction relative to the center of the 

sphere surface of the all mass particles. In previous components of displacements 

,i ju , ,i jv  and ,i iw  first indices denote order of the chains and second indices 

order material particle in the corresponding chain.  
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Before fertilization, a discrete ZP spherical chain net consists of elements that 

have ideally non-linear-elastic properties and the ZP spherical chain net has ideally 

non-linear-elastic properties. After fertilization this model is modified in the 

following way: material particles (ZP proteins) are interconnected with standard 

light hereditary elements with visco-non-linear-elastic properties.  

Ideally the non-linear-elastic ZP net that envelops a non-fertilized oocyte has 

oscillatory properties. It oscillates as a system with n=3K degrees of freedom and 

with 3n eigen circular frequencies. K is the number of mass particles in a spherical 

net. As we take into account that each knot’s material particles are with three 

degrees of freedom, and that we neglected orthogonal displacements for other mass 

particles in chains, the number of degrees of freedom is less than 3n and equal to 

2n+N where N is the number of knots’ mass particles into cross coupling between 

two corresponding chains in meridian and circular directions at a spherical net. 

Then in our mathematical model, the system oscillates with n=2K+N eigen circular 

frequencies. On a distortion caused by spermatozoa, material particles, in general 

case, each oscillate in a 3K-frequency regime, but in our approximate model in an 

n=2K+N eigen circular frequency regime.  

The mechanical impact of spermatozoa causes perturbation of the equilibrium 

state of the ZP elastic spherical chain net and it starts to oscillate. It can be 

considered that a spermatozoid transfers a part of its kinetic energy to the ZP net 

that is used for changing its initial state. 

For our general mechanical model presented in Figure 6.a and b and with 

non-linear elastic coupling elements we can use three types of standard light 

coupling elements presented in Figure 6.c: an ideal linear elastic spring element 

with a constitutive stress-strain relation between force and axial dilatation in the 

form of linear dependence ∆−= cFe ; an ideal non-linear elastic spring element 

with a constitutive stress-strain relation between force and axial dilatation in the 

form of nonlinear dependence ( )3~
 ∆∆−= ccFe ; as well as a visco-nonlinear 

elastic element with a constitutive stress-strain relation between force and axial 
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dilatation and relative axial velocity in the form of nonlinear dependence 

( )3~
 ∆∆−= ccFe  and relw bvF −= ; (details of the chain net model are presented 

in Figure 7.). In a previously listed constitutive relation, eF  is restitutive and 

conservative force, wF  is damping, non conservative force, ∆  axial 

deformation – dilatation (extension or compression) of the standard light coupling 

element; relv  relative velocity of the element axial dilatation; c  and 

c~ coefficients of the rigidity of linear and nonlinear elastic properties; b  

coefficient of the damping force. 

We can commence with the general case of the mathematical description in 

the form of the system of non-linear differential equations of non-linear 

visco-elastic system dynamics excited by external multi-frequency forces. This 

system of nonlinear differential equations for the description of forced nonlinear 

vibrations contains three sub-systems, and it is in the following form:  

a* the first sub-system of differential nonlinear equations describing mass particle 

component displacements in radial directions:  

* for mass particles in circular chains       

  ( ) ( ) ( ) ( ) ( )3
, ,cos cos

ijij ij ij ij i j ij ij i j ij ijw ij w ij w ijm w c w c w b w F t F tα α= − − − + Ω + + Ω + 

   . (1) 

where Mi ,......,3,2,1= , i  is the order of circular chain, M is the total number of 

circular chains iCj ,....,3,2,1= , j is the order of the mass particles in one circular 

chain, iC total numbers of mass particles in a corresponding circular chain.  

and *for mass particles in meridian chains 

 

( ) ( ) ( ) ( ) ( )3
, ,cos cos

ijij ij ij ij i j ij ij i j ij ijw ij w ij w ijm w c w c w b w F t F tα α= − − − + Ω + + Ω + 

   .   (2)  

where Ci ,....3,2,1= ,  i  is the order of a meridian chain, C is the total number of 

meridian chains iMj ,...4,3,2,1= j is the order of the mass particles in one 
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meridian chain, iM total numbers of mass particles in a corresponding meridian r 

chain. 

b* a sub-system of differential nonlinear equations describing mass particle 

component displacements in circular directions and in directions of the 

corresponding chain in this direction: 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

3

1. . 1. . . 1.1,

3

. 1.1,

ij ij i j i j i j i j i j i ju ij u ij u i j

i j i j iju i j u ij

m u c u u c u u c u u

c u u b u

+ + −−

−−

= + − + − − −

− − −

 

 

     (3) 

Mj ,......,3,2,1= , j  is the order of circular chain, M is the total number of 

circular chains jCi ,....,3,2,1= , i is the order of the mass particles in one circular 

chain, jC total numbers of mass particles in a corresponding circular chain.  

c* a sub-system of differential nonlinear equations describing mass particle 

component displacements in meridian directions: 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

3

. 1 . . 1 . . . 1, , , 1

3

. . 1, 1 ,

ij ij i j i j i j i j i j i jv i j v i j v i j

i j i j ijv i j v i j

m v c v v c v v c v v

c v v b v

+ + −−

−−

= + − + − − −

− − −

 

 

     (4) 

Ci ,....3,2,1= , i  is the order of a meridian chain, C is the total number of 

meridian chains iMj ,...4,3,2,1= j is the order of the mass particles in one 

meridian chain, iM total numbers of mass particles in a corresponding meridian 

chain. 

It is necessary to add corresponding initial conditions to each of the previous 

subsystems, by initial coordinates and initial velocities of each mass particle, in the 

following forms: 

( ), 0, ,0i j i ju u=  and ( ) jiji uu ,,0, 0  =  - initial displacements and initial component 

velocities in a circular direction of the mass particles in the chains in circular 

directions, ( ) jiji vv ,,0, 0 =  and ( ) jiji vv ,,0, 0  = - initial displacements and initial 

velocity in a meridian direction of the mass particles in the chains in meridian 
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directions and ( ) iiii ww ,,0, 0 =  and ( ) iiii ww ,,0, 0  = - initial displacements and initial 

velocities in a radial direction relative to the center of the sphere. The number of 

mass particles is 
1 1

j M j C

j j
j j

K C M N
= =

= =

= + −∑ ∑ . The number of system degrees of 

freedom is: 
1 1

2 2 3
j M j C

j j
j j

n C M N K
= =

= =

= + − ≤∑ ∑ .  

This system (1)-(3)-(4) is valid for all material particles (knot and non-knot 

material particles), because generalized independent coordinates are used in 

orthogonal directions and we suppose that changes of the right angle between 

coupled chains in the knots are small. Then, we accept that this geometrical 

non-linearity is small in comparison to non-linearity which is caused and 

introduced by coupling standard light elements positioned between corresponding 

knot’s mass particles and the spherical surface of the ZP. Then we have three 

independent subsets of the system (1)-(3)-(4). The first subset (1) of nonlinear 

differential equations is in the form of decoupled and independent differential 

equations. The subsets (3) and (4) are coupled nonlinear differential equations with 

small non-linearity. For the purpose of simplifying the task, these non-linearities 

can be neglected. Also, it can be seen that the first subset (1) of nonlinear 

differential equations contains n  independent non-linear differential equations of 

the Georg Duffing non-linear differential equation type.  

All three subsets of the system (1)-(3)-(4) of differential equations are 

descriptions of nonlinear and damped dynamics of ZP after fertilization, which is 

not a conservative system. But this system of differential equations is also valid for 

the linear as well as for the nonlinear conservative system dynamics of ZP before 

fertilization, when we omit terms with damping forces from differential equations. 

The equations for the linear and the nonlinear systems are given below. 

  After applying linearization to the system (1)-(3)-(4) and neglecting damping 

forces, basic linear system in the following form is obtained: 

a1* for linear conservative system free oscillatory regimes 
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         ( )ij ij ijw ijm w c w= − .                             (5)   

    ( ) ( ) ( ) ( )1. . . 1.1,ij ij i j i j i j i ju ij u i jm u c u u c u u+ −−= + − − − .          (6) 

            ( ) ( ) ( ) ( ). 1 . . . 1, , 1ij ij i j i j i j i jv i j v i jm v c v v c v v+ −−= + − − − .            (7) 

The previous system (5)-(6)-(7) of linear differential equations corresponds to 

the model of the ZP net before fertilizations and we assumed that initial 

perturbations of the mass particles’ positions and initial velocities compared to 

natural equilibrium mass particle configurations are caused by ovulation. 

b1* for forced oscillatory regimes of the basic linear conservative system excited 

by external multi-frequency forces : 

  ( ) ( ) ( ), ,cos cosij ij ij i j ij ij i j ij ijw ijm w c w F t F tα α= − + Ω + + Ω + 

 .        (8) 

          ( ) ( ) ( ) ( )1. . . 1.1,ij ij i j i j i j i ju ij u i jm u c u u c u u+ −−= + − − − .              (9) 

          ( ) ( ) ( ) ( ). 1 . . . 1, , 1ij ij i j i j i j i jv i j v i jm v c v v c v v+ −−= + − − − .               (10) 

The previous system (8)-(9)-(10) of linear differential equations corresponds 

to the model of the ZP net before fertilization and for the case that series of 

spermatozoid impacts to the ZP caused not only initial perturbations of the mass 

particle positions but also initial velocities compared to the natural equilibrium 

mass particle configurations. These impacts can be modeled as multi-frequency 

external excitations in the form of the multi-frequency force and the spherical ZP 

net is under forced regime of oscillations. Also, we can suppose that spermatozoids 

are in a state of discontinued contacts with ZP, but in periodical repeated impacts 

on ZP net. This forced regime of the model corresponds to a state just before 

fertilization. 

If we assume that the system of ZP net is homogeneous and nonlinear, we 

obtain: 

a2* for the nonlinear conservative system and for free oscillatory regimes: 

( ) ( )
3
ijij ijw wmw c w c w= − −  .                                         (11)             
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )3 3

1. . 1. . . 1. . 1.ij i j i j i j i j i j i j i j i ju u u umu c u u c u u c u u c u u+ + − −= + − + − − − − −   .(12) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )3 3

. 1 . . 1 . . . 1 . . 1ij i j i j i j i j i j i j i j i jv v v vmv c v v c v v c v v c v v+ + − −= + − + − − − − −   .  (13) 

Previous system (11)-(12)-(13) of nonlinear differential equations 

corresponds to the better model of the ZP net before fertilizations assumed that 

initial perturbations of the mass particles’ positions and initial velocities compared 

to natural equilibrium mass particle configurations are caused by ovulation. 

b2* for nonlinear conservative system and for forced oscillatory regimes 

( ) ( ) ( ) ( )3
, ,cos cos

ijij ij i j ij ij i j ij ijw wmw c w c w F t F tα α= − − + Ω + + Ω + 

  .            (14) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )3 3

1. . 1. . . 1. . 1.ij i j i j i j i j i j i j i j i ju u u umu c u u c u u c u u c u u+ + − −= + − + − − − − −   .(15) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )3 3

. 1 . . 1 . . . 1 . . 1ij i j i j i j i j i j i j i j i jv v v vmv c v v c v v c v v c v v+ + − −= + − + − − − − −   .  (16)   

Previous system (14)-(15)-(16) of non-linear differential equations 

corresponds to the model of the ZP net before fertilization and for the case that 

series of the spermatozoids impact on the ZP spherical net and cause initial 

perturbations of the mass particles’ positions and initial velocities compared to the 

natural equilibrium mass particle configurations. We supposed that spermatozoids’ 

impacts are equivalent to multi-frequency external excitations in the form of the 

multi-frequency discontinued but periodical repeated force.  

This forced oscillatory regime of the ZP net is taken as a phase just before 

fertilizations. Final positions and final velocities of material particles (a final 

position and a kinetic state) are taken as an initial position and an initial kinetic 

stage of the next stage of the ZP net. 

c* for a nonlinear non conservative system and for forced oscillatory regimes: 

( ) ( ) ( ) ( ) ( )3
, ,cos cos

ijij ij ij i j ij ij i j ij ijw w w ijmw c w c w b w F t F tα α= − − − + Ω + + Ω + 

   .     (17)                

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )3 3

1. . 1. . . 1. . 1. . (18)ij i j i j i j i j i j i j i j i ju u u umu c u u c u u c u u c u u+ + − −= + − + − − − − −  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )3 3

. 1 . . 1 . . . 1 . . 1ij i j i j i j i j i j i j i j i jv v v vmv c v v c v v c v v c v v+ + − −= + − + − − − − −   .  (19) 
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The previous system (17)-(18)-(19) of non-linear differential equations 

corresponds to the spherical ZP net model after fertilization and for the case that 

series of spermatozoids continue impacts on the ZP causing initial perturbations of 

the mass particle positions and initial velocities in comparison with natural 

equilibrium mass particle configurations. These can be modeled as equivalents of 

multi-frequency external excitations in the form of multi-frequency force and the 

spherical ZP net is under the forced regime of the oscillations. Also, we can 

suppose that spermatozoids are in a state of discontinued contacts with the 

spherical ZP net in the form of periodical repeated impacts. Final positions and 

final velocities of material particles (a final position and a kinetic state) are taken as 

an initial position and an initial kinetic stage of the next stage of the ZP net. 

The following denotations are introduced: 

( )
( )2

0
w

w

c
m

ω = ,  ( )
( )2

0
u

u

c
m

ω = ,   ( )
( )2

0
v

v

c
m

ω = ,  
( )

,
,

i j
i j

w

F
h

c
= ,   

( )

,
,

i j
i j

w

F
h

c
=


 ,  

     ( )
( )2 w

w

c
m

ω =


 ,   ( )
( )2 u

u

c
m

ω =


 ,   ( )
( )2 v

v

c
m

ω =


 ,   ( )
( )

02 w
w

b
m

δ = .      (20)  

The previous systems for different regimes of oscillations can be rewritten in 

the suitable form for analyzing solutions and oscillatory regimes, and these systems 

for different regimes in the rewritten forms are: 

a1* for conservative system free oscillatory regimes (the simplest model before 

fertilization): 

                     ( )
2

0 0ij ijww wω+ = .                            (21)         

     ( ) ( )2
1. . 1.0 2 0ij i j i j i juu u u uω − ++ − + − = .     (22) 

                    ( ) ( )2
. 1 . . 10 2 0ij i j i j i jvv v v vω − ++ − + − = .        (23) 

b1* for forced oscillatory regimes of a conservative system excited by external 

multi-frequency forces (the simplest model before fertilization) 

( ) ( ) ( )2
, ,0 cos cosij ij i j ij ij i j ij ijww w h t h tω α α+ = Ω + + Ω +



 .        (24) 
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( ) ( )2
1. . 1.0 2 0ij i j i j i juu u u uω − ++ − + − = .         (25)

( ) ( )2
. 1 . . 10 2 0ij i j i j i jvv v v vω − ++ − + − = .          (26) 

a2* for a nonlinear conservative system and for free oscillatory regimes (a 

nonlinear model before fertilization) 

( ) ( )
2 2 3

0 ijij ijw ww w wω ω+ = −  .                  (27) 

( ) ( ) ( ) ( ) ( ) ( )3 32 2 2
1. . 1. 1. . . 1.0 2ij i j i j i j i j i j i j i ju u uu u u u u u u uω ω ω− + + −+ − + − = + − − −  . (28)  

( ) ( ) ( ) ( ) ( ) ( )3 32 2 2
. 1 . . 1 . 1 . . . 10 2ij i j i j i j i j i j i j i jv v vv v v v v v v vω ω ω− + + −+ − + − = + − − −  .   (29) 

c* for a nonlinear non conservative system and for forced oscillatory regimes (a 

nonlinear non conservative system after fertilization): 

( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

2 2 3
,0 0

,

2 cos

cos .
ijij ij ij i j ij ijw w w

i j ij ij

w t w w t w t h t

h t

δ ω ω α

α

+ + = − + Ω +

+ Ω +

 






             (30) 

( ) ( ) ( ) ( ) ( ) ( )3 32 2 2
1. . 1. 1. . . 1.0 2 .ij i j i j i j i j i j i j i ju u uu u u u u u u uω ω ω− + + −+ − + − = + − − −      (31) 

( ) ( ) ( ) ( ) ( ) ( )3 32 2 2
. 1 . . 1 . 1 . . . 10 2 .ij i j i j i j i j i j i j i jv v vv v v v v v v vω ω ω− + + −+ − + − = + − − −          (32) 

 

 

[3] Solutions of the Basic System Correspond to the   

Governing System of Non-linear Differential Equations of the 

System Oscillations in Particular Cases for Free Vibration 

Regimes  

5.1 Linear Free Oscillatory Regimes 

For the first step, we take into consideration a system of linear differential 

equations (21)-(22)-(22) for free oscillatory regimes. By using known solutions of 

liner differential equations [30], [31], [23], it is easy to obtain solutions to the 



248                                    Oscillatory Spherical Net Model of mZP 

previously cited differential equations:  

a* for radial oscillatory displacements of the knot’s mass particles differential 

equations in linearized forms  (20), ( )
2

0 0ij ijww wω+ = . Corresponding solutions 

are: 

                       ( ) ( ) ( ) ( )( )0cosij w ij w w ijw t A tω α= + .          (33) 

where ( )w ijA  amplitude and ( )w ijα  phase of single frequency vibrations, and 

unknown constants are determined by initial conditions. Then ( )twij  vibrations in 

radial direction of each knot’s mass particle are one frequency with the same eigen 

circular frequency ( )
( )2

0
w

w

c
m

ω = . As all knot’s mass particles have equal masses 

(correspond to the ZP1), and the rigidity of the coupling elements to the oocyte is 

equal. Oscillations of the spherical net’s mass particle in corresponding chains in 

two directions are described by homogeneous linear differential equations (22)-(23). 

It is possible to get solutions to these subsystems of equations by using 

trigonometric method [30], [22], [40]. On the basis of this method we can write:  

( )

( )
( )

( )

( )
( )

2 2

2 2
0 0

,u j v i
u j v i

u u

ω ω
λ λ

ω ω
= = ,  

( ) ( ) ( ) ( )( )cosij u ij u j u ju t A tω α= + ,   ( ) ( ) ( ) ( )( )cosij v ij v i v iv t A tω α= +  

( ) ( ) ( ) ( )sin , sinu ij u j v ij u iA C i A C jφ ϑ= = ,   

( ) ( )

( )
( ) ( ) ( )

( )
( ) ( )

( )

( )
( ) ( ) ( ) ( )( )

2
2

2
10

4sin , sin , cos ,
2

u

u ij u ij

N
u j s js s s

js iju j s u j u j s u j s
su

A C i u t A t
ω φ

λ φ ω α
ω =

= = = = +∑

( )

( )
( ) ( )

( )

( )
( ) ( ) ( ) ( )( )

1
sin , cos

v

v ij v ij

N
r r

ir iju i v i r v i r
r

A C j v t A tϑ ω α
=

= = +∑ .                (34) 

On the basis of trigonometric method from the previously obtained results, 

two subsets of eigen circular frequencies are obtained in the following form: 

a* for chains in the meridian directions  
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     ( ) ( ) ( )02 sin
2
js

u j s u

φ
ω ω= . 1, 2,3, 4,..., us N= , 1, 2,3, 4,... uj M=          (35)  

and  

b* for chains in the circular directions  

       ( ) ( ) ( )02 sin
2
ir

v i r v
ϑω ω= ,  1, 2,3, 4,..., vr N= , 1, 2,3,.... vi N=      (36) 

where uN  and vN  are numbers of mass particles in the meridian direction chains 

and vN represents numbers of the mass particles in the circular direction chains. 

Eigen circular frequencies depend on the corresponding chain boundary conditions 

and the number of the mass particles in a corresponding chain. 

Taking into account that chains can be with free or coupled ends, or with 

combinations of free and coupled ends we can use the following cases: 

 1* for both ends of the chain fixed:  

1js
u

s
N
πφ =
+

,  1, 2,..., us N= .        (37)   

1ir
v

r
N
πϑ =
+

,  1, 2,..., vr N= .     (38) 

 2* for both ends of the chain free: 

                         js
u

s
N
πφ = ,   1, 2,..., us N= .       (39) 

ir
v

r
N
πϑ = ,  1, 2,..., vr N= .           (40)  

    3* for one end of the chain fixed and the other free (cantilever chain): 

 ( )2 1
2 1js

u

s
N

π
φ

−
=

+
,  1, 2,..., us N= .        (41)  

                        ( )2 1
2 1ir

v

r
N

π
ϑ

−
=

+
,  1, 2,..., vr N= .       (42)  

The following multi-frequency time functions are obtained as solutions: 

a* for mass particle displacements in chains in the meridian directions  
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( ) ( ) ( ) ( ) ( ) ( )( )
1

sin cos
uN

ij jsu j u j s u j s
s

u t C i tφ ω α
=

= +∑ , 1, 2,...., ui N= , 1, 2,..., uj M= . (43) 

b* for mass particle displacements in chains in the circular directions  

( ) ( ) ( ) ( ) ( ) ( )( )
1

sin cos
vN

ij irv i v i r v i r
r

v t C j tϑ ω α
=

= +∑ , 1, 2,...., vi N= , 1, 2,..., vj M= .   (44)  

Both (43) and (44) describe free multi-frequency vibration regimes with the 

corresponding number of the eigen circular frequencies ( ) ( )u j sω  defined by (35) 

and ( ) ( )v i rω  defined by (36). In the last solutions (43) ( )u jC  and ( ) ( )u j sα , and in 

(44) ( )v iC  and ( ) ( )v i rα  respectively represent unknown integral constants, 

amplitudes and phase determined by initial conditions. 

In concluding remarks in these free linear system regimes we have the 

following cases of the mass particle free vibrations: 

1* each knot’s mass particle has three orthogonal displacements in three directions. 

Knot’s mass particle displacements in radial directions are described in the 

following equation: 

    ( ) ( ) ( ) ( )( )0cosij w ij w w ijw t A tω α= + , 

             1 2 3, ,..., ,N N N Nki i i i i=  1 2 3 4 15 1, , , , , ,...,M M M M M M Mkj j j j j j j j= .  (45) 

Knot’s mass particle displacements in chains in the meridian directions are 

described in the following equation:  

    ( ) ( ) ( ) ( ) ( ) ( )( )
1

sin cos
uN

ij jsu j u j s u j s
s

u t C i tφ ω α
=

= +∑ ,  

        1 2 3, ,..., ,N N N Nki i i i i=  1 2 3 4, , , ,....,M M M M Mkj j j j j j= .     (46) 

Knot’s mass particle displacements in chains in the circular directions are 

described in the following equation: 

     ( ) ( ) ( ) ( ) ( ) ( )( )
1

sin cos
vN

ij iru i v i r v i r
r

v t C j tϑ ω α
=

= +∑ , 
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                  1 2 3, ,..., ,N N N Nki i i i i=  1 2 3, , ,...,M M M Mkj j j j j= .      (47) 

The trajectory of each knot’s mass particle is along the space trajectory, and 

the resultant of the three orthogonal vibrations, one single frequency, and two 

multi-frequency regimes. The trajectory is in the form of generalized space 

Lissajous curves. 

2* each mass particle in the chain in a meridian direction has two orthogonal 

displacements in two directions: 

- particle displacements in the radial directions 

( ) ( ) ( ) ( )( )0cosij w ij w w ijw t A tω α= + ,  1, 2,...., ui N= , 1, 2,..., uj M= .  (48)  

- particle displacements in chains in the meridian directions. 

( ) ( ) ( ) ( ) ( ) ( )( )
1

sin cos
uN

ij jsu j u j s u j s
s

u t C i tφ ω α
=

= +∑ , 1, 2,...., ui N= , 1, 2,..., uj M= . (49) 

The trajectory of each simple mass particle in chains in the meridian 

directions is along the plane trajectory, and the resultant of the two orthogonal 

vibrations, one single frequency, and one multi-frequency in a meridian direction. 

The trajectory is in the form of generalized plane Lissajous curves. 

3* each mass particle in the chain in a circular direction has two orthogonal 

displacements in two directions: 

- particle displacements in the radial directions: 

 ( ) ( ) ( ) ( )( )0cosij w ij w w ijw t A tω α= + , 1, 2,...., vi N= , 1, 2,..., vj M= .    (50) 

- particle displacements in chains in the circular directions: 

( ) ( ) ( ) ( ) ( ) ( )( )
1

sin cos
vN

ij iru i v i r v i r
r

v t C j tϑ ω α
=

= +∑ ,  1, 2,...., vi N= , 1, 2,..., vj M= . (51) 

The trajectory of each simple mass particle in chains in the circular directions 

is along the plane trajectory, and the resultant of the two orthogonal vibrations, one 

single frequency, and one multi-frequency in a circular direction. The trajectory is 

in the form of generalized plane Lissajous curves. 



252                                    Oscillatory Spherical Net Model of mZP 

6  Solutions of the Basic System to the Governing System of 

Non-Linear Differential Equations of the System Oscillations 

in Particular Cases for Forced Vibration Regimes  

For the first step, we take into consideration a system of linear differential 

equations (21)-(22)-(23) for free oscillatory regimes. By using known solutions to 

liner differential equations [30], [23], [40], [41], it is easy to obtain solutions to 

differential equations (24)-(25)-(26) containing only one subsystem (24) different 

from the system (21)-(22)-(23):  

a* for the radial oscillatory displacements of the knot’s mass particles differential 

equations in linearized forms (23), corresponding solutions are in the form: 

( ) ( ) ( ) ( )( )
( )

( )
( )

( )
0 0

, ,
0 2 2 2 2cos cos cos

ij ijw w

i j i j
ij ij ij ij ijw ij w w ij

h h
w t A t t tω α α α

ω ω
= + + Ω + + Ω +

−Ω −Ω









1 2 3, ,...., ,N N N Nki i i i i= 1 2 3 4 15 1, , , , , ,....,M M M M M M Mkj j j j j j j j= .               (52) 

where ( )w ijA  is amplitude and ( )w ijα  is the phase of single frequency free 

vibrations, and these two unknown constants are determined by initial conditions. 

Then ( )twij , 1 2 3, ,...., ,N N N Nki i i i i= 1 2 3 4 15 1, , , , , ,....,M M M M M M Mkj j j j j j j j=  stand for 

vibrations in a radial direction of each knot’s mass particle and have three 

frequency vibrations - one frequency is eigen circular frequency ( )
( )2

0
w

w

c
m

ω = ,  and 

two frequencies are frequencies of the external two-frequency force. If we accept 

that all knot’s mass particles have equal mass, and that rigidity of the coupling 

elements in the spherical ZP net are equal, then eigen frequencies in radial direction 

are equal.  

In concluding remarks in this forced linear system vibration regimes we have 

the following case of knot’s mass particle vibrations: 

1* each knot’s mass particle has three orthogonal displacements in three directions 

determined by: expressions (52) determined knot’s mass particle three frequency 
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displacements in radial directions; expressions (49) determined knot’s mass particle 

multi-frequency displacements in chains and in the meridian directions; 

expressions (51) determined knot’s mass particle multi-frequency displacements in 

chains and in the circular directions. 

Trajectory of each knot’s mass particle is along the space trajectory, and the 

resultant of the three orthogonal vibrations, one single frequency, and two 

multi-frequencies. The trajectory is in the form of generalized space Lissajous 

curves. 

 

 

7  Approximation of the Solutions of Governing Non-Linear 

System of Non-Linear Differential Equations of the System 

Oscillations in Particular Cases for Free and Forced Vibration 

Regimes  

a* In this case we take into consideration free vibrations of the mass particles 

described by non-linear differential equations (27) for a non-linear system and for 

free non-linear oscillatory regimes in the form of Georg Duffing nonlinear 

differential equation. We take into account that non-linearity is small and that 

damping is also small. By using Lagrange variation of the constant and averaging 

method, or by using Kirilov-Bogolyubov-Mitropolyski method for the first 

asymptotic approximation of the solution we obtain the following [34-38]: 

*Solution to the linearized equations is in the form: 

( ) ( )
( )

( ) ( )( )0 0 0cosw t
ij w ij w ww t R e p tδ α−

= + , 

where  

                              ( ) ( ) ( )
2

0 0w w wp ω δ= −2 .            (53) 

*First asymptotic approximation is in the form: 
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                       ( ) ( ) ( ) ( )
( ) ( )cosw t

ij w ij w ijw t R t e tδ−
= Φ .         (54) 

where ( ) ( ) ( ) ( ) ( )0w ij w w ijt p t tϕΦ = +  and ( ) ( )w ijR t  and ( ) ( )w ij tϕ  are functions 

which are calculated from differential equations of first asymptotic approximation 

in the form: 

( ) ( ) ( )
( )

( )

( )
( )

2
22

0

30,
8

w tw
w ij w ij w ij

w

R t e R
p

δω
ϕ −  = =  





 .     (55) 

After integration for ( ) 0wδ ≠  and taking into account initial conditions: 

( ) ( ) ( )00w ij w ijR R=  and ( ) ( ) ( )00w ij w ijϕ ϕ=  for the first approximation of the 

amplitude and phase we obtain: 

 ( ) ( ) ( )0w ij w ijR t R const= =  

 ( ) ( )
( )

( ) ( )

( )
( ) ( )

( )

( ) ( )
( )

2 2
2 22

0
0 0

3 3
16 16

w tw w
w ij w ij w ij w ij

w w w w

t e R R
p p

δω ω
ϕ ϕ

δ δ
−    = − + +   

 

.   (56) 

Finally the first asymptotic approximation of the solution to ( ) 0wδ ≠  is in 

the following form: 

( )

( ) ( ) ( )
( ) ( )

( )

( ) ( )

( )
( ) ( )

( )

( ) ( )
( )

2 2
2 222

0 0
0 0

3 3cos( ) (57)
16 16

w w

ij

t tw w
w ij w w w ij w ij w ij

w w w w

w t

R t e t e R R
p p

δ δω ω
ω δ ϕ

δ δ
− −

=

   ⋅ − − + +   
2

 

 

     Finally the first asymptotic approximation of the differential equation 

solutions to amplitude and phase of the first asymptotic approximation of solution 

to ( ) 0wδ =  are in the form: 

( ) ( ) ( )
( )

( )
( )

2
2

0

30,
8

w
w ij w ij w ij

w

R t R
p
ω

ϕ  = =  




 .       (58) 

and the corresponding first approximation of the circular frequency for nonlinear 

system ( ) 0wδ =  without damping forces is in the form: 
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( ) ( ) ( )
( )

( )
( )

2
2

0 0
0

3
8

w
w non li w w ij

w

R
p
ω

ω ω−
 = +  



.      (59) 

From this previous formula (59), we can see that the circular frequency in the 

first asymptotic approximation, for conservative non-linear system dynamics 

described by George Duffing type differential equation is the function of the initial 

amplitude and that system represents non-linear vibrations that are not isochronous. 

This dependence between circular frequency and amplitude of considered 

non-linear dynamics is of parabolic type. See the amplitude frequency skeleton 

curve in Figure 8 for the case of small soft and strong nonlinearity.  

 

 
  Figure 8: Amplitude – a frequency skeleton curve for the case of small soft 

          (blue curve) and strong (red curve) nonlinearity 

 

This formula (59) presents a formula of the skeleton curve of the stationary 

amplitude-frequency curves of the stationary one-frequency free nonlinear regimes 

and also presents an interval of the resonant forced regimes that are described by 

the first asymptotic approximation. 

In the real system, damping should be taken into account. Formula (55) 

presents amplitude frequency time dependence and is the case for consideration of 

the mass particle nonlinear and damped vibrations before fertilization. 
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In case when ( ) 0wδ =  for the conservative system excited by one-frequency 

external excitation with a circular frequency in the resonant frequency interval of 

corresponding linearized system, we can write the first asymptotic approximation 

of the solution in the form: 

( ) ( ) ( ) ( )
( )

( )
( ) ( )

2
2

0 0
0

3cos({ } )
8

w
ij w ij w w ij w ij

w

w t R t R t
p
ω

ω ϕ = + + 


.   (60) 

b* For forced vibrations in radial directions, the differential equation is in the form: 

( ) ( ) ( ) ( ) ( ) ( )2 2 3
,0 cos

ijij ij i j ij ijw ww t w t w t h tω ω α+ = − + Ω + .           (61) 

the first approximation of the solution is in the form: 

( ) ( ) ( ) ( )
( ) ( )cosw t

ij w ij w ijw t R t e tδ−
= Φ              (62) 

where ( ) ( ) ( ) ( ) ( )0w ij w w ijt p t tϕΦ = +  and ( ) ( )w ijR t  and ( ) ( )w ij tϕ  are time functions 

which are calculated from differential equations of the first asymptotic 

approximation in the following form [32-39]: 

( )
( )( ) ( )

( ) ( )

( ) ( ) ( )
( )

( )

( )
( )

( )( ) ( )
( ) ( )

,

0

2
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0
0 0
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3 cos . (63)
8

w

i j
w ij w ij

ijw w ij

tw i j
ijw ij w w ij w ij

w ijw w ij

h
R t

R

h
t e R t

p R
δ

ϕ
ω

ω
ϕ ω ϕ

ω
−

=
 +Ω  

 = −Ω + −   +Ω  







 The previous system of differential equations with respect to the amplitude 

and phase is valid in the case that external excitation frequency ( )0ij wωΩ ≈  is in 

the resonant interval of the eigen circular frequency of the linearized system.  
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8  Qualitative Analysis of the Possible Vibration Regimes of 

the Mass Particle in Knots and in an Arbitrary Position in 

Chains of the ZP net Model 

The last system of differential equations (63) in the first asymptotic 

approximation with respect to amplitude and phase of single frequency forced 

nonlinear vibrations in radial direction of arbitrary mass particles in an arbitrary 

chain of the ZP spherical net cannot be solved analytically. Therefore we must 

apply some of the numerical methods in combination with some current software 

computational tools to elaborate numerical data of their first integral and numerical 

solutions which would be then presented graphically. 

 

 
Figure 9: Amplitude-frequency curves for linear (upper sketch) and non-linear 

(lower sketch) vibrations of a knot’s mass particle in a radial direction. Stationary 

resonant regimes and no-stationary regimes that pass through resonant frequency 

intervals and at the same time increase and decrease external excitation frequency. 
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In Figure 9 amplitude-frequency curves for linear (upper sketch) and 

non-linear (lower sketch) vibrations of a knot’s mass particle in radial direction are 

presented as vibrations of a knot’s mass particle in a radial direction which pass 

through no-stationary regimes and through resonant frequency intervals thus 

increasing and decreasing external excitation frequency. The graphs refer to 

passing through a resonant frequency interval with different velocities. From 

amplitude-frequency curves for linear and non-linear vibrations of a knot’s mass 

particle in a radial direction and for stationary resonant regimes, it is visible that the 

skeleton curve for a linear system is a steering line. Strong non-linearity is a part of 

a parabolic line, as it is presented in formula (60), Figure 8. 

From Figure 9, for the dynamics of a nonlinear system we can see that two 

resonant jumps in the amplitude-frequency graph appear as well as in the 

phase–frequency curves in the resonant frequency interval. 
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Figure 10: A series of possible generalized Lissajous curves show almost periodic 

attractors for the illustration of the arbitrary chain mass particle trajectory. These 

are summarized displacements in two orthogonal directions: in circular and radial 

directions out of which we have one free single frequency oscillations in a radial 

direction and a two-frequency oscillatory motion in a circular direction of one 

arbitrary mass particle form a circular chain from the ZP spherical net. 
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The illustration of possible periodic motion of the knot’s mass particle 

trajectory in a plane is given in Figure 10 and 11 in the form of generalized 

Lissajous curves - periodic attractors - summarized displacements in two 

orthogonal directions: in meridian and circular directions. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

y t( ) a1 cos k ω1⋅ t⋅ α1+ a12 cos p ω12⋅ t⋅ α12+( )⋅+( )⋅:=
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Figure 11: A possible almost periodic attractor in the form of generalized Lissajous 

curve for the illustration of knot’s mass particle trajectory almost periodic for 

four-frequency resultant motion: each two-frequency oscillatory displacements in 

two orthogonal directions: in meridian and circular directions with component time 

history graphs for meridian and circular four frequency displacements of knot’s 

mass particle. (A radial direction displacement is not included). 

 

The third orthogonal component of the knot’s radial direction displacement is 

not included. For obtaining the knot’s mass particle trajectory in space it is 

necessary to add knot’s radial direction displacement and obtain space generalized 

Lissajous curves in three-dimensional space as real possible mass particle motions. 

The presented displacement of the knot’s mass particle is very important for 

considering a ”swinging’’ motion in the spherical ZP net and the correlation with 

the spermatozoid target motion and its impact onto net’s mass particles, or for 
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passing between mass particles for penetration into ZP and fertilization of the 

oocyte. If we discuss favorable possible kinetic parameters for spermatozoid to 

pass through the ZP net, then a periodic attractor as the trajectory of the mass 

particles motions is a better state than the chaotic trajectory of the mass particles in 

the spherical ZP net. 

In Figure 12 we present the illustration of knot’s mass particle trajectory 

chaotic motion in a plane as series of the possible generalized Lissajous curves and 

they represent summarized displacements in two orthogonal directions: in meridian 

and circular directions. The third orthogonal component of the knot’s radial 

direction displacement is not included. 

This mass particle Chaotic–like motion in the spherical ZP net is unfavorable 

for possible penetration of a spermatozoid through the ZP net. Probably 

spermatozoids will finish their directed way by impacting on the mass particle and 

returning unsuccessfully from the starting position. 
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Figure 12: A series of the possible generalized Lissajous curve for illustration 

knot’s mass particle trajectory chaotic-like motion and they represent summarized 

displacements in two orthogonal directions: in meridian and circular directions. 

(Radial direction displacement is not included). 
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9  Conclusion  

Considering a ZP with oocyte as a biomechanical oscillator we gave an 

innovative approach for studying changes in biomechanical parameters of ZP 

during maturation and fertilization of oocyte. Our attempt was to explain 

biomechanical changes, which are the result of biochemical and structural changes, 

in the frame of theory of oscillations.  

We have modeled mZP as a discrete oscillatory spherical net that passes 

through 3 different states from ovulation to fertilization. Equations of motions for 

material particles in this discrete spherical net of mZP are given and types of 

motion that are possible for each state and their biological purposes are discussed.  

Final positions and final velocities of material particles (a final position and a 

kinetic state) are taken as the initial position and the initial kinetic state of the next 

state of the ZP net. 

a) Material particles in the ZP net correspond to the ZP glycoproteins. The 

oscillatory model of the ZP net after ovulation is considered conservative, 

homogenous and nonlinear and oscillates in a free regime. Couplings between 

material particles are ideally elastic and the ZP net has ideally elastic properties. 

We can use a differential equation (21)-(22)-(23) for linear system free 

vibrations or a differential equation (27)-(28)-(29) for non-linear system free 

vibrations initiated by ovulation to describe mathematically the radial 

displacement of knot’s mass particles initiated by initial perturbations of the 

mass particle positions and mass particle initial velocities obtained by ovulation 

process  

For finding first approximations of the analytical solution we linearized this 

system. Resultant displacements of material particles in the ZP net are expected 

to be in the form of periodic attractors in the form of generalized Lissajus space 

curves.  

b) When the ZP net is exposed to spermatozoids in the form of discontinued 

repeated periodical elastic impacts on the ZP net, the ZP net oscillates in a 
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multi-frequency forced regime. The system of the ZP net is considered 

non-linear and non-conservative. Interconnections between elements of the ZP 

net are still ideally elastic. For a mathematical description of the radial 

displacement of knot’s mass particles we can use a differential equation 

(24)-(25)-(26) for linear system forced vibrations or a nonlinear differential 

equation (30)-(31)-(32) for non-linear system forced vibrations initiated by 

external perturbations and numerous discontinued repeated periodical impacts 

on the ZP net of numerous spermatozoids. In this stage resultant displacements 

of material particles in the ZP net are expected to be in the form of periodic 

attractors but in a chaotic-like motion. They are in the form of generalized 

Lissajus space curves.  

The penetration of the sperm through the ZP net is only possible when ZP net 

material particles do periodic motions. In the case of multi-frequency forced 

vibrations, possibilities of periodic motions are lower and the possibility for 

many spermatozoids to penetrate the ZP net is also getting lower.  

c) After one sperm has successfully penetrated the ZP net, polyspermy block 

occurs. Other spermatozoids are rejected and no spermatozoids can penetrate ZP. 

The system is then nonlinear, homogeneous with visco-elastic properties and 

oscillates with forced vibrations for a short period of time. After this transitional 

phase, the ZP system is not imposed to influence of spermatozoids and then it 

has the following characteristics: the system is non-linear, homogeneous, 

non-conservative, anisohorus and oscillates in a free regime with dumping force. 

The ZP net with visco-elastic properties is thinner compared to its ideally elastic 

previous state. 

By using the previous analysis of the possible combinations of three 

orthogonal displacements of the knot’s mass particles or of the two orthogonal 

displacements of each arbitrary mass particle in one of the meridian or circular 

spherical chains from the ZP spherical net, we can conclude that it is possible that a 

different type of multi-frequency regime of oscillations (from pure periodic to pure 
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chaotic-like regimes) appears in ZP before fertilization appears. Also it is possible 

that synchronization as well as an asynchronization appear. 

Synchronized regimes of the knot’s mass particle motion in the sphere ZP net 

are favorable kinetic states for possible successful penetration of spermatozoid 

through ZP and fertilization. A chaotic-like motion of ZP glycoproteins is an 

unfavorable kinetic state for spermatozoids’ penetration of ZP. 

For the case when one mass particle is excited with external two- or 

more-frequency excitation in a radial direction, interaction between nonlinear 

modes appears and in resonant regimes more resonant jumps, as well as a coupled 

trigger of coupled singularities in the form of stationary singular stable and 

unstable amplitudes and phases of nonlinear harmonics appear. Figure 9.  

Material particles in the ZP net move in three orthogonal directions and in 

each of these directions multi-frequency vibrations are asynchronous, and 

resultants of non-linear dynamics are space trajectories in the form of the 

generalized Lissajus space curves.  

These models of the discrete net of ZP are models of oscillatory type and 

they enable the determination of eigen circular frequencies of the discrete net of ZP. 

Models could explain oscillations of the ZP spherical network in the fertilization 

process, the diameter and consistency change of ZP.  

The oscillatory ZP net model is a new model that could explain behavior of 

this 3D structure in a fertilization process. This is a new approach which explains 

structural changes in ZP before and after fertilization, conditions for penetration of 

one sperm and polispermy block considering the system of ZP as a discrete 

oscillatory net. The oscillatory model of the discrete net of ZP could explain why it 

is possible for only one spermatozoid to penetrate ZP. We suppose that the 

spermatozoid that penetrates the ZP is the one that oscillate in a resonance with the 

ZP net Further numerical analyses are needed for multi-parametric coupling 

between kinetic parameters of a model as well as resonance stages.  
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