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A Model of the Term Structure of Interest Rates
with Fiscal-Monetary Policy Interactions

Massimiliano Marzo!, Silvia Romagnoli’ and Paolo Zagaglia®

Abstract

We study the implications of fiscal factors for the term structure of
interest rates. We embed the flow budget constraint of the government
into a general-equilibrium model of the bond yields. In our framework,
the interaction between monetary and fiscal policy affects the ability
of the government to meet the the solvency requirement. We assume
that the tax rate is set according to a simple rule whereby taxes react
proportionally to the outstanding liabilities of the government. A weak
response of the fiscal authority to changes in public debt contributes to
determine the inflation rate, thus acting as a driver of the term structure
of interest rates. We depart from a discrete-time model that allows a
clear-cut intuition, and price the term structure through the continuous-
time limit. Since the model does not allow a closed-form solution, we
use numerical methods to compute the prices of real and nominal zero-

coupon bonds.
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“The default fear is kind of silly, however. The Greece government
doesn’t own a printing press, and it could default if it can’t pay its
bills. In sharp contrast, default risk is really the same thing as infla-
tion risk in the U.S. "The U.S. can always pay its debts,” says Har-
vey. "We can print money.” That’s not necessarily a good thing, of
course, as the so-called monetization of the U.S. debt would debase

the currency and destroy wealth.”
Farrell [10]

1 Introduction

The recent events in financial markets have been characterized by a re-
assessment of risk for government bonds especially in Europe and the U.S.
Several informal accounts suggest that this reaction by market participants
may not only be due to enhanced default risk, but also to a risk of monetiza-
tion of public debt by the central banks at a future point in time.

Standard monetary theories suggest a long-run link between the accelera-
tion of money supply and the inflation rate. However, inflation risk may not
be determined by central banks” actions, but also by the willingness of the fis-
cal authorities to use fiscal policy instrument to generate an appropriate level
of primary surpluses. In other words, the interaction between monetary and
fiscal policy altogether affects inflation expectations.

In this paper, we propose a general-equilibrium model of the term structure
of interest rates where this type of interaction plays a central role for bond
prices. Our aim is to study a modelling framework for the term structure
where changes in fiscal fundamentals affect the solvency of the public sector.
The evolution of these forces is then factored into the asset pricing decisions
of rational agents.

We stress a recent interpretation of the determinants of fiscal solvency.

The theory of price level determination advocated by Leeper [12], Sims [15],
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Woodford [17] and Cochrane [6] focuses on the role of interactions between
fiscal and monetary policy in the determination of the inflation rate. In a
nutshell, the idea is that the price level is determined by the degree of solvency
of the government. If the expected primary surplus is not sufficient to comply
with the intertemporal budget constraint of the government, then part of the
public debt should be inflated away if it is default-free at some point in time.
As a result, agents incorporate this source of inflation risk into bond prices.
Summing up, under this interpretation, the interaction between monetary and
fiscal policy affect government solvency and, in turn, inflation expectations,

thus acting as a driver of the term structure of interest rates.

Although the fiscal theory has generated a substantial debate on the ca-
pability of fiscal and monetary policy to affect the price level, only a few
studies have considered its implications for asset prices. This considerations
holds both for the finance and macroeconomics literature. For instance, the
continuous-time model of the term structure of interest proposed by Buraschi
[4] and Buraschi and Jiltsov [5] includes lump-sum taxes, but disregards the
implications of the government budget constraint. Dai and Philippon [9] esti-
mates a no-arbitrage affine term structure model with fiscal variables on US
data. They find significant responses of the term structure of interest rates to
the deficit-GDP ratio. The macroeconomic restrictions they impose to iden-
tify the structural responses are fairly different from those implied by the fiscal

theory of the price level (e.g., see Sala [14]).

The available finance models the term structure of interest rates consider an
explicit role for only two crucial factors, output growth and monetary policy,
which is typically expressed as a diffusion process for the growth of money
supply. In this paper, we consider a general-equilibrium model with money
where the flow budget constraint of the government plays an active role. This
provides a link between monetary and fiscal policy because lump-sum taxes
are adjusted as a function of real debt. We solve the structural model, and
derive the law of motion for the nominal and real interest rates. We also study

how the term structure responds to the fiscal parameters.

This paper is organized as follows. The second section provides a short
account of the determination of inflation according to the fiscal theory. The
third section discusses the model framework. Section 4 presents the equilibrium

conditions. In section 5, we consider a specialized economy with a realistic set
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of functional assumptions that allow a solution. In section 6 we present the
pricing of the term structure of government bonds. Since the solution does
not admit a closed form, we use numerical simulations in section 7 to generate

some qualitative results. Section 8 reports some concluding remarks.

2 The determination of inflation: the approach
of the fiscal theory

In the standard monetary theory, the price level affects both the demand
for money, and aggregate supply. The equilibrium level of money according to

the equation

MV = PY (1)

Equation (1) is the traditional quantity theory of money and V' indicates money
velocity (usually expressed as a function of the nominal interest rate). Coupled

with (1), standard models also include a government budget constraint

M1 + By = .
% — EtZBJStJrj (2)
=0

where s;, 4 indicates the expected future surpluses, while M;_; B;_; indicate
money supply and government debt, respectively. Equation (2) says that the
sum of nominal debt inclusive of money supply must be equal to the present
value of future primary surpluses (net of interest rates).

The key issue is to understand if equation (30) can be considered as an
equilibrium relationship or a constraint. Traditionally, the government, given
the level of prices P, must adjust the future surpluses in a way that equation
(2) has to hold. The fiscal theory challenges this conventional wisdom about
price level determination.

Apart from Smith (1776), an interesting analysis of the current approach
has been considered by Lerner (1947): ”...if the state is willing to accept the
proposed money in payment of taxes and other obligations to itself, the trick
is done. Everyone who has obligations to the state will be willing to accept

the pieces of paper with which he can settle the obligations, and all the other



M. Marzo, S. Romagnoli and P. Zagaglia )

people will be willing to accept these pieces of paper because the know that
the taxpayers, etc., will be willing to accept them in turn.”

The basic logic of the monetary theory is related to the commitment of
the government for the redemption of fiat money. In the context of the fiscal
theory, this refers to the ability of the government to commit to peg the primary
surplus in order to preserve the value of the real debt constraint (from equation
(2)).

The key element of fiscal theory is the different emphasis attached to the
government behavior. In fact, according to this approach, the government is
forced to adjust the prospective surpluses in order to respect the equilibrium
relationship given in (2). To properly understand this aspect, let us recall the
analogy with the stock evaluation equation: if market pushes stock’s price of
company Y up, this does not necessarily mean that company Y is forced to
raise the prospective earnings or dividends. Any kind of reaction of company
Y to its own stock price movements does not have to be thought as the result of
interpreting relation (2) as a budget constraint. In the same fashion, if a sudden
increase of the price level reduces the real value of the outstanding debt, this
does not necessarily forces the government to cut the prospective surpluses. All
what matters is that the government keeps the commitment to repay nominal
debt and that the official currency is still accepted for tax payments. The key
point here is that whatsoever kind of reaction the government might enact,

that reaction is never forced by the logic of a budget constraint.

3 The model

We study an economy populated by a representative agent that maximizes
over the composition of her portfolio along the lines of the traditional literature
on consumption and asset pricing. We model the economy at discrete time
intervals of length At. The representative agent chooses its portfolio holdings

by maximizing the following utility function

Soap)s

t

where [ is the discount factor. In equation (3), C; indicates the level of con-
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sumption over the interval [t,t+ At], M, is the nominal money stock providing
utility to the representative agent over the interval of length [t — A, ¢], and P,
is the price of the consumption good. Real money balances M,/P; enter the
utility function of the household. The utility function is twice continuously
differentiable and concave in both consumption and real balances: u. > 0 and
Um > 0, Uee <0, Upm < 0, Uer, < 0 and Ueellpm, — (ucm)2 > 0, where the sub-
script to u indicates the partial derivative. We make the following functional
assumption on the utility function

" (ct, %) — $log G+ (1 — ¢) log (%) (4)

t t
This type of utility function is used in Stulz [16]. In equation (4), the preference
parameter ¢ is chosen so that the nominal and real spot rates determined under
the assumption of absence of arbitrage opportunities are also equilibrium values
(see Corollary 1 in the Appendix).
As a working hypothesis to derive the first order conditions, we consider a
model of pure endowment economy where output growth evolves as
AY,  Yia—Yi
Y: Y:

The terms py,; and oy, are, respectively, the conditional expected value and

= ,LLY,tAt + O-Y,tQY,t V At. (5)

the standard deviation of output per unit of time and {Qy,t =0,At,...} is a

standard Normal process.

3.1 Fiscal and monetary policy

The main point of this paper is to examine the impact of the interaction
between monetary and fiscal policy on the the term structure of interest rates.
We think of ‘interactions’ in the sense captured by the “fiscal theory of the
price level” of Leeper [12], Sims [15], Woodford [17], and recently extended
by Cochrane [6, 7], which suggests that a tight fiscal policy is a necessary
complement to ensure price stability.

We define the money supply aggregate (in nominal terms) as

In equation (6) we observe that the total money supply is determined by two

components. H; is the so called ‘high powered money’ (or monetary base).
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F; represents the amount of money needed by the government to budget its
balance. Basically, F; is an additional financing source for the government
apart from taxes and debt.
We assume that H; and F; follow the processes described by
AH, _ Hyne — Hy
H, H,
AF; _ Foone — By
Fy Fy
where pp, and pp, are, respectively, the mean of the stochastic process of

= pum At (7)

= ,uF,tAt + O'F,tQF,tV At (8)

the monetary base and of the financing to public debt. In (7), the stochas-
tic process for H; does not have a standard error term, implying that the
monetary base possesses only a deterministic component. The process leading
F,, instead, has a standard deviation term op;, where {Qp,t =0, At,...} are
standard Normal random variables.

From (6), (7) and (8), we can write the stochastic process for the total

money supply M?
AMy Mg, — My

— = At Qi VAL 9

Rz R par A+ onr Sy 9)
Bae = PHE T MR (10)

UM,tQM,t = UF,tQF,t- (11)

At a first glance, these expressions stress that the central bank is assumed to
target money growth.

The subsequent building block of the model assigns a proper macroeco-
nomic role to the government. The innovation introduced in this paper with
respect to the existing literature consists in the key role for the government

budget constraint
ADpyns + AFpas = NigpneDy — ATy ag (12)

where D, indicates the stock of public debt, and Ai; A, is the stochastic process
of the nominal spot interest rate, whose endogenous law of motion will be
computed later. Moreover, AT, A, is the stochastic process for taxes. We
assume that the government does not face any form of public spending. Recall
that ADyyay = Diinr — Dy, AFyny = Fyoae — Fy. Basically, the government

can use taxes, money and debt to finance its budget.
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Following the fiscal theory of price level, we assume that the government

sets taxes according to the simple rule rule
ATt+At = ¢1DtAt + ¢1DtUT,tQT,t VAL (13)

According to (13), the government sets as a function of the outstanding amount
of public debt. This means that if the stock of debt issued rises, taxes must
change accordingly with a marginal elasticity equal to ¢;. A bound on ¢; can
be established from Sims [15] by setting ¢; at a value lower than or equal to
the discount factor f.

To close the model, we assume that the process for the nominal spot interest
rate is

Ait+At = ,LLlAt —+ Ui,tQi,t V At, (14)

for values of the mean and the standard deviations to be determined later. By
plugging (14) and (13) into (12), we can recover the flow budget constraint of
the public sector

ADpne+AFine = (i — ¢1) DiAt+ Dy 180 .V At — ¢y Do Qp vV AL (15)

In order to obtain a semi-closed form solution, we assume that the quantity

of newly-issued public debt follows a deterministic process with mean up
AD; _ Dy ar — Dy

D, D,

Thus, the flow budget constraint becomes

/LDﬂgAt + /uLF,tAt + UF,tQF,t V At = (Mz — gbl) DtAt
+ Dtgi,tQi,t V At + _¢1DtUT,tQT,t V At (17)

To get intuition on these relations, we focus on their deterministic part. As-
sume that the government aims to maintain a constant ratio of nominal bond
to money, i.e., » = D/F. Therefore, by applying Ito’s Lemma to the definition
of ¢, we can write the relationship between the mean of the public debt and
money

[ip = [t — O (18)

From the equality between the deterministic and the stochastic terms of Fj,

Yup +pr = (i — ¢1) ¢ (19)
op = (Ui - ¢10'T) . (20)
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Finally, using the definition of pp into (19), we obtain the semi-closed solution

for the mean of the stochastic process for money

(i — 1+ 0p) ¢
1+ '

pr = (21)

Therefore, (20) and (21) represent the full equilibrium relationship in the econ-
omy. By using (21), it is clear that the mean of the stochastic process leading

money is

(i — 1+ o) ¥
1+ '

Hn = pH (22)

3.2 The optimal choice problem

The representative agent’s budget constraint is

N
M, + (Poy + PPyAt) 2+ PPayy + asg + Y Pigaiy = PECAE+ My a
=3

N
+ P, 1zpnt + Ptc 1&—|1:t7J;AAtt + fj_’i;it + ; Piaiine (23)
The investor can choose among one real and one nominal bond (both risk
free), and N — 2 equities. Each bond is issued at time ¢ and has maturity
at time ¢ + At. The return on bond are #; for the nominal bond, and r; for
the real bond. P, is the price (inclusive of dividends) of asset ¢ at time t.
The representative agent demands M;, for cash, C; for consumption and x; for
equity holdings. a; 4, asy, ... an, represent the unit of financial asset held from
(t — At) to t.4

The choice problem of the representative investor consists in the maximiza-
tion of the utility function (4) subject to the budget constraint (23). The first

order conditions for Cy, ay 4, ass, M; and a;, are, respectively,
Ue (Ct, mt) = >\tptc (24)

E; [e_mt)‘HAtPtiAt (1+ TtAt)} - )‘tPtC (25)

4This setup above described is similar to that of Baksi and Chen [1], who use this model

to study the impact of monetary policy and inflation on financial asset.
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Ey [e7 P2 Npar (1 + 0 A1) = N (26)
1
E, eiﬁAt)\HAt + U (Crrae, Mitar) PO =N\ (27)
t+At
E, [e_BAt)\t+AtPi,t+At} = APy (28)

4 Definition of equilibrium

We assume that the economy is populated by identical agents. In a repre-
sentative agent economy, optimal consumption, money demand and portfolio
holdings must adjust in order that the following equilibrium conditions are
verified in general equilibrium

C, =Y, (29)
M, = M; = M} (30)

with 2z = 1 and @;; = 0 V¢ = 1,...N. In a pure endowment economy,
(29) states that the total amount of consumption must equal the total output
endowment. The equality between money demand and supply is stated in
equation (30). Moreover, each agent’s demand for equity shares must equal
the supply.

Using equations (29)—(30) and the first order conditions (24)—(28), we ob-

tain

e (Vi my) = e P2 Ey [ue (Yirae, meyae) (1+ r:At)] (31)
e (Ve _ e (Yirae, :
U ( tcmt) — e ,BAtEt {u ( t+AC€ mt+At) (1—1—2,5At)1 (32)
I Piae
e (Vi) =:e—ﬁAtﬁh{uc<>;+Au7nH¢M)1”¢+At} (33)
it

pC

PC
%mmmzwwﬁﬁ%mwmmm+wmamwwm t}(%
t+At

where m, = &
t

terms of the consumption goods) of asset i at time ¢.

is the real cash balances and p;; = ]Ij—é is the real price (in
t

Equations (31)—(34) are Euler conditions derived from the utility maximiza-
tion problem of the representative investor. Equations (31) and (34) state that

the representative investor must be indifferent between investing an amount
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of money equal to PC in a real risk-free bond and holding the same amount
in cash. This arbitrage condition holds also for nominal bonds (see equations
(32) and (34)). Finally, equations (33) and (34) describe the relation of indif-
ference between investing one more amount of cash of size PC in asset i and
holding the same amount in a pure cash. Equations (31)-(34) establish the
demand for real money, while (32) and (34) yield the demand for money in
nominal terms. Equation (34) states that, in equilibrium, the agent is indif-
ferent between holding P¢ amount of cash and consuming one extra unit of
the good, because both actions produce the same marginal utility. The link
between the price level and monetary policy is established by equation (34).
Monetary policy and the asset market are tied together through equations (34)
and (33), which establish the consistency between the money supply and asset
markets. Finally, the interdependence between monetary policy and the goods
market is described by equations (31) and (34).

Equation (33) must to hold also for the equity Z; when we replace
Pt

, where p,; = = is the real price of the equity share. Ad-

z,t Ptc
ditional sufficient conditions for the existence of an interior optimum are the

DPit+At
i

. +Y;
Wlth Dz t+At t+At

two transversality conditions

. —BAt Uc (YT7 mT) ) —
lim E, {e “ue (Vo g 1 0 (35)
Yr,mr) 1
i E _gAtuc< rmr) L | _ 0 36
Tinoo t {6 Ue (Y;g, mt) ptC’ ( )

The equality (35) rules out bubbles in the price level of any risky asset. Con-
dition (36), instead, prevents bubbles in the price level from taking place. The
intuition behind the two TVCs is if (35) is violated the agent is willing to
sacrifice actual consumption in favor of future consumption derived from pro-
ceeds from investment in risky assets without bound. Under condition (36),
the agent accepts a reduction in consumption today in exchange for a larger
amount of money in the future without bound.

To conclude the characterization of the equilibrium relations, we need to
define the stochastic process for real asset prices. We follow Baksi and Chen
[1], Merton [13] and Grossman and Shiller [11] by assuming

Api,t
Dit

= pi At + 05 S VAL (37)
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where pf, and of, are, respectively, the conditional expected value and the
standard deviation of real return on asset ¢ per unit of time. Finally, the
process {Qf’tt =0,At,.. } is a standard Normal.

4.1 The equilibrium in the continuous time limit

In this section we characterize the equilibrium for the continuous time limit.
These results are independent from the assumptions made on the role of fiscal
and monetary policies in the determination of the equilibrium. For this reason,
the results presented here are similar to those discussed in Baksi and Chen [1]
and Balduzzi [2].

Proposition 1. The equilibrium risk premiums for any risky asset over the

real spot interest rate s

Citiee (dpi,t dYZ) MiUem <dpi,t dmt)
CcoVy — covy — .

W= - (38)

Y

3
c pi,t Y;ﬁ Ue pi,t my

Proof. Subtract equation (31) from (33), manipulating the resulting expression

and using the definition of the stochastic process for p;; (37), we obtain

Yiiae, Miyat)
N uc( t+ Aty T+ At [ e _ At e O At} =0 39
‘ t{ (Vo) LW =) At 0T - (39

Thus, by taking a Taylor expansion of the equation (39) around steady state,

we have
oo { [(uit — ) At+ a;tQ;t\/At] (40)
% |1+ Uee (Yt+At7 mt+At> Y, AY, Uem (Y;5+At> mt+At) my Amy i —0
ue (Yi, my) Y ue (Yi, my) my | At
(41)

By letting At — 0 and applying Ito’s multiplication rule, we obtain (38). O

Proposition 2. The real price for the equity share is

o Ys, ms)
P,=E —B(s—t) Ue (—5’ Y.d 42
Y e 2
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Proof. Recalling that

P, iint + YiparAt _ Ap; At

P. Zt Dit 7 (43)
use equation (33) to obtain
P.,=FE {eﬁm te (;/HE?; :ZSN) (YiadAt + Px,t+At)} . (44)
After iterating forward, the result is
P, = E i o8 a0 e Yerjae, Mitjai) Vit (45)

Ue (K; mt)

Jj=1

Thus, by taking the limit for At — 0 in (45) we finally get the result under
(42). O

Proposition 3. In the continuous time limit equilibrium, the commodity price

level is given at time t by

1 * e pnum(Ys,mg) 1
— —F Bls—t) ImAZsy TPs) -~ e 46
PC / © w (Vo) PET (46)

S

The expected inflation rate is

1 dP¢
= b5

= it—rt+va,7’t{

dPtC} oY, (dYt dPtC)
— covy

Pf Ue Y, " PF
Uern, T4 dPtC dmy
— — — . 47
Ue cote < PE 7 my (47)

Proof. Rewrite the first order condition (34) as follows

1 —e_ﬁAtEt{{uc (K‘,+At,mt+m) 1 U, (Ct+At:mt+At>:| At } (48)

PC Ue (}/;5, mt) Pgrm Ue (}/;‘,a mt) PtgAt

then, iterate equation (48) to get

i Biat) Ym Ct+jAt7 mt+gAt) At (49)
ue (Y, my) PC '

=1 t+jAt
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Taking the limit of the equation (49) we get the result under (46).
To compute the inflation rate, divide the first order conditions (31) and
(32)

Ue (Yt at, Mitat) . PC
E 14+ 1A S = B, |ue (Yiear, 1+ i,At .
t { we (Y, m0) (14 7At) v | e (Yigar, mutae) (1 +4,At) Pt(—J&-At

(50)
After taking the Taylor approximation of (50) and re-arranging,

Y, [ AY, A
(it—rt) Atf — |:1+Ucc t < t) _l_ucmmt ( mt>:|
Ue Y; Ue my

APE  (APEN?
Pg Pg

X +o (A (51)

We take the limit of equation (51) for At — 0 and obtain

. 1 dPf’ dP’¢ UeeYr dY, dPf
iw—r = —E =& ¢t —var, . + covy | — !
dt Ptc PtC U Y, ’ Ptc

U Mt dPtC dmy
— — ] . (52
+ " covy ( PO (52)

Finally, by using m, = 4 E} {PT} and rearranging, we obtain equation (47).
O

5 A specific model economy

In what follows we lay out the assumptions used to derive the stochastic
processes for the price level and the other variables. We assume that the

evolution of output follows from
dY; = (y + nyaxe) dt + oy /2 dW, ;. (53)
where the process for the technology factor x; is
dry = a (b — x¢) dt + op /2 dWy g, (54)

where (W),

o, are fixed real numbers.

is a unidimensional Q-Brownian motion, uy, ny, oy, a, b, and
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The monetary aggregates H; and F; follow the exogenous processes

dIn Hy = pjdt + dln (q;) (55)

dIn Fy = fipdt + d1n (¢:) (56)

where ¢; is the detrended money supply process. Each type of money supply
has two components, a drift term and a stochastic part. In particular, pj; is
assumed to be constant and positive, while Ji, is determined by equation (21).

From Baksi and Chen [1], ¢; evolves according to

dg,

o ko (pg — qp) dt + 0g/qdW;y, i=H, F (57)
t

where (W;;), is a unidimensional Q-Brownian motion independent upon (W, ;),.
Therefore, by using the definition of money supply (6), we find that the stochas-

tic process leading money supply is

dM,
M,

= ,UM,tdt + Uq\/adWMﬂg. (58)

(Wars), is a unidimensional Q-Brownian motion independent from (W), and
(Wi,t)t7 and where

par = g + 2k (kg = q1) (59)
with py, = py + g, and dQyy = dQpy + dQps. These assumptions allow

us to compute the equilibrium price level of the commodity and the inflation

process.

Theorem 4. Given the utility function of the representative agent as described

by equation (4), then the equilibrium price level is

e O a (B4 pay) (B4 piy + 2Kkgpg) M,
" 1= 0 (B4 uyy) + (kg + 302) a2k Yo

(60)

The stochastic process of the consumer price index is

dpe (AT — A,)

Pt(f =mdt + og\/q |1+ AT

q+ dWM,t — O'y\/l‘_tdWx,t (61)
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where the inflation rate is

mo= s — iy + (o) =)
(A — AV o, qqt
g\ ke (g =) + =5

. 2(Ag¥ — AW,) — AW + AW,] 02¢

2
2U2A (62)
¢ * *
A (CI) = ﬂ [%2 (ﬁ + NM) (6 + fpy + quﬂq)} (63)
U(q) = (B+uh)+ (ke + 302) @2k i1 (64)
and Ay = 2390 @, = 2D and Ay, = 230
Proof. We start by showing how to get (60). From (58) we have that
]_ % _
M, = e Mg, (65)
Define G(q) = % Thus by using Ito’s Lemma, we obtain
{ %q“q} (ky + 302) e2arat gt — 279 gy (66)
o watar — .
qt\/ G e
The expected value is
1 1
E; L[_g] = L {E | Qt] = (67)
ok S e2kqtiqz e2kqtiqt
— E e qHqS d + } q:| — 68
VRl i o IR
e~ 2kqtiq(s— 2
_ fiq(5—t) (k + 3crq) (1 B e—2kquq(s—t)) | (69)
4 Qrkqghiq
Finally, from the first order conditions of the problem of the representative
agent, we get
1 1—¢ [~ 1 .
= B, |— | e Plem#ugs. 70
PeY, ¢ /t t[cﬁ]e ’ (70)

After solving for the integral, we find equation (61).
To compute the inflation rate, it is enough to apply Ito’s lemma to (61) by

setting V' (M, Yi, ¢) = @Egtg ]\}ff so that

dPf = GydM+GydY,+G, dqt+ [Gyy (dY)” + Gq (dge)” + Garg (dM) (dgy)] -

(71)
By taking into account (63), (64), and the definitions for Y;, ¢; and M, (53),
(57) and (58) respectively, we obtain equation (62). O
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6 Pricing the term structure

6.1 The real spot interest rate

In this section we derive the dynamics of the real spot interest rate. Since
this requires solving the differential equation (54), we assume that x; is Markov
and satisfies the necessary technical conditions to apply the Representation

5

Theorem of Feyman-Kac.” As a result, we can use the partial differential

equation — PDE — approach to compute the real spot rate.

Theorem 5. If the technology process follows (54) , then the real spot rate
re 18 a function ¢ (t,x;) that represents the unique solution to the Kolmogorov
PDE

27 z7 Ox

¢(Taxt) = 2

vta

{ la%ta%(t’xt) +a(b— ) 8¢(t’ft) + a¢(§f‘) —x¢ (t, ) =0 (72)

where the final condition is the long time spot rate determined in Cox, Ingersoll
and Ross [8]. This gives
r = A(f) eC Ot (73)

where 0 =T — t and

B 02(2+4a) (1 —ey)
cl) = 2a[02 —a+e?(a—02)— (14 e1?)7] (74)
1 2 2\~
AB) = ~+a {2Xabe”(9)7< [a +vy—o0;+ e’ (7 —a+ 0'33)} C} (75)

a? — v —20%(a+b+ab)+o* (1 +0b
x = atitaro 1eb (70
(a—a2)" =7*
bo2 (24 a — )

0= Sy 7
_ bo? (02 — 2a — 2) -
¢ = e (78)

7 = Vai+20g (79)
Proof. 1f ¢ (t,x;) = ry, like in equation (73), then the Kolmogorov PDE is
102,02 () + a (b — ;) C () r + A’ (6) COre 4

2
+C/ (9) Ty — Xy = 0 (80)

¢ (T, xt) _ 2ab

yta

®The drift and volatility terms in (54) must be Lipschitz and bounded on R.
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where A" (0) and C' () represent the derivative with respect to time of func-
tions A (0) and C'(0) equations (74) and (75). Given that the Kolmogorov
PDE is verified for all ¢t and z;, we can divide it into two parts. One part is
dependent and the other one is independent from x;. The task boils down to

solving the differential equation — DE — system

(81)

152C% () —aC (0) +C" (0) =1 =0 C(0)=1
A (8) + abA (8) C (8) = 0 A(0) = 22

ta’

The first DE is a Riccati equation whose solution is (74). The second equation,
instead, is a regular first order DE with solution given by (75). O]

Lemma 6. The dynamics of real spot interest rate is
dry =a” (0)[b" (0) — re) dt + C (0) riop/x:dW, (82)

where (W), is a unidimensional Q— Brownian motion, and with

t

0 (0) = —|a(b—m)CO)+C (e)xt+%a§xtc2<e) (83)
’ 60(9)%5
b*(0) = %. (84)

Proof. By applying Ito’s Lemma to (73), the dynamics of r, = ¢ (¢, z;) is

1
drt = C (9) Ttdl't + %dt + 503231}02 (9) Ttdt

= 1 la(b—x,)C(0) +C (0)z; + %Jith’Q (0)] dt + (85)

/

+A () O qt 1+ C(0) 110 5\ /T AW, .

Finally, we can write (85) as a mean reverting process in square root with time
dependent coefficients like in (82). O

6.2 The term structure of real interest rates

Here we show how to compute the price of zero coupon bonds as a function

of time, technology and the real spot rate. We follow again a PDE approach
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because both x; and r, are Markov and satisfy the necessary technical condi-
tions to apply the Representation Theorem of Feyman-Kac. The solution has
no closed form, and it is necessary to use numerical methods to understand
how it works.

Theorem 7. If technology and the real spot rate follow (54) and (85), re-
spectively, then the zero coupon bond B (t,T) is a function ¥ (t,z,, 1) that

represents the unique solution to the Kolmogorov PDE

%032696158 I(t, xt ,T't) +a [b N xt] 819(156@ JT't) %CQ (9) 2 (0) 7}20'3261’,58 z9(t xt T’t)+
% * O9(t,xe,mt %9 (t,xe,r 0V (t,xe,mt

+a* (0) [ (9) — ) 2o 4 () 02, Loz OV ’+

—Tt'lg (t, Ty, Tt) = 0

(T, x,my) =1

Proof. Let us assume 9 (t,x, 1) = B (t,T) with
B(t,T) = A*(§) e ¢ O, (87)
The Kolmogorov PDE becomes
—1025,C? (0) 1, C** (0) B (t,T) [1 0*2 (0)r] +
—alb—x)C*(0) B(t,T)r,C(0) + 2022,C?% (0) r2C**(0) B (t,T) +
—a* (0)[b" (0) =] C"(0) B(t,T) +0' xtCQ (©) T?C*Z ) B(t,T)+ (88)
+ A (0) S Ore — 7 (0)r,B(t,T) — B (t,T) =
19 (T, T, Tt) = 1

¢

\

Since the PDE (88) is verified for all ¢, x; and r;, we can divide it into
two equations, one dependent and one independent from z; and r;. Now the

problem is to solve the DE system
{ 3072 (6)C™ (0) = W (1) C* (6) = C* (9) =1 =0 C*(0) =0
A () = a* (0) b (0) A" (9) C* (0) = 0 A7 (0) =1
where o* (t) and W (¢) are

a*(0) = 20,C(0)\riz, (90)
1
v(0) = 5033:13(72 (0) + abC (8) — aC (0) x; — a* (). (91)
The first DE is a Riccati equation, and the second is a first order DE. Both

equations have time-varying coefficient. We can then find the solution only by

(89)

using numerical methods. [l
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Lemma 8. The term structure of real interest rates is
1
R(t,T) = ~3 [In A* (0) — r.C* (6)]. (92)
where A* (0) and C* (0) are the solutions of system (89).

Proof. The term structure of real interest rates can be derived from the relation

between the price of zero coupon bond and the continuous real interest rate
B (t,T) = e *RED), (93)

]

6.3 The term structure of nominal interest rates

In this section we derive the equilibrium nominal spot interest rate, the
analytical expression for the nominal zero coupon bond, and for the nominal

term structure of interest rates.

Lemma 9. The nominal spot interest rate is

o C o) ¢\ @ (B+pip) (B+ phy + 2kgpg) My
= A [(1 - ¢) (B + i) + (kg + 302) @i2kqpq Vi (94)

where A (0), C(0) are (74) and (75), respectively.

Proof. Multiply (73) by (60). O

Lemma 10. The nominal zero coupon bond is

N(t,T) = B(t,T) (95)

(L) i) 6 iy ) I
L—=0) (B+ i) + (kg +302) q:2kqpq Yi

where B (t,T) is the solution of (88) .

Proof. Multiply the solution of (86) by (60). O
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Lemma 11. The nominal term structure of interest rate is

2 * * 2k M
[(t,T)=R(T) ( ¢ ) 49 (B‘I;NM)(B“‘MM;' altq) My (96)
L—=0) (B+ i) + (kg +302) q:2kquq Vi
where R (t,T) follows from equation (92).
Proof. Multiply (92) by (60). O

From the expressions for (94), (95) and (96), we observe that the values
of the rates for the nominal term structure are higher than those for the real
variables if (60) is larger than one. This depends on p},, which is a function

of ¢1. In particular, the nominal curve is above the real curve if

phr < pap and gy, > pyy (97)
where p3¢ and it are
—I'+ /T2 + 4M;pg2 A
/L*]\;’b _ \/ + g t¢Qt (98)
2M;pg;
D= 2Mibg; (B + kaptg) = Ye (1= 9) (99)
A = =Y (1—9)B—2Yikgueq (kg + 307) (1 — ) (100)
+Mipg; B (B + 2kqptq)

7 Numerical simulations

For the simulation purposes we have chosen the following values for the
parameters. The intertemporal substitution coefficient S has been set equal to
0.998. This is a common value assumed in both the financial economics and
business cycle literature (for quarterly time interval). Moreover, the values for
the other parameters has been set equal to what Balduzzi [2] has considered
for a model with similar stochastic processes: k, = 0.3, g = 0.1, uy = 0.2,
ny = 04, o, = 0.1, ¢ = 0.5, upyr = 0.2. For the other parameters we have
chosen values which are coherent from the economic point of view: a = 0.45,
b =0.03, o, = 1.35. The solution of the model depends also on the stochastic
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Figure 1: The nominal and real spot curve

Nominal and Real Spot Rate Curve
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t
Legend: The line (—.) is for p},; = 0.98, the dark line is for u}, = 0.55, the dashed (——) is

for ph; =0.01 and the crossed curve (++) is for u}, = 0.0001.

process for z, ¢, M and Y. We initialized these processes at the points xq = 0.1,
go=0.1, My =0.1 and Yy = 1.

Figure 1 reports the nominal and real spot rate curve. The starred curve
represents the real term structure. The other curves represent the nominal
rates for different values of ;,. The figure shows that, if the tax rate adjusts
more strongly in response to changes of government liabilities (u}, falls), the
spot rate curve shifts down. When tax policy is very reactive, i.e. for small
values of u},, the nominal curve appears to loose its sensitiveness to this pa-
rameter. Consistently with the economic theory discussed in this paper, the

real curve lays below all the nominal curves.

In order to simulate the model for the term structure of zero-coupon bonds,
we have obtained a closed form solution and made the additional assumption
that the coefficients of equations (89) are time-independent. We are aware of
the limitation of this choice. However this is needed to present the results in

an intuitive way.

Figure 2 shows that the position in the plane of the term structure strictly

depends upon the value assumed for p}, and, consequently, upon the value of
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Figure 2: The term structure of nominal and real zero-coupon bonds

Term Structure of Nominal and Real Zero Coupon Bond
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Legend: The line (—.) is for p},; = 0.98, the dark line is for u}, = 0.55, the dashed (——) is
for ph; =0.01 and the crossed curve (++) is for u}, = 0.0001.

the tax rate ¢;. In particular, it is evident that if the tax rate decreases (i.e.
if 103, raises), the curve of the nominal term structure zero coupon bond shifts
down, even if for very small values of u}, (implied by a very high taxation
policy) the curve appears to loose its sensitiveness to this parameter. The be-
havior of the curve is coherent with both the fiscal theory of the price level and
the empirical evidence. In fact, if the tax sensitivity to government liabilities
fall, the price demanded for newly-issued debt should drop in order to convince
new subscribers to buy additional debt. The reason is that newly-issued debt
without proper tax backing implies an inflationary risk for the future, thus

causing a reduction of the nominal debt value already in the current period.

In Figure 3, we report the term structure of nominal and real interest rates.
The position of the term structure in the plane depends strictly on the value
assumed for p}, and, consequently, upon the tax parameter ¢;. In particular,
it is evident that if the tax sensitivity falls (i.e. if p}, raises), the curve of the
nominal term structure shifts upward. For low values of i1}, implying a very
reactive taxation policy, the curve appears to loose its sensitiveness to this

parameter. This can be interpreted as follows. If the tax reaction to liabilities
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Figure 3: The term structure of nominal and real interest rates

Term Structure of Nominal and Real Interest Rates
9 T T T T T T

I(t,T), R(t,T)

Legend: The line (—.) is for p}, = 0.98, the dark line is for u}, = 0.55, the dashed (——) is
for w4, =0.01 and the crossed curve (++) is for u}, = 0.0001.

increases, it is possible to reduce the issue of public debt in order to finance
the current position of the government. This calls for a lower interest rate
and for enhanced credibility of the fiscal authority. In other words, monetary
policy is not the only determinant of the term structure, but also fiscal policy
is crucial. From an empirical viewpoint, the experience of Italy after the 1996-
1997 episode of fiscal retrenchment represents a compelling example of shift in

the position of the nominal term structure after a fiscal consolidation.

We should stress that also Figure 3 portrays a curve of real rates under
the nominal curves. From an economic standpoint, the case where the nom-
inal curve stays above the real one can be thought of as the result of a very
tight fiscal policy that produces a deflationary equilibria. These types of equi-
libria are possible in the fiscal theory framework, as discussed by Sims [15].
This pattern can be interpreted also as arising from a contraction of consumer
spending, and of aggregate demand, because an excessive level of fiscal pressure

takes place.
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8 Conclusion

In this paper we study a simple intertemporal model for the determination
of the nominal and real term structure where the interaction between fiscal
and monetary plays a key role. We investigate the relation between the term
structure of interest rate and the fiscal theory of price level determination. In
so doing, we move beyond the standard finance models where monetary and
technological factors are the sole determinants of the term structure of interest
rates.

A number of interesting avenues of future work can be considered. The
model presented in this paper should be taken to the data. It would be impor-
tant to use data on the supply of both public debt at various maturities and
the money supply to capture better the correlation between nominal and real
variables. An ongoing work considers the pricing of interest-rate derivatives,
in particular options. This is likely to shed additional light on the influence
that fiscal factors can play in shaping traders’ views of bond pricing. Finally,
a comprehensive derivation of measures of risk premia can be important to

understand the fiscal sources of inflation risk.
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A Appendix

Proposition 12. In the continuous time limit equiltbrium, the real interest

rate has the form

Yitee 1 dY; 1Y, dY; MyUem 1 dQﬁ
fd — J— _ — - — P 1
Tt /8 di Et { }/% } vari }/t di Et )

c 2 Ue Ue my

_lm?ucmm var { dmt } _ Y;imtuccm { dY;S dmt }
t COV¢ .

2 U my Uc )/t 7 my

Proof. A Taylor expansion around the equilibrium of first order condition (31)

(102)

yields

ue (Yi,my) (141 At) = By {(1 + 1At [ue (Y, my) + uee (Y, my) AYi+
Ucee (Y;h mt)

2

Ucem (Y;/a mt) AY}Amt + Uemm (Ev mt)

2 2

After collecting terms and re-arranging
1 uch; AY;% Uem A777'15 ucch? AY;S ?
=p—-—F
r=7p Att{ uc(}ﬁ)+ucmt(mt +2uc Y, +

Yim (AY,\ (A 2 (Amy
et ( Y)( mt)ﬂmmmt( m> }+0<At)3/2. (104)
t

+ucm (va mt) ATnt + (Ay;f)z

T (Amﬂ } +o(AHY?. (103)

2u, my 2u, m

Thus, take the limit of (104) and apply Ito’s multiplication rule, we obtain
equation (102), after having recalled that

L (3] < o (45) a0
(@)

]

Corollary 13. The real spot interest rate determined in equation (73) is also
an equilibrium rate, for utility function parameter values ¢ such that this equa-
tion and (102) are equal. Consequently, this is true also for the nominal spot

interest rate.
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