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Abstract

Lookback options is one of the most famous path-dependent exotic
options in financial market, whose payoffs depend on the extremum
of an underlying asset during the contract life time. Many works have
been conducted in pricing Lookback option using continuous time model
which is not better compared to numerical methods in pricing path de-
pendent options in discrete situation. This paper tagets to contribute
the concept of option pricing with multinomial lattice in pricing Look-
back options. Quadrinomial lattice is constructed using moment match-
ing technique. The results obtained in pricing floating lookback option

are compared to well known Black-Scholes model.
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1 Introduction

Lookback options’ holder can make maximum profit which comes in the
form of buying at a cheapest rate and selling at the highest rate. Lookback
options help investors to minimize regrets and provide them with essential in-
formation on stock’s behaviour over time. Lookback options have two types:
Floating Lookback option and Fixed lookback option. One has strike price
which is floating and determined at maturity while another has a strike price
which is fixed at the purchase. Floating strike lookback option provides the
right not obligation to the holder to buy or sell an asset at its lowest (highest)
price during option lifetime. The observed price is used as the strike price.
Fixed lookback option is an option in which its strike price is known in ad-
vance. Lookback option has been introduced by Goldman [3] since that time
no works have been done using multinomial lattice in pricing Lookback option.
Lookback options are one of the Exotic options which have been introduced
because standard models used in continuous time can not do conveniently the
same work for path dependent options. For this reason, numerical methods

were created including lattice.

In 1979 Cox, Ross and Rubinstein introduced two-state lattice approach
which was easy and powerful tool to determine initial option price [2]. In 1986,
Boyle introduced a trinomial tree model as modification of CRR model in case
of single variable. Boyle [1] extended the work to two underlying state vari-
ables. His model based on moment matching technique. In 2014, Hu Xiaoping
[7] studied a trinomial markov tree model where the stock price were modeled
by the first order markov progress. Their results show that trinomial tree is
very fast and very easy to be implemented compared to binomial markov tree.
Kenneth Kiprotich Langat et al [4] studied trinomial lattice method. They
concidered the concept of random walk as the path followed by the underly-
ing stock price, obtained results are compared to Binomial and Black-Scholes
model. Carolyne Ogutu at al [5] priced Asian options using Moment-matching
on multinomial lattice. In that study, underlying asset follows Merton-Bates
Jump-diffusion model. They constructed lattice using moment-matching tech-
nique where o was considered as distance in between going up and down of
underlying asset. This paper provide a concept of pricing floating lookback

option in case where there is more than one martingale measure and it pro-
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ceeds as follow: section two is preliminary notes, section three is main results,

section four is conclusion

2 Preliminary Notes

2.1 Moment matching on Quadrinomial lattice

Let T € (0,400), t € [0,7] and (§2, F) and({2,, F}) be two measurable
space. A collection of Random variable S(.) = S(¢),c(, ) such that S(t) =
{2 — (2, is called a stochastic process.

Consider an underlying stock S; to be a stochastic random variable with

S; = S;_1Z where Z is a discrete random variable defined as follows

(

w1 with probability p;
W with probability ps
w3 with probability ps

Wy with probability py

\

Such that w; # wy # w3 # wy and wy > wy > w3 > wy. Matching the moments
of a random variable X with a discrete random variable D where E[X]| = m;
gives

D, =my+ S, where ¢ € (0,7] (2)

Consider t = 1 then S; = Sy Z therefore, equation (2) becomes D; = my + 5.
Applying moment-matching technique yields

E(SY) = p1+pa+p3+pa = pio

E(S1) = E[SoZ] = Sowip1 + Sowapz + Sowsps + Sowaps = pi1

E(ST) = B[(S02)*] = Sjwipr + Sgwips + +55wips + Sjwspa =
| E(S}) = E[(S02)%] = Sgwipy + Sgwsps + Sqwsps + Sgwips = i3

To solve the above linear system of equations some methods have been pro-

posed but the easiest one is the construction of a Vandermonde matrix [8].
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Therefore,
o 1 1 1 1 D1
M1 _ Sow1 Sows Sows Sows D2 (3)
iz (Sow1)®  (Sow2)® (Sows)? (Sows)® | | ps
H3 (Sow1)3 (Sow2)3 (Sow3)3 (50004)3 4

Since the elements of the above Vandermonde matrix are distinct, the inverse

exist.

Theorem 2.1. For a Vandermonde matriz Vy with elements defined in (3)

then, elements of inverse are given by

(=1 "ouj

(Vi =
b Tt Solwr — wi)

where

J 1, a = b,
054 = Z H Sﬂwi<1 - 5mn,i)a 5a,b ==

1<my <ma<...<m;<N n=1 0, a # b.

Matching the lattice to the first three moments yields
PV

with " and 7/ are vectors contain jump probabilities and moments respec-

tively.
4 4

pi=> (V=) A s fj-1 (4)

7}
j=1 j=1 Hk:l,k;éi So(wk — wi)

Replacing i and j in (4) we can get p;, pa, ps and py such that the adjacent

matrix in Theorem 2.1 is determined by equating the inverse of Vandermonde
matrix obtained by writting the above probabilities in matrix form with the

inverse of Vandermonde matrix mentioned in (3)

o - [w4(w3 + CU4) — WQ(CUQ + W3)]So o . [(Cdg + CU4)LL)4 — (w1 + wg)wl]
1,1 = 12 =
’ Wy — Wy ’ (wg —wr)
S [— (w2 + wy)ws + (w1 + wa)wi] S [— (w2 + w3)ws + (w1 + wa)wr]
1,3 = 14 =
(w4 - w1) (w1 - u13)
(O ws)wi — (w3 + wy)w3] 53 . (CU ws)wi — (w3 + wy)wi] S
2,1 = 22 =

Wy — Wy Wy — W1
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- [— (w1 + wo)w? + (wo + wq)w?]SE S [— (w1 + w2)w? + (wo + w3)w?]So
2,3 = 24 =
’ (w4 - Wl) (wl - Ws)

031 = —LUQLU3W4SS 032 = W1W3L¢J4S§

o _ w1w2w458’(w1 — u)3)(u)2 — u)g)
o (w2 — wa)(ws — w1)

00,1 = 1 00,2 = 1

_ 3
0'3,4 = w1w2w350

0'073 =—1 0'0’4 =1

By replacing sigma by its values, the probabilities become

by — —WoW3Wy Lo B [(wo + w3)w? — (w3 + wy)wi]
(o —wy)(wg —wy)(wg —wq1)  Solwe — wy)(we — wy)(ws — wi)(wg — wr)
n [—wa(wa + ws) + wa(ws + wy)| e 3
St (w2 — wa) (w2 —wi)(ws —wi)(ws —wi)  SF(wz — wi)(ws — wi)(ws — wi)
Dy = —WiWsWaflo [(w1 + ws)wi — (w3 + wy)wi]pm
(W1 — wo)(wg —wa)(wg —wa)  Sp(wg — wr) (w1 — wo)(ws — wa)(ws — wo)
B [wa(ws + wa) — wi (w1 + w3)]pe M3
St(ws — wi) (w1 — w2)(ws — wa)(ws —w2) — S§(wr — wa)(ws — wa)(ws — w2)
Dy = W1waWaflo - [— (w1 + wo)wi + (wo + wa)wi]
(Wo —wa)(wy —wi)(wg —ws)  Solwy — wy) (w1 — ws) (w2 — ws)(wg — ws)
N [—wa(wa + wq) + wi (w1 + wo)]pe 13
S§(ws — wi) (w1 — w3)(wy — ws)(wg —ws)  SHwr — ws)(wy — ws)(ws — ws3)
by — — W WaWs g [— (w1 + wo)w] + (w2 + ws)wi)
(w1 —wa)(we —wy)(wg —wy)  Solwr — ws) (w1 — wy)(we — wy)(ws — wy)
[—w3(ws + ws) + wi (w1 + w2)] o 13

St(wr — ws) (w1 —wa) (w2 —wa)(ws —wa)  SFwr — wa)(ws — wa) (w3 — wa)
One can show that p; + p2 + ps + ps = 1 by putting together similar terms.

2.2 Assuption to have positive probablitities

1.y <l4+r<w

2. Sow4 < < Sow1
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3. M So (w1 +wa+2w3)—S3 prows (w1 +ws)
: 2

< o < Sp(wr +ws)pr — W1W3Sg,uo

A —wiwaws S§ (w1 —w3)? (w2 —wa) po—[— (w1 Fwa)w? +(w2+ws)wi] (w2 —wa) (w1 —w3) ST
. 2(w1—w3)(w2—wa)(wa—w1)
_ [*UJ4(UJ2*W4)+UJ1(w1+w2)](0.)27L4J4)(UJ17&03)50#27“}10.)2(.0353(0)17w3)(LU27LU4)(w47LU1)u0
2(w1 —w3) (w2 —w4 ) (wa—w1)
_ [— (w1tw2)w2 + (w2 +ws)w?] (w2 —ws) (wa—w1) Sop1 — [~ws (w2 tws) +wi (w1 +wz)] (w2 —ws) (Wa—w1 ) Sopa
2(w1 —w3) (w2 —wq)(wa—w1)

< g <
Wow3w4 Sg (wa—wa)(wa—w1)po+[(w2 +w3)w2 —(ws3 —uu)w%] (wa—w1 )Sglu
2(wa—wyq)(wa—w1)
_[mwa(watws)fws(wstws)](wa—w1)Sope +wawsgwy S (wa—w1 ) (w2 —w4 ) o
2(w2 —L;.J4) (wa—w1)
w1 tws)w? — (w3 +wa)w?](wr—wa) S3 p1 +[wa (w3 —wa) —wi (w1 +w3)] (w2 —wa) Sopa
2(wo —wa) (wa—w1)

4+ U

2.3 Relative entropy martingale measure

Since we are not allowed to price with these real world probabilities, we
have to find an equivalent martingale measure of underlying asset S; which is
a probability measure @) defined on (€, F'). To do so, one needs to define a

relative entropy of () with respect to P as follows

RQIP) = ain()) (5)

[6]. We impose a probability distribution ¢ on a set of stock prices Sowy, ..., Sow;
such that the following hold

4

4
Z%’ =1 and Zini = S0

i=1 i=1

By defining a set of equivalent martingale measure as

4 4
M, = {CIEVIZ%‘ZLZ%MZS(),Q>O}
i—1 i—1

With V : " — R. One can demonstrate if the relative entropy is convex,

then the problem is manipulated using Lagrange multipliers methods as follows

L(g,m,72) = 2oisy giln(%) + 71 B1 + 72 B
St By = Zf\il ¢ —1,By = vazl qiwi — So
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This Lagrange equation is minimized with respect to ¢ such that the partial

derivative g—; equal to zero for all i € N. Then yields,

ln(q—i,) + 147 +72Swi =0

(2

By arranging

_ piexp(nSow;) _ piexp(nSow;) (6)
SN piexp(nSow;)  Elezp(nSow:), p]

)

One can define a function of n as follows

Fn) = wiprexp(nSowr) + wapsexp(nSows) + wspsexp(nSows) + wapsexp(nSows)
prexp(nSowr) + prexp(nSows) + psexp(nSows) + paexp(nSows)

By studying limit of this function one can get

hmnﬁfoo f(?]) = Wy, limnﬁﬂroo f(77) = w1

3 Main Results

3.1 Pricing Floating Lookback option

Let yo = 1, w1 = 2.2, wy = 1.5, w3 = 0.8, wgy = 0.1, ygp = 1l and r =0
from assumption to have positive probabilities in quadrinomial, one can get
1 < pp < 22,3315 < pe < 4.54 and 9.645 < p3 < 13.52. Take pu; = 2.1,
fo = 4.5 and pz = 9.73 then probabilities become p; = 0.8810, p, = 0.1020,
ps = 0.0102 and p, = 0.0068. Referring to Figure 1, we find f(n*) = yo by trial
and error. Let n* = —2.6 then neutral probabilities in (6) should be ¢; = 0.25,
g2 = 0.18, g3 = 0.11 and ¢4 = 0.46 respectively.

Since neutral probabilities are available one can price floating Lookback

option with the following payoffs
PLC = max (Sp — min(S;),0) ; PLP = max (max(S;) — St,0) (8)

for Call and Put, respectively.
Referring to previous studies like [7],[4] one can go backward to determine
initial option price with considering the following payoffs for Call and Put

respectively

f1 = maz(Sowy — min(Sy, Sow1 ), 0) f1 = maz(max(Sy, Sowr) — Sows, 0)
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f(eta) versus eta

;':.lr., (Rl

Sty

Figure 2: Quadrinomial lattice

fa = maz(Sows — min(Sy, Sows), 0) fo = maz(max(Sy, Sowz) — Sows, 0)
f3 = maz(Sows — min(Sy, Sows), 0) f3 = maz(max(Sy, Sows) — Sows, 0)
fa = max(Sows — min(Sy, Sows), 0) fa = maz(max(Sy, Sows) — Sows, 0)

Then, the value of holding the option is

1

I=15

(a1 fi + qafo + a3 f3 + qufs)
Therefore, one can determine multiperiod quadrinomial lattice as follows

Example 3.1. Let Sy =1, r=0.175, K =2, T = lyr, w; = 2.2, wy = 1.5,
w3 = 0.8 and wy = 0.1. We divided 1year into four period of three months say
T = %, T = %, T = 1% and T = lyr. By computing initial option price at
each period in Quadrinomaial lattice for Call and Put respectively yield
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Table 1: Multiperiod Quadrinomial lattice for Call and Put options
T=3 T=% T=2 T=1yr

12 12 12

Call 0.39 0.565  0.642  0.667
Put 0436  0.825 1.178 1.495

We compare this results to numerical results obtained from Black-Scholes

model.

3.2 Black-Scholes model

u:wlze”ﬁ

The Black Scholes formula for Call and Put options are given by
C' = SN(dy) — Ke "= N(dy)

P=Ke " YN(=dy) — SN(—d,)
Where

dl:ln(%)-l—(?”—i‘%z)(T_t) , dzzln(%)+<r_%2)<T_t>:d1—U (T —1)
o/ (T —1) o(T' =)

Example 3.2. Consider wy =2, yo =12, r =0.175, K =1 and T = 1yr.
One can determine volatility as time changes. Let discretisize maturity time

into four times T = 1—32, T = %, T = % and T = 1.

Therefore, by determining the initial option price for Call and Put options

using Black-Scholes model yields

Table 2: Option prices determined using Black Scholes model

_ 3 __ 6 9 _

Call 0.49 0.51 0.55 0.68
Put 0.13 0.184  0.27 0.44
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3.3 Results and interpretation

Comparison of Quadrinomial vs Black-scholes Call option
7

Quadrinomial model
Black-Scholes model

Quadrinomial and Black-scholes

0.35

Figure 3: Quadrinomial Versus Black-Scholes model in Call option

Comparison of Quadrinomial vs Black-scholes Put opticn

Quadrinomial and Black-scholes
AN

0 5 10 15 20 25

Figure 4: Quadrinomial Versus Black-Scholes model in Put option

Figure 3-4, show that Quadrinomial lattice is doing well compared to Black-
Scholes model. Investors always wish to make a benefit at the end of the
day, their dreams become true when Put option prices are greater than Call
option prices. This paper demonstrated that in pricing Lookback option as
one of Exotic options, it is better to use discrete time model like lattice than
continous model. From the results we noticed that with quadrinomial model,
investors are able to make a significant benefit while using Black-Scholes model

investors are not allowed to exercise option within 7" = 1yr.
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4

Conclusion

This paper develops a quadrinomial lattice approach in pricing floating

Lookback Option. Moment-matching technique was introduced on lattice and

obtained a system of linear equations in which easiest way to solve the system

is to use Vandermonde matrix [8]. For further improvement of this study, one

can construct moment matching technique and define discrete random variable

D with time period ¢ greater than one.
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